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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
52 ]. This is test number [ 108 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:
1. Mathematica 13.3.1 (August 16, 2023) on windows 10.
2. Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.3 on windows 10
3. Maple 2023.1 (July, 12, 2023) on windows 10.

4. Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

5. FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

6. Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
7. Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
8. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (52 ) | 0.00 (0)
Mathematica | 100.00 ( 52 ) | 0.00 (
Maple 71.15 (137) (
Fricas 71.15 (37) (
Maxima, 71.15 (37 ) | 28.85 (
) (

) (

(

Mupad 50.00 ( 26
Giac 28.85 (15
Sympy 1538 (8) | 84.62

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Maxima, 71.154 0.000 0.000 28.846
Mathematica 69.231 1.923 28.846 0.000
Maple 69.231 0.000 1.923 28.846
Giac 15.385 13.462 0.000 71.154
Fricas 13.462 34.615 23.077 28.846
Sympy 9.615 5.769 0.000 84.615
Mupad 0.000 50.000 0.000 50.000

Table 1.3: Antiderivative Grade distribution of each CAS




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.



System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Fricas 15 100.00 0.00 0.00
Maple 15 100.00 0.00 0.00
Maxima, 15 100.00 0.00 0.00
Mupad 26 0.00 100.00 0.00
Giac 37 94.59 0.00 5.41
Sympy 44 95.45 4.55 0.00

Table 1.4: Faijlure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.



System

Mean time (sec)

Rubi

Sympy
Fricas

Giac
Maxima
Mathematica
Maple
Mupad

0.10
0.19
0.27
0.28
0.34
0.64
0.79

11.06

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Sympy 45.25 1.42 45.00 1.26
Giac 69.80 1.95 47.00 1.88
Maxima 93.62 0.82 84.00 0.84
Maple 99.24 0.93 90.00 0.87
Rubi 104.81 1.00 76.50 1.00
Mathematica | 109.37 1.29 67.00 0.89
Mupad 112.04 1.36 77.50 1.01
Fricas 235.97 2.08 168.00 1.90

Table 1.6: Leaf size performance for each CAS




10

1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.

Rubi Mma Maple
100 o o o o 100 o o P 100F o o
80 80} 80}
o ° 9 .
£ 60 £ 60} £ 60 o
o [<} [=}
2 40 @ 40 40
ES S X
20 20t 20§
0 [o]3 0
2 4 6 8 10 2 4 6 8 10 2 4 6 8 10
Rubi number of rules Rubi number of rules Rubi number of rules
Fricas Giac Maxima
100 o o 100t 100t o o
80 80F 80}
o - o kel -
£ 60 . £ e0f . £ 60 o
o [<} [e}
© 40 @ 40 . @ 40
ES ES X
20 20§ 20§
0 OF ° . oF
2 4 6 8 10 2 4 6 8 10 2 4 6 8 10
Rubi number of rules Rubi number of rules Rubi number of rules
Sympy Mupad
100 100} o o
80 80F
el el
£ 60 2 60f o
o [<}
© 40 ) @ 40
ES X
20 20§
0 . o o of .
2 4 6 8 10 2 4 6 8 10
Rubi number of rules Rubi number of rules

Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.



1.6 Solved integrals histogram based on leaf

size of result
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The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Number of integrals Number of integrals Number of integrals

Number of integrals

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width

Rubi Mma
30¢ 15[ ]
8 25 s
g 9
€ 20+ £ 10t
S 450 — k]
2 2
€ 10 E 5
=] =3
z 4 3
 Erereeresres sresresresres sresresresress ENUPRNAN | |
0 0 :
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.0 0.2 0.4 0.6 0.8 1.0 1.2
CPU time (sec) CPU time (sec)
Maple Fricas
30F— 35L
£ 25 2 30}
€ 20} g2
S 15} 5 200
@ o 15F
o) Q
10+
§ E 10}
5¢ = 5
0 R —— L L L 0 L S S S S S — |
0.0 0.2 0.4 0.6 0.8 1.0 0.20 0.25 0.30 0.35 0.40
CPU time (sec) CPU time (sec)
Giac Maxima
14
o 12F o 2
[ [
g’ 101 g 15[
< E £
5 8 5
5 6f g 101
£ £
4,
Z Z 5f
2,
0 0
020 025 030 035 040 045 0.50 020 025 030 035 040 045 0.50
CPU time (sec) CPU time (sec)
Sympy Mupad
3.0 3.0
% 25¢ 8 25f
o o
£ 20} £ 20
S 15) B 15)
[ [
€ 10! € 1.0}
2 2
Z 05f 05}
OO 00 L L L L L L L L
0.0 0.1 0.2 0.3 0.4 0.5 0 2 4 6 8 10 12 14
CPU time (sec) CPU time (sec)

Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time. This
should also be taken into account when looking at the timing of these three CAS systems.
Direct calls not using sagemath would result in faster timings, but current implementation
uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {39}[48}[50}/51} 52}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.
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1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.
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Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

& J

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib ‘
‘ maxima_lib.set('extra_definite_integration_methods', '[]') ‘
L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-

[from-using-maxima/| for reference.

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath]|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
Ry
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)

expr = SR(expr)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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X, aa = expr.operator(), expr.operands|() ‘
if x is None: ‘
return 1 |
else: |
return 1 + sum(tree_size(a) for a in aa) |

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert [ Maple script + grading+ verification r_’. >
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

[ Mathematica script + grading +verification ]4>
[ Rubi script + grading + verification POST

PROCESSOR
PROGRAM

[ Python script to run sympy + grading ]—’@—’
> Generate Program that
l Matlab script for Mupad/SymboIictoolbox’—> sQL generates the

database 1 Latex reports

and analysis
using input
from the SQL

database

grading

SageMath/Python

o [l —
| SageMath
Maxima, Fricas +

script to test

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma’separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

WoONOUMEWN PR

@~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx Designvsdx

So

©
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2.1 List of integrals sorted by grade for each

CAS
Rubi . . . . e e
Mma . . . . e e 27
Maple . . . . . e e e 23]
Fricas . . . . . . e e e e e 23
Maxima . . . . . . . e e e e e
Giac . . . e
Mupad . . . . . . e e 24
SYMPY . . o o o e e e e e e e e e 24

Rubi

A grade { (112,34 516, 75119, 0L 1,2} 3} 4. 13} 6
28} 29} 30} 31, 321 33, 34} 35, 6, 571 81 39} 40, A1, (2, 43,4, 45, 6| 47, 48 419,50} B 1162 }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade { [B[5}[7}[9}[10)
46,47,49] }

B grade {[1]}

C grade { B/3BE I ISELE 53546 5516}
F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Ny
=



23

Maple

A grade {[1}[3,4[5}6,[7,/8 910
34,35, 36, 43} [44} [45]

B grade { }
C grade {2}

F normal fail {[23,[24,[37,[38)[39) {40} {41} {42} 46} (47} 48} 49} 50} BT} 52 }

F(-1) timedout fail { }
F(-2) exception fail { }

DS
&
—

Fricas

A grade { (52553 A3 A4 )

B grade { (385617 B)[7 18} 19} 20) 21} 22,26, 27} 28) B4 5,56 )
C grade { B}[I0} L1} 12,3, 14,15 1629} B0} B2}

F normal fail {[23}[24,37,[38)[39} [40} |41} 42} 46} |47} [48} 49} 50} 6 T} 52 }

F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade {[125,A56/7BHI0112
50,531,553, B4, 55 B0, A E4 S )

B grade { }

C grade { }

F normal fail { 23,78 5755 )0 1,2, 6, T, 5589, B0, 51152 }
F(-1) timedout fail { }

F(-2) exception fail { }
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Giac
A grade {[1}[25[26,[27,[28,[33, 34} [43] }
B grade {[23[4,[5,6,[7}[8 }

C grade { }

F normal fail { [9,10){TT) T2, [3)[[4 T3, [0} 17 15,9, 20L 21, 22,23 24 29,50, 31} B2, 57, 55
50, 40,11, B 43 L4 ] A ] A9 B0, 5 162 }

F(-1) timedout fail { }
F(-2) exception fail {[35][36]}

N

S
[S3]

Mupad

A grade { }

B grade { (1255 6,07 60013 12 3, 315,167 5 1920, E L. B2, 2 S B 5 )
C grade { }

F normal fail { }

F(-1) timedout fail { [23)225) 26,25, 29,50} 51,52, 535 55 53,57, 53,59} 0L A 6,
7, 45,19, 50, 51152 )

F(-2) exception fail { }

Sympy

A grade { Q{678 }
B grade {[[3}5}

C grade { }

F normal fail { [by[[0,[TT,[T2[3) [, [T5, 16} [7)[[5) 19,20, 21 22, 23,24, 25, 26} 27) 25,29, 50

L
=

133,53 34,551 56} 57 55 B9 A0L AL ) 14, 1 ) AT ) 49, 50} 2 )

F(-1) timedout fail {[43][51]}
F(-2) exception fail { }
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time

is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is

given as F(-2) if the failure was due to an exception being raised, which could indicate a

bug in the system. If the failure was due to integral not being evaluated within the time

limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size’
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 11 11 23 17 11 19 29 12 24
N.S. 1 1.00 2.09 1.55 1.00 1.73 2.64 1.09 2.18
time (sec) N/A 0.006 0.017 0.308 0.238 0.277 0.089 0.278 0.465

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C C A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 15 15 29 24 18 39 17 35 15
N.S. 1 1.00 1.93 1.60 1.20 2.60 1.13 233 1.00
time (sec) N/A 0.011 0.021 0.025 0322 0.280 0.083 0.264 0.070

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 28 28 34 29 23 47 53 118 78
N.S. 1 1.00 1.21 1.04 0.82 1.68 1.89 4.21 2.79

time (sec) N/A 0.017 0.104 0.048 0.254 0.259 0.214 0.273 15.231
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 27 27 33 29 34 84 27 62 23
N.S. 1 1.00 1.22 1.07 1.26 3.11 1.00 2.30 0.85
time (sec) N/A 0.021 0.017 0.041 0.330 0.261 0.094 0.273 0.073
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 42 42 53 39 38 83 66 164 182
N.S. 1 1.00 1.26 0.93 0.90 1.98 1.57 3.90 4.33
time (sec) N/A 0.028 0.029 0.062 0.246  0.271 0.311 0.269 16.317
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 45 45 33 39 44 123 39 91 36
N.S. 1 1.00 0.73 0.87 0.98 2.73 0.87 2.02 0.80
time (sec) N/A 0.028 0.024 0.044 0.339 0.270 0.118 0.273 0.088
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 58 58 56 49 48 126 80 208 340
N.S. 1 1.00 0.97 0.84 0.83 2.17 1.38 3.59 5.86
time (sec) N/A 0.033 0.372 0.078 0.236  0.282 0.425 0.281 19.374
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 57 57 33 49 54 168 51 116 43
N.S. 1 1.00 0.58 0.86 0.95 2.95 0.89 2.04 0.75
time (sec) N/A 0.043 0.013 0.057 0.321 0.263 0.157 0.279 11.796
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A C F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 232 232 175 169 197 362 0 0 91
N.S. 1 1.00 0.75 0.73 0.85 1.56 0.00 0.00 0.39
time (sec) N/A 0.240 0.501 0.139 0.340 0.276 0.000 0.000 12.901
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A C F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 212 212 101 154 185 342 0 0 74
N.S. 1 1.00 0.48 0.73 0.87 1.61 0.00 0.00 0.35
time (sec) N/A 0.174 0.348 0.032 0.310 0.280 0.000 0.000 12.512
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A C F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 210 210 161 149 179 262 0 0 75
N.S. 1 1.00 0.77 0.71 0.85 1.25 0.00 0.00 0.36
time (sec) N/A 0.161 0.220 0.030 0.336  0.264 0.000 0.000 12.369
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A C F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 192 192 71 136 165 232 0 0 50
N.S. 1 1.00 0.37 0.71 0.86 1.21 0.00 0.00 0.26
time (sec) N/A 0.134 0.110 0.074 0.366  0.270 0.000 0.000 12.022
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A C F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 192 192 131 138 165 220 0 0 57
N.S. 1 1.00 0.68 0.72 0.86 1.15 0.00 0.00 0.30
time (sec) N/A 0.130 0.114 0.057 0.313 0.269 0.000 0.000 12.210
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A C F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 212 212 82 157 187 379 0 0 76
N.S. 1 1.00 0.39 0.74 0.88 1.79 0.00 0.00 0.36
time (sec) N/A 0.172 0.137 0.028 0.310 0.280 0.000 0.000 12.015
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A C F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 214 214 86 157 188 376 0 0 7
N.S. 1 1.00 0.40 0.73 0.88 1.76 0.00 0.00 0.36
time (sec) N/A 0.169 0.280 0.033 0.326  0.298 0.000 0.000 12.585
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A C F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 234 234 97 171 205 480 0 0 91
N.S. 1 1.00 0.41 0.73 0.88 2.05 0.00 0.00 0.39
time (sec) N/A 0.194 0.357 0.032 0.308 0.273 0.000 0.000 12.474
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 242 242 205 214 196 431 0 0 246
N.S. 1 1.00 0.85 0.88 0.81 1.78 0.00 0.00 1.02
time (sec) N/A 0.444 0.392 0.103 0.327 0.301 0.000 0.000 12.887
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 225 225 185 191 182 416 0 0 260
N.S. 1 1.00 0.82 0.85 0.81 1.85 0.00 0.00 1.16
time (sec) N/A 0.501 0.228 0.079 0.306  0.295 0.000 0.000 12.595
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 131 131 106 108 102 211 0 0 134
N.S. 1 1.00 0.81 0.82 0.78 1.61 0.00 0.00 1.02
time (sec) N/A 0.119 0.324 0.050 0.383  0.273 0.000 0.000 12.657
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 131 131 98 108 103 639 0 0 128
N.S. 1 1.00 0.75 0.82 0.79 4.88 0.00 0.00 0.98
time (sec) N/A 0.118 0.154 0.041 0.344 0.269 0.000 0.000 12.163
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 225 225 189 203 182 384 0 0 231
N.S. 1 1.00 0.84 0.90 0.81 1.711 0.00 0.00 1.03
time (sec) N/A 0.378 0.228 0.064 0.336  0.258 0.000 0.000 12.443
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 244 244 254 215 204 660 0 0 277
N.S. 1 1.00 1.04 0.88 0.84 2.70 0.00 0.00 1.14
time (sec) N/A 0.523 0.261 0.071 0.315  0.268 0.000 0.000 12.348
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 46 46 46 0 0 0 0 0 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.025 0.134 0.000 0.000  0.000 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 51 51 52 0 0 0 0 0 0
N.S. 1 1.00 1.02 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.029 0.129 0.000 0.000  0.000 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 36 36 31 29 30 52 0 31 0
N.S. 1 1.00 0.86 0.81 0.83 1.44 0.00 0.86 0.00
time (sec) N/A 0.021 0.087 0.101 0.487  0.270 0.000 0.258 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 16 20 22 20 43 0 20 0
N.S. 1 1.00 1.25 1.38 1.25 2.69 0.00 1.25 0.00
time (sec) N/A 0.025 0.022 0.033 0.424 0.264 0.000 0.253 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 26 12 45 0 19 25
N.S. 1 1.00  1.00 1.53 0.71 2.65 0.00 1.12 1.47
time (sec) N/A 0.013 0.012 0.031 0.428 0.252 0.000 0.256 11.515
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 39 39 27 36 22 74 0 46 0
N.S. 1 1.00 0.69 0.92 0.56 1.90 0.00 1.18 0.00
time (sec) N/A 0.020 0.038 0.030 0.438 0.268 0.000 0.253 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 200 200 80 189 113 400 0 0 0
N.S. 1 1.00  0.40 0.94 0.56 2.00 0.00 0.00 0.00
time (sec) N/A 0.111 0.311 0.094 0418 0.264 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 176 176 122 165 9 378 0 0 0
N.S. 1 1.00 0.69 0.94 0.53 2.15 0.00 0.00 0.00
time (sec) N/A 0.104 0.135 0.039 0.345 0.266  0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 176 176 60 164 94 423 0 0 0
N.S. 1 1.00 0.34 0.93 0.53 2.40 0.00 0.00 0.00
time (sec) N/A 0.103 0.094 0.037 0.411 0.274 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 212 212 71 185 109 567 0 0 0
N.S. 1 1.00 0.33 0.87 0.51 2.67 0.00 0.00 0.00
time (sec) N/A 0.120 0.147 0.030 0.372 0.267  0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 70 70 30 40 37 110 0 57 0
N.S. 1 1.00 0.43 0.57 0.53 1.57 0.00 0.81 0.00
time (sec) N/A 0.034 0.028 0.066 0.395 0.265 0.000 0.265 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F A F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 32 32 28 27 16 61 0 21 0
N.S. 1 1.00 0.88 0.84 0.50 1.91 0.00 0.66 0.00
time (sec) N/A 0.017 0.016 0.028 0.391 0.277  0.000 0.267 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 31 31 23 26 13 80 0 0 0
N.S. 1 1.00 0.74 0.84 0.42 2.58 0.00 0.00 0.00
time (sec) N/A 0.019 0.027 0.034 0.431 0.248 0.000 0.000 0.000
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F F(-2) F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 7 41 42 29 142 0 0 0
N.S. 1 1.00 0.53 0.55 0.38 1.84 0.00 0.00 0.00
time (sec) N/A 0.029 0.070 0.033 0.429  0.267 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 60 60 60 0 0 0 0 0 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.049 0.123 0.000 0.000  0.000 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 62 62 62 0 0 0 0 0 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.058 0.115 0.000 0.000  0.000 0.000 0.000 0.000
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 87 87 289 0 0 0 0 0 0
N.S. 1 1.00 3.32 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.109 2.693 0.000 0.000  0.000 0.000 0.000 0.000
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 84 84 83 0 0 0 0 0 0
N.S. 1 1.00 0.99 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.123 0.934 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 64 64 65 0 0 0 0 0 0
N.S. 1 1.00 1.02 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.050 0.163 0.000 0.000  0.000 0.000 0.000 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 90 90 83 0 0 0 0 0 0
N.S. 1 1.00 0.92 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.176 0.811  0.000 0.000  0.000 0.000 0.000 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 76 76 73 90 84 145 0 0 123
N.S. 1 1.00 0.96 1.18 1.11 1.91 0.00 0.00 1.62
time (sec) N/A 0.087 0.646 23.145 0.253 0.274 0.000 0.000 13.361
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 51 51 45 60 56 87 0 0 84
N.S. 1 1.00 0.88 1.18 1.10 1.71 0.00 0.00 1.65
time (sec) N/A 0.061 0.438 3.501 0.254  0.290 0.000 0.000 12.662
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 25 25 26 26 25 41 0 47 73
N.S. 1 1.00 1.04 1.04 1.00 1.64 0.00 1.88 2.92
time (sec) N/A 0.045 0.025 0.494 0.231 0.258 0.000 0.459 12411
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 51 51 59 0 0 0 0 0 0
N.S. 1 1.00 1.16 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.055 0.482 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 51 51 59 0 0 0 0 0 0
N.S. 1 1.00 1.16 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.057 0.542  0.000 0.000  0.000 0.000 0.000 0.000
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 79 79 784 0 0 0 0 0 0
N.S. 1 1.00 9.92 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.047 12.599 0.000 0.000  0.000 0.000 0.000 0.000
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 7 7 69 0 0 0 0 0 0
N.S. 1 1.00  0.90 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.033 0.400 0.000 0.000  0.000 0.000 0.000 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 73 73 264 0 0 0 0 0 0
N.S. 1 1.00 3.62 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.043 1.431 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F(-1) F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 79 79 477 0 0 0 0 0 0
N.S. 1 1.00 6.04 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.053 3.096 0.000 0.000  0.000 0.000 0.000 0.000
Problem 52 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 83 83 306 0 0 0 0 0 0
N.S. 1 1.00  3.69 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.052 3.030 0.000 0.000  0.000 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The

rules column is the number of unique rules used. The integrand size column is the leaf
number of rules
integrand size
is, the harder the integral is to solve. In this test file, problem number [29] had the largest

ratio of [1]

size of the integrand. Finally the ratio is also given. The larger this ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of n(Trma?lize.d integrand umber of rules
# | grade i“:é); uzﬁ;e antlfa(}r:i/jzlve leaf size integrand leaf size
1 A 1 1 1.00 6 0.167
2 A 2 2 1.00 8 0.250
3 A 2 2 1.00 8 0.250
ul A 3 2 1.00 8 0.250
5! A 3 2 1.00 8 0.250
6 A 4 2 1.00 8 0.250
7 A 4 2 1.00 8 0.250
3 A 5 2 1.00 8 0.250
9 A 13 9 1.00 12 0.750
10 A 12 9 1.00 12 0.750
11 A 12 9 1.00 12 0.750
12 A 11 8 1.00 12 0.667
13 A 11 8 1.00 12 0.667
14 A 12 9 1.00 12 0.750
15 A 12 9 1.00 12 0.750
16 A 13 9 1.00 12 0.750
17 A 13 9 1.00 12 0.750
18 A 12 8 1.00 12 0.667
19 A 9 9 1.00 12 0.750
20 A 9 9 1.00 12 0.750
21 A 12 8 1.00 12 0.667
22 A 13 9 1.00 12 0.750
23 A 2 2 1.00 8 0.250
24] A 2 2 1.00 10 0.200
Continued on next page
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number of

number of

normalized

#olemde| s | e | asidebaive | (RO e,
25 A 3 3 1.00 10 0.300
26 A 2 2 1.00 10 0.200
27 A 2 2 1.00 10 0.200
28 A 3 3 1.00 10 0.300
29 A 14 10 1.00 10 1.000
30 A 13 10 1.00 10 1.000
31 A 13 10 1.00 10 1.000
32 A 14 10 1.00 10 1.000
33 A ) 3 1.00 10 0.300
34 A 3 3 1.00 10 0.300
35 A 3 3 1.00 10 0.300
36 A 5 3 1.00 10 0.300
37| A 3 3 1.00 12 0.250
38 A 3 3 1.00 14 0.214
39) A 2 2 1.00 21 0.095
40 A 2 2 1.00 21 0.095
41 A 3 3 1.00 21 0.143
42 A 3 3 1.00 21 0.143
43 A 3 2 1.00 19 0.105
44 A 3 2 1.00 19 0.105
45 A 2 2 1.00 19 0.105
46 A 2 2 1.00 19 0.105
A7 A 2 2 1.00 19 0.105
48 A 1 1 1.00 19 0.053
49 A 1 1 1.00 17 0.059
50 A 1 1 1.00 17 0.059
51 A 1 1 1.00 19 0.053
52 A 1 1 1.00 21 0.048
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3.1 [ cot(a + bx) dx

Optimal result . . . . . . . . . . . . e 47
Rubi [A] (verified) . . . . . . . . . [41]
Mathematica [B] (verified) . . . . . . . . ... 42
Maple [A] (verified) . . . . . . . .. 42
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .. 42
Sympy [B] (verification not implemented) . . . ... ... ... ... ... ... .. 43
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 43l
Giac [A] (verification not implemented) . . . . . . . . ... .. ... L. 43]
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 44

Optimal result

Integrand size = 6, antiderivative size = 11

/ cot(a + bz) da = k’g(sm(z + bz))

[Out] 1n(sin(b*x+a))/b

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, Bumber of rules _ () 167, Rules used = {3556}
integrand size

log(sin(a + bx))
b

/cot(a +bz)dz =

[In] Int[Cot[a + b*x],x]
[Out] Log[Sin[a + b*x]]1/b
Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/4, x] /; FreeQl{c, d}, x]

Rubi steps

log(sin(a + bz))
b

integral =
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Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 23 vs. 2(11) = 22.

Time = 0.02 (sec) , antiderivative size = 23, normalized size of antiderivative = 2.09

/COt(a +bz) dz = log(cos(;z + b)) + log(tan(ba + bz))

[In] Integrate[Cot[a + b*x],x]
[Out] Logl[Cos[a + b*x]]/b + Log[Tan[a + b*x]]/b

Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.55

method result size
derivativedivides | — w 17
default _ln(cot(bz:a,)2+1> N
n(tan nf-——1
parallelrisch e (bHa))Hb <m> 24
norman ln(tan(;’mﬂ)) _ ln(HtaI;ib”“)Q) 929
risch —ir — %Ta + w 29

[In] int(cot(b*x+a),x,method=_RETURNVERBOSE)
[Out] -1/2/b*1n(cot (b*x+a) "2+1)

Fricas [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.73

log (—3 cos (2bz +2a) + 3
/cot(a—i-bx)dx: 8 ( 2008(2;6—'_ @) +3)

[In] integrate(cot(b*x+a),x, algorithm="fricas")

[Out] 1/2*%log(-1/2*cos(2*bxx + 2%a) + 1/2)/b
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 29 vs. 2(8) = 16.

Time = 0.09 (sec) , antiderivative size = 29, normalized size of antiderivative = 2.64

__ log (tan? (a+bx)+1) log (tan (a+bz))
/cot(a + br) dr = 2b + b forb# 0

z cot (a) otherwise

[In] integrate(cot(b*x+a),x)
[Out] Piecewise((-log(tan(a + bxx)**2 + 1)/(2xb) + log(tan(a + bxx))/b, Ne(b, 0))

, (x*xcot(a), True))
Maxima [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 11, normalized size of antiderivative = 1.00

_log (sin (bz + a))
/cot(a + bx) dx = A

[In] integrate(cot(b*x+a),x, algorithm="maxima")

[Out] log(sin(b*x + a))/b

Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.09

/cot(a + bzx)dx = log (Jsin E)bw +a))

[In] integrate(cot(b*x+a),x, algorithm="giac")

[Out] log(abs(sin(b*x + a)))/b
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Mupad [B] (verification not implemented)
Time = 0.47 (sec) , antiderivative size = 24, normalized size of antiderivative = 2.18

In (ea2i eba:2i _ 1)
b

/cot(a +bx)dr=—x1li+

[In] int(cot(a + b*x),x)
[Out] log(exp(a*2i)*exp(b*x*2i) - 1)/b - x*1i
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3.2 [ cot?(a + bx) dx

Optimal result . . . . . . . . . . . . e 451
Rubi [A] (verified) . . . . . . . . 45
Mathematica [C] (verified) . . . . . . . . . ... 161
Maple [C] (verified) . . . . . . . . . ... 16
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ... . 47
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... . 4
Maxima [A] (verification not implemented) . . . . . . . . ... ... .. L. 4
Giac [B] (verification not implemented) . . . . . . . . .. ... L. 47
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 43

Optimal result
Integrand size = 8, antiderivative size = 15

_ cot(a + bz)

/cotQ(a +bz)dr = —x 5

[Out] -x-cot(b*x+a)/b

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ 0.250, Rules used = {3554,
integrand size
8}

_ cot(a + bz)
b

/cotZ(a + bz) dz =

[In] Int[Cot[a + b*x]~2,x]

[Out] -x - Cot[a + b*x]/b

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b”2, Int[(b*Tan[c + d*x])~"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]



Rubi steps
integral = _Mb-l—bx) — / ldz
t b
_ s w

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.02 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.93

cot(a + bz) Hypergeometric2F1 (—3,1, 1, — tan?(a + bz))
- b

/cot2(a +bz)dz =

[In] Integrate[Cot[a + b*x]~2,x]

46

[Out] -((Cot[a + bxx]*Hypergeometric2F1[-1/2, 1, 1/2, -Tan[a + b*x]~2])/b)

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.02 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.60

method result Size
risch - b(ezazf—ia)_l) o1
norman % o5
parallelrisch % o5
derivativedivides | = cot(bz+a)+3 —:rccot(cot(bm-i—a)) 9%
default —cot(bzta)+3 —:FCCot(cot(bx+a)) 2%

[In] int(cot(b*x+a)~2,x,method=_RETURNVERBOSE)
[Out] -x-2*I/b/(exp(2*%I*(b*x+a))-1)
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 39 vs. 2(15) = 30.

Time = 0.28 (sec) , antiderivative size = 39, normalized size of antiderivative = 2.60

brsin(2bz +2a) + cos (2bz +2a) + 1
2 [——
/COt (a+be)dz = bsin (2bz + 2a)

[In] integrate(cot(b*x+a)”~2,x, algorithm="fricas")
[Out] -(b*x*sin(2*b*x + 2*a) + cos(2*bxx + 2*a) + 1)/(b*sin(2*b*x + 2*a))

Sympy [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.13

—x—mbﬂm) forb# 0

z cot? (a) otherwise

/cotz(a +bz)dz =

[In] integrate(cot(b*x+a)**2,x)
[Out] Piecewise((-x - cot(a + b*x)/b, Ne(b, 0)), (x*cot(a)**2, True))

Maxima [A] (verification not implemented)

none
Time = 0.32 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.20

br+a+
/cot2(a+ biI,') dr = — btan(bm+a)

[In] integrate(cot(b*x+a)~2,x, algorithm="maxima")

[Out] -(bxx + a + 1/tan(b*x + a))/b

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 35 vs. 2(15) = 30.

Time = 0.26 (sec) , antiderivative size = 35, normalized size of antiderivative = 2.33

[ eotttat o) o = b0 g —tan (3be+ 3 0)
2b

[In] integrate(cot(b*x+a)~2,x, algorithm="giac")
[Out] -1/2%(2%b*x + 2*%a + 1/tan(1/2%bxx + 1/2%a) - tan(1/2*b*x + 1/2%a))/b
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Mupad [B] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.00

/cot2(a+ bx)dr = —x — Mlj—bx)

[In] int(cot(a + b*x)~2,x)
[Out] - x - cot(a + b*x)/b
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3.3 [ cot’(a + bx) dx

Optimal result . . . . . . . . . . . . e 49]
Rubi [A] (verified) . . . . . . . . 49
Mathematica [A] (verified) . . . . . . . . . .. 50)
Maple [A] (verified) . . . . . . . .. 50
Fricas [A] (verification not implemented) . . . . . . . ... ... ... . ... ..., 3l
Sympy [B] (verification not implemented) . . . ... ... ... ... ... ... . 51l
Maxima [A] (verification not implemented) . . . . . . . . ... ... .. L. b1l
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 52
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 52

Optimal result

Integrand size = 8, antiderivative size = 28

cot’(a +bx) log(sin(a + bx))
2b b

/cot3(a +bx)dx = —
[Out] -1/2*cot(b*x+a)~2/b-1n(sin(b*x+a))/b

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ 0.250, Rules used = {3554,
integrand size
3556}

cot’(a +bx) log(sin(a + bx))
2b b

/cot3(a + bx)dz = —

[In] Int[Cot[a + b*x]~3,x]
[Out] -1/2#Cot[a + b*x]~2/b - Log[Sin[a + b*x]]/b
Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] & GtQ[n, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol]l :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl{c, d}, xI
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Rubi steps
2
cot’(a+br) /cot(a + bz) dz
2b
cot?(a +bx)  log(sin(a + bz))
2b b

integral = —

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.21

_cot?(a + bx) + 2log(cos(a + bx)) + 2log(tan(a + bz))
2b

/ cot?(a + bz) dz =

[In] Integrate[Cot[a + bxx]~3,x]
[Out] -1/2%(Cot[a + b*x]~2 + 2+Logl[Cos[a + b*x]] + 2xLog[Tan[a + b*x]]1)/b

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.04

method result size
_ cot(bz+a)2 n ln(cot(bx+a)2+1)
derivativedivides 2 5 2 29
_ cot(bata)? +1n(cot(bz+a)2+1)
default 2 5 2 29
i — cot(br+a)?—21n(tan(bz+a))+1n (sec(bz+a)?
parallelrisch 55 ( ) 35
norman _ 1 __ In(tan(bz+a)) + 1n<1+tan(bx+a)2> 43
2btan(bz+a)? b 2b
. . %a 9 e2i(bz+a) In (e2i(bz+a) —-1)
risch T+ T+ bt ; 57

[In] int(cot(b*x+a)~3,x,method=_ RETURNVERBOSE)
[Out] 1/bx(-1/2*cot (b*xx+a) " 2+1/2%1n(cot (b*x+a) ~2+1))
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Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.68

(cos (2bz +2a) —1)log (—1 cos (2bz +2a) + 1) — 2
t*(a + bz) dz = — i 2
/CO (a+be)de 2(bcos(2bx +2a) — b)

[In] integrate(cot(b*x+a)~3,x, algorithm="fricas")
[Out] -1/2%((cos(2xb*x + 2*a) - 1)*log(-1/2*cos(2*b*x + 2xa) + 1/2) - 2)/(b*cos(2
*b*x + 2%a) - b)

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 53 vs. 2(22) = 44.

Time = 0.21 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.89

(o fora=0Ab=0
, z cot? (a) forb =0
/cot (a+bz)de = 5. fora — —bz
0O, an2 a T n .
log (t éb+b )+1)  log (ta b(a+bx)) _ 2btan21(a+bx) otherwise

[In] integrate(cot(b*x+a)**3,x)

[Out] Piecewise((zoo*x, Eq(a, 0) & Eq(b, 0)), (x*cot(a)**3, Eq(b, 0)), (zoo*x, Eq
(a, -b*x)), (log(tan(a + b*x)**2 + 1)/(2%b) - log(tan(a + b*x))/b - 1/(2%bx*

tan(a + b*xx)**x2), True))
Maxima [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.82

1 . 2
—L_— +log (sin (bz + a)°)

t3 ber) do — — sin(bz+a)
/ cot®(a + bx) dx 5%

[In] integrate(cot(b*x+a)~3,x, algorithm="maxima")

[Out] -1/2%(1/sin(b*x + a)~2 + log(sin(b*x + a)~2))/b
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 118 vs. 2(26) = 52.

Time = 0.27 (sec) , antiderivative size = 118, normalized size of antiderivative = 4.21

/ cot®(a + bx) dz
(74 (cos(bxta)—1) +1> (cos(bz+a)+1)
cos(bzta)+1 cos(bz+a)—1 |— cos(bz+a)+1| cos(bz+a)—1
cos(bz+a)—1 + cos(bz+a)+1 4 log ( |cos(bz+a)+1| ) +8 log (’_cos(biz:+a)+1 + 1‘)

8b

[In] integrate(cot(b*x+a)~3,x, algorithm="giac")

[Out] 1/8*((4*(cos(b*x + a) - 1)/(cos(b*x + a) + 1) + 1)*(cos(b*x + a) + 1)/(cos(
b*x + a) - 1) + (cos(b*x + a) - 1)/(cos(b*x + a) + 1) - 4xlog(abs(-cos(b*x

+ a) + 1)/abs(cos(b*x + a) + 1)) + 8*log(abs(-(cos(b*x + a) - 1)/(cos(b*x +

a) +1) + 1)))/b

Mupad [B] (verification not implemented)

Time = 15.23 (sec) , antiderivative size = 78, normalized size of antiderivative = 2.79

In (ea,2i ebz2i _ 1) N 2
b b (ea21+bz2i _ ]_)
2

b (1 + ea4i+ba:4i _ 2ea2i+bm2i)

/cot3(a +br)dr=1z1i—

_|_

[In] int(cot(a + b*x)~3,x)

[Out] x*1i - log(exp(ax2i)*exp(b*x*2i) - 1)/b + 2/(bx(exp(a*2i + b*x*2i) - 1)) +
2/ (b* (exp(a*4i + bkx*4i) - 2%exp(a*2i + b*x*2i) + 1))
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3.4 [ cot*(a + bx) dx

Optimal result . . . . . . . . . . . . e H3l
Rubi [A] (verified) . . . . . . . . 53
Mathematica [C] (verified) . . . . . . . . . ... !
Maple [A] (verified) . . . . . . ... !
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .. ..... k%)
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... .. 55
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 55
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 561
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 56

Optimal result

Integrand size = 8, antiderivative size = 27

3
/ cot*(a + br)dz =z + COt(abJr ba) _ cot ((;b—l— bo)

[Out] x+cot(b*x+a)/b-1/3*cot(b*x+a)”~3/b

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 2, Bumber of rules _ 0.250, Rules used = {3554,
integrand size
8}

t3(a+ b t(a+b
cot®(a x)+co(a x)+x

4 —
/cot (a + bz)dx = 3 2

[In] Int[Cot[a + b*x]~"4,x]

[Out] x + Cot[a + b*x]/b - Cot[a + bxx]~3/(3*b)
Rule 8

Int[a_, x_Symbol] :> Simp([a*x, x] /; FreeQ[a, x]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*x((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
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Rubi steps
3
integral = —w - / cot?(a + bz) dz
__cot(a+bx) cot’(a+ bx)
= b — 3D + / ldx
s cot(a +bz)  cot’(a+ bx)
B b 3b

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.02 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.22

cot?(a + bz) Hypergeometric2F1 (—3,1, —1, — tan?(a + bz))
3b

/cot4(a +bz)dx = —

[In] Integrate[Cot[a + b*x]~4,x]
[Out] -1/3%(Cot[a + b*x] “3*Hypergeometric2F1[-3/2, 1, -1/2, -Tan[a + b*x]~2])/b

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.07

method result size
_ 3
arallelrisch cot(bx+a)°+3bx+3 cot(bx+a) 29
3b
cot(bz+a)3 s
. . .. — ———"—"—+4cot(bx+a)— I +4arccot(cot(bx+a
derivativedivides 4 ( Z 2 (cotlbrta)) | 39
3
default _ %+cot(bm+al))— 5 +arccot(cot(bz+a)) 39
tan(bz+a)2 3_1
=222tz tan(bz+ta)’— 55
b 36
norman tan(brta)® 38
riSCh r + 44 (3 e4i(bz+a) _3 e2i(bz+a)+2) 46

3b(e2i(ba+a) _1)3

[In] int(cot(b*x+a)~4,x,method=_ RETURNVERBOSE)
[Out] 1/3%(-cot(b*x+a) ~3+3*bxx+3*cot (b*x+a))/b
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 84 vs. 2(25) = 50.

Time = 0.26 (sec) , antiderivative size = 84, normalized size of antiderivative = 3.11

/ cot*(a + bx) dz
4 cos(2bz +2a)’ + 3 (brcos (2bz + 2a) — br) sin (2bz + 2a) + 2 cos (2bz + 2a) — 2
B 3(bcos(2bx +2a) —b)sin (2bx + 2a)

[In] integrate(cot(b*x+a)~4,x, algorithm="fricas")
[Out] 1/3*%(4xcos(2*%b*xx + 2%a) 2 + 3*(b*x*cos(2%bxx + 2%a) - bx*x)*sin(2*b*xx + 2%*a)
+ 2%cos(2xbxx + 2%a) - 2)/((b*cos(2%b*x + 2%a) — b)*sin(2%b*x + 2%a))

Sympy [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.00

__ cot? (a+bz) + cot ((Z+bw) for b 7& 0

/cot4(a + bx) dx = v 3b
z cot? (a) otherwise

[In] integrate(cot(b*x+a)**4,x)
[Out] Piecewise((x - cot(a + b*xx)**3/(3*%b) + cot(a + b*x)/b, Ne(b, 0)), (x*xcot(a)

**x4, True))

Maxima [A] (verification not implemented)

none
Time = 0.33 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.26

3 tan(bz+a)?—1
3bz +3a+ tan(bz+a)®

4 —
/cot (a+bx)dx = 3D

[In] integrate(cot(b*x+a)~4,x, algorithm="maxima")

[Out] 1/3%(3*bxx + 3*a + (3*tan(b*x + a)~2 - 1)/tan(b*x + a)~3)/b
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 62 vs. 2(25) = 50.

Time = 0.27 (sec) , antiderivative size = 62, normalized size of antiderivative = 2.30

/ cot*(a + bzx) dz

Lpetlg)2o
tan(%bx+%a)3+24bw—|—24a+15tan(;b+2) 1—15tan(%bx+%a)

tan(% bx+% a)3

- 24b

[In] integrate(cot(b*x+a)~4,x, algorithm="giac")
[Out] 1/24*(tan(1/2%bxx + 1/2*%a)”3 + 24xbxx + 24xa + (15xtan(1/2%b*x + 1/2%a)"2 -
1)/tan(1/2%bxx + 1/2*%a)~3 - 15xtan(1/2*%bxx + 1/2%a))/b

Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.85

cot(a+bzx) — M

/cot4(a+bm) dex =z + 2

[In] int(cot(a + b*x)~4,x)
[Out] x + (cot(a + b*x) - cot(a + b*x)~3/3)/b
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3.5 [ cot®(a + bx) dx

Optimal result . . . . . . . . . . . . e ¥
Rubi [A] (verified) . . . . . . . . . by
Mathematica [A] (verified) . . . . . . . . . .. 58]
Maple [A] (verified) . . . . . . . .. bY]
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .. ..... bYe)
Sympy [B] (verification not implemented) . . . ... ... ... ... ... ... .. kY
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 60
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 60)
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 60

Optimal result

Integrand size = 8, antiderivative size = 42

cot’(a +bx)  cot’(a+ bx) N log(sin(a + bx))
2b 4b b

/ cot’(a + bz) dx =
[Out] 1/2*cot(b*x+a)~2/b-1/4*cot (b*x+a) ~4/b+1ln(sin(b*x+a))/b

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 2, Bumber of rules _ 0.250, Rules used = {3554,
integrand size
3556}

cot*(a + bx) N cot?(a + bx) N log(sin(a + bx))

5 S
/cot (a+ bx)dz = m 5 3

[In] Int[Cot[a + b*x]~5,x]
[Out] Cot[a + b*x]~2/(2*%b) - Cot[a + b*x]~4/(4xb) + Log[Sin[a + b*x]]/b
Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] & GtQ[n, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol]l :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl{c, d}, xI
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Rubi steps
4
integral = —W - / cot®(a + bzx) dz
cot’(a + bx)  cot*(a + bx)
= % — m + /cot(a + bx) dx
_ cot’(a+bx) cot'(a+ bx) N log(sin(a + bx))
N 2b 4b b

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.26

_cot’(a+bz) cot’(a+ bxr) N log(cos(a + bz)) N log(tan(a + bx))

5 _
/cot (a+bx)dx = 55 P 3 5

[In] Integrate[Cot[a + b*x]~5,x]

[Out] Cot[a + b*x]~2/(2%b) - Cot[a + bxx]~4/(4xb) + Logl[Cos[a + b*x]]/b + Log[Tan
[a + b*x]1/b

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.93

method result size
_ cot(bw+a)4 + cot(bw+a)2 _ ln(cot(bw+a)2+1)
derivativedivides 4 — 2 39
_ cot(bz-}—u)4 + cot(bz+a)2 _ 1n(cot(bz+a)2+1)
default 4 " 2 39
. — cot(bz+a)*+2 cot (bx+a)?+4 In(tan(bz+a))—21n (sec(bw+a)2)
parallelrisch 47
4b
1, tan(bzta)? In( 1+tan(bz+a)?
-t In(tan(bz+a)) (
15 2b
—aT 2% —
horman tan(bz+a) + b 2b 57

risch g — Zia _ A0t —etilota) o2i0ota)) | n(eXiCrta)—1)

b b(e2i(bz+a) _1)7 b

7

[In] int(cot(b*x+a)~5,x,method=_RETURNVERBOSE)
[Out] 1/bx(-1/4*cot(b*x+a) ~4+1/2%cot (b*x+a) " 2-1/2*1n(cot (b*x+a) ~2+1))
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 83 vs. 2(38) = 76.

Time = 0.27 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.98

/cot5 (a+bz)dz

(cos (2bz +2a)® — 2 cos (2bz +2a) + 1) log (—3 cos (2bz +2a) + 1) — 4 cos (2bz +2a) + 2
2 (beos (2bz + 2a)® — 2bcos (2bx + 2a) + b)

[In] integrate(cot(b*x+a)~5,x, algorithm="fricas")

[Out] 1/2%((cos(2%b*x + 2%a)~2 - 2%cos(2*b*x + 2*a) + 1)*log(-1/2*cos(2*¥b*x + 2%*a
) + 1/2) - 4xcos(2*b*x + 2*a) + 2)/(bxcos(2*b*x + 2%a)~2 - 2*b*cos(2xbxx +
2%a) + b)

Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 66 vs. 2(32) = 64.

Time = 0.31 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.57

/ cot’(a + bz) dz
(o”ox fora=0Ab=0
z cot® (a) forb =0
T o fora = —bx
log (tan® (a+bz)+1) | log (tan (a+bz)) 1 1 .
— 2b + g b + 2btan? (a+bx) ~ 4btan® (atbz) otherwise

\

[In] integrate(cot(b*x+a)**5,x)

[Out] Piecewise((zoo*x, Eq(a, 0) & Eq(b, 0)), (x*cot(a)**5, Eq(b, 0)), (zoo*x, Eq
(a, -b*x)), (-log(tan(a + b*x)*x2 + 1)/(2xb) + log(tan(a + b*x))/b + 1/(2*%b
*tan(a + b*x)**2) - 1/(4%bxtan(a + b*x)**4), True))
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Maxima [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.90

4 sin(bz+a)®—1 . 2
2enetd =2 + 2 log (sin (bz + a)?)
/ cot’(a + bz) dz = sin(be+4) 15

[In] integrate(cot(b*x+a)~5,x, algorithm="maxima")
[Out] 1/4x((4*sin(b*x + a)~2 - 1)/sin(b*x + a)~4 + 2xlog(sin(b*x + a)~2))/b

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 164 vs. 2(38) = 76.

Time = 0.27 (sec) , antiderivative size = 164, normalized size of antiderivative = 3.90

/cot5 (a+ bz)dr =
12 (cos(bz+a)—1) | 48 (cos(ln:—}—a)—l)2 2
( cos(bata)+1 T (cos(bz+a)+1)2 +1) (cos(bata)+1) 12 (cos(bz+a)—1) (cos(bz+a)—1)2 —321o |— cos(bz+a)+1| +6
(cos(bz+a)—1)2 cos(bz+a)+1 (cos(bz+a)+1)2 g |cos(bz+a)+1|
64b

[In] integrate(cot(b*x+a)~5,x, algorithm="giac")

[Out] -1/64%((12*(cos(b*x + a) - 1)/(cos(b*x + a) + 1) + 48*(cos(b*x + a) - 1)°2/
(cos(b*x + a) + 1)72 + 1)*(cos(b*x + a) + 1)72/(cos(b*x + a) - 1)72 + 12x(c
os(bxx + a) - 1)/(cos(b*x + a) + 1) + (cos(b*x + a) - 1)72/(cos(b*x + a) +

1)°2 - 32xlog(abs(-cos(b*x + a) + 1)/abs(cos(b*x + a) + 1)) + 64*log(abs(-(
cos(b*x + a) - 1)/(cos(b*x + a) + 1) + 1)))/b

Mupad [B] (verification not implemented)

Time = 16.32 (sec) , antiderivative size = 182, normalized size of antiderivative = 4.33

In (eaZi ebav2i _ 1) 4
5 _ .
/cot (a+bzx)dr=—zli+ 2  p (eeBhen — 1)
8
b (14 eaditbadi _ 9 ga2itbai)
8

b (3ea2i+ba2i _ 3eadithzdi 4 oabitbzbi _ 1)

4

b (1 + 6€a4i+bm4i _ 4ea6i+bm6i + ea,8i+b:1:8i _ 4ea,2i+b:1:21)
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[In] int(cot(a + b*x)~5,x)

[Out] log(exp(a*x2i)*exp(b*x*2i) - 1)/b - x*1i - 4/(bx(exp(a*2i + b*x*2i) - 1)) -
8/ (b* (exp(a*4i + bxxx4i) - 2*xexp(a*x2i + b*x*2i) + 1)) - 8/(b*(3*exp(ax2i +
b*x*2i) - 3xexp(a*4i + bxx*4i) + exp(ax6i + b*x*6i) - 1)) - 4/(b*(6*exp(a*x4

i + bkxx*4i) - 4*exp(a*x2i + b*x*2i) - 4*exp(a*x6i + bxx*6i) + exp(a*8i + b*xx

8i) + 1))
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3.6 [ cotb(a + bx) dx

Optimal result . . . . . . . . . . . e 62]
Rubi [A] (verified) . . . . . . . . 62
Mathematica [C] (verified) . . . . . . . . . ... L 63}
Maple [A] (verified) . . . . . . . .. 63
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ... .. ..., 641
Sympy [A] (verification not implemented) . . . . . .. ... ... ... ... 64
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... L. 64
Giac [B] (verification not implemented) . . . . . . . . ... ... ... ... 651
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 65

Optimal result

Integrand size = 8, antiderivative size = 45

3 5
/cotﬁ(a +ba)dz = —z — cot(ab+ bx) N cot ((;b+ bx) _ cot (gb+ bx)

[Out] -x-cot(b*x+a)/b+1/3*cot(b*x+a) ~3/b-1/5*cot (b*x+a)~5/b

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 2, Bumber of rules _ 0.250, Rules used = {3554,
integrand size
8}

5 3
/COtG(a + be) dz = _cot (c;b—l- bz) n cot (gb—i- bz) cot(ab—l- br) .

[In] Int[Cot[a + b*x]~6,x]

[Out] -x - Cot[a + b*x]/b + Cot[a + b*x]~3/(3*%b) - Cot[a + bxx]~5/(5%b)
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*x((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
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Rubi steps
5
integral = _cot((;—b—l—b:c) - / cot*(a + bz) dzx
_cot’(a+bx) cot’(a+ br) )
= 3 - = + /Cot (a + bx) dx
_cot(a+bxr)  cot’(a+bxr) cot®(a+ bx)
T T T m / b

_ . cot(a+bx) N cot’(a +bx)  cot®(a + bx)

b 3b 5b

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.02 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.73

cot®(a + bz) Hypergeometric2F1 (—32,1, —2, — tan?(a + bz))
- 5b

/cot6 (a+ bx)dx =

[In] Integrate[Cot[a + bx*x]~6,x]
[Out] -1/5%(Cot[a + b*x] “5*Hypergeometric2F1[-5/2, 1, -3/2, -Tan[a + b*x]~2])/b

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.87

method result size
. — 5 3_15bz—1
parallelrlsch 3 cot(bz+a)°+5 cot(bxl—;t)z) 5bx—15 cot(bz+a) 39
cot(bm+a)5 cot(ba:+a)3 T
. . .. - + —cot(bx+a)+ % —arccot(cot(bz+a
derivativedivides & 3 1(; AR (cot(beta)) 46
_ cot(bata)® + cot(ba+a)® —cot(bx+a)+ 5 —arccot(cot(bz+a))
default 2 3 . 2 46
1 tan(bw+a)2 tan(bz+a)4 5
- - —z tan(bz+a)
56 36 b
norman tan(bata)’ 53
. 2i (45 e8i(bz+a) _gq 6i(bm+a)+140 di(bz+a) _7( 2i(bz+a) +23
risch g Zilsbe < > = ) 170

15b (e2z‘(bw+a) _1) 5

[In] int(cot(b*x+a)~6,x,method=_RETURNVERBOSE)
[Out] 1/15%(-3*cot (b*x+a) " 5+5*%cot (b*x+a) ~3-15*b*x—15%cot (b*x+a))/b
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 123 vs. 2(41) = 82.

Time = 0.27 (sec) , antiderivative size = 123, normalized size of antiderivative = 2.73

/cotG(a +bz)dz =

23 cos (2bz + 2a)® — cos (2bx + 2a)” + 15 (bx cos (2bz + 2a)* — 2bx cos (2bx + 2a) + bx) sin (2bz +
15 (bcos (2bz + 2a)? — 2bcos (2bx + 2a) + b) sin (2bz + 2a)

[In] integrate(cot(b*x+a)~6,x, algorithm="fricas")

[Out] -1/15%(23*cos(2*bxx + 2*a)~3 - cos(2xb*x + 2*a)~2 + 15%(b*x*cos(2*b*x + 2%*a
)2 - 2xbxx*kcos (2*%bxx + 2%a) + b*x)*sin(2*xb*x + 2%a) - 11kcos(2*xb*x + 2%*a)
+ 13)/((b*cos(2xb*x + 2%a)~2 - 2%bxcos(2%b*x + 2*a) + b)*sin(2xb*x + 2+*a))

Sympy [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.87

.. __ cot® (a+bx) + cot® (a+bx) _ cot ((;)-l-bz) for b 7é 0

/ cot®(a + bz) dzx = 5b 3b
z cot® (a) otherwise

[In] integrate(cot(b*x+a)**6,x)
[Out] Piecewise((-x - cot(a + bxx)**5/(5%b) + cot(a + b*x)**3/(3*%b) - cot(a + b*x
)/b, Ne(b, 0)), (x*xcot(a)**x6, True))

Maxima [A] (verification not implemented)

none

Time = 0.34 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.98

15 tan(bz+a)*—5 tan(bz+a)?+3
tan(bz+a)®

) 15bx +15a +
be) dz = —
/cot (a+bx)dz 55

[In] integrate(cot(b*x+a)~6,x, algorithm="maxima")
[Out] -1/15%(15xb*x + 15%a + (15xtan(b*x + a)”4 - 5xtan(b*x + a)”2 + 3)/tan(b*x +
a)~5)/b
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 91 vs. 2(41) = 82.

Time = 0.27 (sec) , antiderivative size = 91, normalized size of antiderivative = 2.02

/ cot®(a + bx) dz

330 tan(% bm+% a)4—35 tan(% bz+% a)2
tan(% bx—i—% a)5

3 tan (%bx+%a)5 — 35 tan (% bx + %a)3 — 480 bx — 480 a — +3 + 330 ta

- 480 b

[In] integrate(cot(b*x+a)~6,x, algorithm="giac")

[Out] 1/480%(3*tan(1/2*b*x + 1/2%a)”~5 - 35xtan(1/2*b*x + 1/2%a)~3 - 480%b*xx - 480
*a — (330%tan(1/2xb*x + 1/2%a)~4 - 35xtan(1/2*b*x + 1/2%a)~2 + 3)/tan(1/2%b
*x + 1/2%a)”5 + 330*tan(1/2*b*x + 1/2*a))/b

Mupad [B] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.80

5 3
cotlatbe)’ _ cotlatba)’ | oot(q 4 bar)

b

/cot6(a +br)dr = —1 —

[In] int(cot(a + b*x)"6,x)
[Out] - x - (cot(a + b*x) - cot(a + b*x)~3/3 + cot(a + b*x)~5/5)/b
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3.7 [ cot’(a + bx) dx

Optimal result . . . . . . . . . . . . e e 601
Rubi [A] (verified) . . . . . . . . . 66
Mathematica [A] (verified) . . . . . . . . . .. 67
Maple [A] (verified) . . . . . . ... 67
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... 63
Sympy [A] (verification not implemented) . . . .. ... ... ... ... ... .. 63
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... .. 69
Giac [B] (verification not implemented) . . . . . .. .. ... .. . L. 69
Mupad [B] (verification not implemented) . . . ... ... ... ... ....... 70

Optimal result

Integrand size = 8, antiderivative size = 58

cot?(a + bzx) N cot*(a +bx) cot’(a+bx) log(sin(a+ bz))
2b 4b 6b b

/cot7(a +bx)dx = —
[Out] -1/2*cot(b*x+a) ~2/b+1/4*cot (b*x+a) ~4/b-1/6*cot (b*x+a) ~"6/b-1n(sin(b*x+a))/b

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.00, number

of steps used = 4, number of rules used = 2, Bumber of rules _ , 954 Ryjes used = {3554,
integrand size
3556}

cot®(a + bx) N cot*(a +bx) cot’(a+bx) log(sin(a+ b))

7 e
/cot (a+ bx)dx = b 0 5% 3

[In] Int[Cot[a + b*x]~7,x]

[Out] -1/2%Cot[a + b*x]~2/b + Cot[a + b*x]~4/(4%b) - Cot[a + b*x]~6/(6*b) - Logl[S
infa + b*x]]/b

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*x((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl[{c, d}, x]
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Rubi steps
6
integral = —w - / cot’(a + bz) dz
cot*(a+bzx) cot®(a + bx) 5
= I - & + /cot (a + bx) dz

2b 4b 6b
t*(a + b
_cot(a + bz) n

_cot’(a + bx) N cot(a+bx) cot’la+bz)

/cot(a + bz) dz

cot'(a +bx) cot’(a+bz) log(sin(a + b))

2b 4b 6b

Mathematica [A] (verified)

b

Time = 0.37 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.97

/cot7(a +bz)dz =

_ 6cot?(a + bx) — 3cot?(a + bx) + 2cot’(a + bx) + 12log(cos(a + bx)) + 12log(tan(a + bx))

12b

[In] Integrate[Cot[a + b*x]~7,x]

[Out] -1/12%(6*%Cot[a + b*x]~2 - 3*Cot[a + b*x]~4 + 2xCot[a + b*x]~6 + 12xLog[Cos[

a + bxx]] + 12+Log[Tan[a + b*x]])/b

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.84

method result size
_ cot(bz+a)6 +cot(bm+a)4 _ cot(b:t+a)2 + In (cot(bz+a)2+1)

derivativedivides ¢ 4 — 2 49
_ cot(bz+a)6 + cot(bm+a)4 _ cot(ba:+a)2 + In (cot(bm+a)2+1)

default 5 1 — 3 49

. —2 cot(bz+a)®+3 cot(bz+a)*—6 cot(bz+a)?—12 In(tan(bz+a))+6 In (sec(bw—i—a)z)
parallelrisch 55 o7
norman _é_,’_ta (bfb+a) _ta (b2wb+a) __ In(tan(bz+a)) " ln(1+tan(bx+a) ) 71
tan(bz+a)® b 2b
i(bz+a i(bz+a Bi(bata) 4i(bz+a) 2i(bz+a) 2i(bz+a)
. . 2iq , 6ellilbeta)_1geBilbata) 68e —12e +6e _ In(e*(beta) 1)
risch iz + 5+ e 3 104

[In] int(cot(b*x+a)~7,x,method= RETURNVERBOSE)
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[Out] 1/bx(-1/6*cot (b*x+a) ~6+1/4*cot (b*x+a) ~4-1/2*cot (bxx+a) "2+1/2%1n(cot (bxx+a)”~
2+1))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 126 vs. 2(52) = 104.

Time = 0.28 (sec) , antiderivative size = 126, normalized size of antiderivative = 2.17

/cot7(a + bzx) dx

18 cos (2bz + 2a)” —3(cos(2bx+2a)3—3 cos (2bz +2a)® + 3 cos (2bz +2a) — 1) log (—3 cos (2bz +
B 6(bcos(2bx—|—2a)3—3bcos(2bm+2a)2+3bcos(2bx—|—2a) —b)

[In] integrate(cot(b*x+a)“~7,x, algorithm="fricas")

[Out] 1/6%(18%cos(2%b*xx + 2%a)~2 - 3*(cos(2xb*x + 2%a)~3 - 3*xcos(2*xbxx + 2*xa)~2 +
3xcos (2*%b*x + 2%a) - 1)*log(-1/2*cos(2*bxx + 2*a) + 1/2) - 18%cos(2xb*x +

2%a) + 8)/(bxcos(2xb*xx + 2*a)~3 - 3*bkcos(2xbxx + 2*a)~2 + 3*b*cos(2*b*x +

2%a) - b)

Sympy [A] (verification not implemented)

Time = 0.42 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.38

/cot7(a + bx) dx
(o fora=0Ab=0
z cot” (a) forb =0
—\ oz fora = —bx
log (tan? (a+bz)+1) log (tan (a+bzx)) 1 1 1 ;
2b — = ba = — 2btan? (a+bx) T Ttamt (a+bz)  6btan® (a+br) otherwise

[In] integrate(cot(b*x+a)**7,x)

[Out] Piecewise((zoo*x, Eq(a, 0) & Eq(b, 0)), (x*cot(a)**7, Eq(b, 0)), (zoo*x, Eq
(a, -b*x)), (log(tan(a + b*x)**2 + 1)/(2%b) - log(tan(a + b*x))/b - 1/(2%bx*
tan(a + bxx)**2) + 1/(4+b*tan(a + b*x)**x4) - 1/(6*b*tan(a + b*x)**6), True)

)
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Maxima [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.83

18 sin(bxz+ )4_9 in(ba+ )2+2 ) )
COt7(a + b.’IJ) dr — — sin(bx s?n(ba:-|—sa,)6 z+a +6 log (sm (bx + a) )
126

[In] integrate(cot(b*x+a)~7,x, algorithm="maxima")

[Out] -1/12%((18*sin(b*x + a)~4 - 9*sin(b*x + a)~2 + 2)/sin(b*x + a)~6 + 6*log(si
n(b*x + a)~2))/b

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 208 vs. 2(52) = 104.

Time = 0.28 (sec) , antiderivative size = 208, normalized size of antiderivative = 3.59

/cot7(a + bz) dz
12 (cos(bz+a)—1) , 87 (cos(bz+a)—1)2 | 352 (cos(bz+a)—1)3 3
( cos(bzta) 1 T (cos(bz+a)+1)2 (cos(bz+a)+1)3 +1)(cos(bw+a)+1) 87 (cos(bz+a)—1) 12 (cos(bz+a)—1)2 + (cos(bz+a)—1
(cos(bz+a)—1)3 cos(bz+a)+1 (cos(bz+a)+1)2 (cos(bz+a)+1
3840b

[In] integrate(cot(b*x+a)~7,x, algorithm="giac")

[Out] 1/384*((12*(cos(b*x + a) - 1)/(cos(b*x + a) + 1) + 87*(cos(b*x + a) - 1)72/
(cos(b*x + a) + 1)72 + 352*(cos(b*x + a) - 1)73/(cos(b*x + a) + 1)73 + 1)*(
cos(b*x + a) + 1)73/(cos(b*x + a) - 1)°3 + 87*(cos(b*x + a) - 1)/(cos(b*x +

a) + 1) + 12+«(cos(b*x + a) - 1)"2/(cos(b*x + a) + 1)°2 + (cos(b*x + a) - 1
)~3/(cos(b*x + a) + 1)73 - 192*log(abs(-cos(b*x + a) + 1)/abs(cos(b*x + a)

+ 1)) + 384*log(abs(-(cos(b*x + a) - 1)/(cos(b*x + a) + 1) + 1)))/b
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Mupad [B] (verification not implemented)

Time = 19.37 (sec) , antiderivative size = 340, normalized size of antiderivative = 5.86

In (ea2i ebac2i _ 1)

/cot7(a +bx)dr =x1i—

b
32
+ b (5 ea2i+bm2i —10 ea4i+bw4i + 10 ea6i+bm6i _ 5ea8i+bm8i + ea10i+bm101 _ ]_)
32
+3b (1 + 15 ea4i+bm4i — 920 ea6i+bz6i + 15 ea8i+bw8i — Beo 10i+bz 10i + ea12i+bz 12i __ Gea2i+bz2i)
6 18
+ b (ea2i+bz2i _ 1) + b (1 + ea4i+ba:4i _ 26a2i+ba:2i)
104
+ 3b (3 ea2i+bac2i _ 3ea4i+bac4i + ea6i+bx6i _ 1)
44

+

b (1 + 6ea4i+bx4i _ 4eaGi+bx6i + ea8i+b:1:81 _ 4ea2i+b:1:2i)

[In] int(cot(a + b*x)~7,x)

[Out] x*1i - log(exp(a*2i)*exp(b*x*2i) - 1)/b + 32/(b*(5*exp(a*x2i + b*x*2i)
exp(a*4i + bxxx4i) + 10*exp(a*6i + b*x*6i) - b5*xexp(a*8i + b*x*8i) + exp(axl
0i + b*x*10i) - 1)) + 32/(3*b*(15*%exp(a*x4i + b*x*4i) - 6*exp(a*2i + b*x*2i)
- 20xexp(ax6i + b*x*6i) + 15*exp(a*8i + b*x*8i) - 6xexp(ax10i + bxx*10i) +
exp(ax12i + b*xx*12i) + 1)) + 6/(b*(exp(a*2i + bxx*2i) - 1)) + 18/(b*(exp(a
*x4i + bxx*4i) - 2xexp(a*2i + b*x*2i) + 1)) + 104/ (3*b*(3xexp(a*2i + b*x*2i)
- 3%exp(a*4i + bxx*4i) + exp(a*6i + b*x*6i) - 1)) + 44/(bx(6%exp(a*4i + bx
x*x4i) - 4xexp(a*x2i + b*x*2i) - 4*exp(ax6i + bxx*6i) + exp(a*8i + b*x*8i) +

1))

- 10%
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3.8 [ cot®(a + bx) dx

Optimal result . . . . . . . . . . [71]
Rubi [A] (verified) . . . . . . .. ... (71l
Mathematica [C] (verified) . . . . . . . . . ... . L 72
Maple [A] (verified) . . . . . . . .. 72
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ........ (73l
Sympy [A] (verification not implemented) . . . ... ... ... . ... ... ... . 73
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 73
Giac [B] (verification not implemented) . . . . . . . ... ... L. re!
Mupad [B] (verification not implemented) . . .. .. ... ... ... ... ...... re!

Optimal result

Integrand size = 8, antiderivative size = 57

g _ cot(a+bx) cot’(a+bx) cot’(a+bx) cot’(a+ bx)
/cot (a+bx)der =z + 2 3 + 5 7h

[Out] x+cot(b*x+a)/b-1/3*cot(b*x+a) ~3/b+1/5*cot (b*x+a) ~5/b-1/7*cot (b*x+a) ~7/b

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.00, number

of steps used = 5, number of rules used = 2, number of rules _ 0.250, Rules used = {3554,
integrand size
8}

cot’(a+bzr) cot’(a+bx) cotd(a+bzx) cot(a+ bx)
T T m T ®m T

/ cot®(a + bz) dz =

[In] Int[Cot[a + b*x]~8,x]

[Out] x + Cot[a + b*x]/b - Cot[a + b*x]~3/(3*b) + Cot[a + b*x]~5/(5xb) - Cotl[a +
b*xx] =7/ (7*xb)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])" (@ - 1)/(@@*x(n - 1))), x] - Dist[b™2, Int[(bxTan[c + d*x])"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
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Rubi steps
7
integral = _cot(c;_b—i-bz) - / cot®(a + bzx) dz

_cot’(a+bx) cot’(a+ br) 4

= = — = + /cot (a + bx) dz

_ cot’(a+bx)  cot’(a+bx) cot’(a+ bx) N

=— 3 + 5 - 7 - /cot (a+bz)dz

cot(a+bz) cot}(a+bzx) cot’(a+br) cot’(a+ bx) /

_ - _ 1d
b 3 b R B

o cot(a +bz)  cot’(a+ bx) N cot’(a+bx)  cot’(a+ bx)

B b 3b 5b b

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.01 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.58

cot”(a + bz) Hypergeometric2F1 (—7,1, —2, — tan?(a + bz))
7b

/cots(a +bx)dr = —

[In] Integrate[Cot[a + b*x]~8,x]
[Out] -1/7*(Cot[a + b*x] “7*Hypergeometric2F1[-7/2, 1, -5/2, -Tan[a + b*x]~2])/b

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.86

method result size
. — bz+a)”+21 cot (b 5_35 cot(bz+a)3+105bz+105 cot (b
parallelrlsch 15 cot(bz+a) 421 cot(bz+a) 305501;) (bz+a)°+105bz+105 cot(bz+a) 49
cot(bz+a)7 cot(bz+a)5 cot(bz+a)3 T
. . .. - + — +cot(bx+a)—Z +arccot(cot(bz+a
derivativedivides L 2 — (bota)=3 (cot(br +a)) 52
cot(bz+a)7 cot(bz+a)5 cot(bz+a)3 T
— + — +cot(bx+a)—Z +arccot(cot(bz+a
default z 5 — (bota)~3 (cot(be+a)) 52
tan(bm+a)6 7 1 tan(bz+a)2 tan(bm+a)4
=22t tan(bezta) — =+ —
b 7b 5b 3b
norman tan(beta) 64
. 8i(105 e12i(bz+a) _315 e10i(ba+a) 770 eBilba+a) _770 Silbe+a) 4 §0g e4ibr+a) _203 e?i(bo+a) +44)
risch T+ 90

105b(e2i(bo+a) _1)7

[In] int(cot(b*x+a)~8,x,method=_RETURNVERBOSE)
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[Out] 1/105%(-15%cot (b*x+a) ~7+21%cot (b*x+a) ~5-35*%cot (b*x+a) ~3+105%b*xx+105*%cot (b*x
+a)) /b

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 168 vs. 2(51) = 102.

Time = 0.26 (sec) , antiderivative size = 168, normalized size of antiderivative = 2.95

/ cot®(a + bx) dzx

176 cos (2bz + 2a)* — 108 cos (2bz + 2a)® + 20 cos (2bz + 2a)” + 105 (bz cos (2bz + 2 a)® — 3bx cos (¢
B 105 (bcos (2bx + 2a)® — 3bcos (2bz +2a)” + 3bcos

[In] integrate(cot(b*x+a)~8,x, algorithm="fricas")

[Out] 1/105%(176*cos(2*%b*x + 2%a)~4 - 108*cos(2*b*x + 2%a)~3 + 20*cos(2*bxx + 2*a
)"2 + 105%(bxx*cos(2xb*x + 2%a)~3 - 3*bxx*cos(2xb*x + 2%a)~2 + 3*xbxx*cos(2*

b*x + 2*%a) - bxx)*sin(2%bxx + 2%a) + 228*cos(2*b*x + 2*a) - 76)/((b*xcos(2*b

*X + 2%a)~3 - 3xbxcos(2xb*x + 2*%a)”2 + 3xbkxcos(2%bxx + 2%a) - b)*sin(2*b*x

+ 2%a))

Sympy [A] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.89

cot” (atbx) + cot® (a+bzx)  cot® (a+bx) + cot ((Il)-’_bx) forb#0

/cots(a +bz)dx = T 5b 3b
z cot® (a) otherwise

[In] integrate(cot(b*x+a)**8,x)
[Out] Piecewise((x - cot(a + b*x)*x7/(7*b) + cot(a + b*xx)**5/(5%b) - cot(a + b*x)
**3/(3%b) + cot(a + b*x)/b, Ne(b, 0)), (x*cot(a)**8, True))

Maxima [A] (verification not implemented)

none
Time = 0.32 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.95

—35 tan(bz+a)*+21 tan(bz+a)?—15
tan(bz+a)’

8 105 bz + 105 q - 105 tan(be+a)®
/cot (a + bx) dz = -

[In] integrate(cot(b*x+a)~8,x, algorithm="maxima")
[Out] 1/105%(105%b*x + 105%a + (105*tan(b*x + a)~6 - 35xtan(b*x + a)~4 + 21xtan(b
*x + a)~2 - 15)/tan(b*x + a)~7)/b
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 116 vs. 2(51) = 102.

Time = 0.28 (sec) , antiderivative size = 116, normalized size of antiderivative = 2.04

/ cot®(a + bx) dz

15 tan (162 + 1 a)” — 189 tan (1bz + 1 a)” + 1295 tan (1 bz + L a)® + 13440 by + 13440 ¢ + T2 tenlzlet

134400

[In] integrate(cot(b*x+a)~8,x, algorithm="giac")

[Out] 1/13440%(15*xtan(1/2%b*x + 1/2%a)”~7 - 189*tan(1/2xb*x + 1/2*a)”5 + 1295*tan(
1/2%b*x + 1/2%a)”3 + 13440%b*x + 13440%a + (9765*%tan(1/2xbxx + 1/2*a)”"6 - 1
295*%tan(1/2*bxx + 1/2*a)~4 + 189*tan(1/2*b*x + 1/2*a)~2 - 15)/tan(1/2*b*x +
1/2*a)”7 - 9765xtan(1/2*bxx + 1/2*a))/b

Mupad [B] (verification not implemented)

Time = 11.80 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.75

cot(a+bz)” cot(a+bz)® cot(a+bz)?
- t(;r A t(; L t(; L+ cot(a+bz)
b

/cots(a +bz)dr =2+

[In] int(cot(a + b*x)~8,x)

[Out] x + (cot(a + b*x) - cot(a + b*x)"3/3 + cot(a + bxx)"5/5 - cot(a + b*xx)~7/7)
/b
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3.9 [(ccot(a+ bx))"/? dx

Optimal result . . . . . . . . . . e 751
Rubi [A] (verified) . . . . . . ... . 75
Mathematica [A] (verified) . . . . . . . . ... L L 79
Maple [A] (verified) . . . . . . . .. 79
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ....... R0
Sympy [F] . . . 80
Maxima [A] (verification not implemented) . . . . . . . ... ... ... 81l
Giac [F] . . . o o &1
Mupad [B] (verification not implemented) . . . ... ... ... ... ... .. .... BTl

Optimal result

Integrand size = 12, antiderivative size = 232

¢"/? arctan (1 _ V2/ecot(atba) W)

/(c cot(a + bz))/?dx = N7
V2+/ccot(a+bx)
c’/? arctan (1 + Y- — ) N 203 ccot(a + bx)
V2b b
_ 2¢(ccot(a+ b))/ . c/?log <\/E-I- Vccot(a + bx) — v/2+/ccot(a + bx))
5b 2v/2b
c/?log (\/E + y/ccot(a + bx) + v/2+/ccot(a + bx))

24/2b

[Out] -2/5%c*(c*xcot(b*xx+a))~(5/2)/b+1/2*xc”(7/2) *arctan(1-2"(1/2)*(c*cot (b*x+a)) "~ (
1/2)/c~(1/2)) /o%2~(1/2)-1/2%c~(7/2) *arctan (1+2~ (1/2) * (cxcot (b*x+a)) ~(1/2) /c
~(1/2)) /%2~ (1/2)+1/4%c~(7/2) *1n(c~ (1/2) +cot (b*x+a) *c~ (1/2)-2"(1/2) * (c*xcot (
b*x+a) )~ (1/2))/bx2~(1/2)-1/4*c~(7/2)*1n(c” (1/2) +cot (bxx+a) *c~(1/2)+27(1/2) *
(cxcot (b*x+a))~(1/2)) /b*x27(1/2)+2*c~3*(c*cot (b*xx+a)) ~(1/2) /b

Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 232, normalized size of antiderivative = 1.00,

number of steps used = 13, number of rules used = 9, number of rules _ 0.750, Rules used
integrand size
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= {3554, 3557, 335, 217, 1179, 642, 1176, 631, 210}
c/? arctan (1 _ Y2V/ecol(atba) W)
V/2b

/(c cot(a + bz))"? de =
¢’/? arctan (ﬂ— Vcc\%wrbx) + 1)

V/2b
c/?log <\/Ecot(a +bx) — v/2+/ccot(a + bx) + \/E>
2v/2b
c/?log <\/Ecot(a + bz) + v/2+/ccot(a + bz) + \/E)
2v/2b

2c%\/ccot(a+bx)  2c(ccot(a+ bx))>/?
b 5b

_|_

[In] Int[(c*Cotl[a + b*x])~(7/2),x]

[Out] (c~(7/2)*ArcTan[1 - (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl])/(Sqrt[2]*b) -
(c~(7/2)*ArcTan[1 + (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlc]])/(Sqrt[2]*b) +
(2xc~3*Sqrt [c*Cot[a + b*x]])/b - (2*c*(c*Cot[a + b*x])~(5/2))/(5%b) + (c~(7
/2)*Log[Sqrt[c] + Sqrtlcl*Cot[a + b*x] - Sqrt[2]*Sqrt[cxCot[a + bxx]]]) /(2%

Sqrt [2]*b) - (c~(7/2)*Logl[Sqrtlc] + Sqrtlcl*Cot[a + bxx] + Sqrt[2]*Sqrt[c*xC

ot[a + b*x]]1])/(2%Sqrt [2]*b)

Rule 210
Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(

-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 217

Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
], s = Denominator[Rt[a/b, 2]1}, Dist[1/(2*xr), Int[(r - s*x~2)/(a + b*xx"4),
x], x] + Dist[1/(2*r), Int[(r + s*x"2)/(a + b*x~4), x], x1] /; FreeQ[{a, b
}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all]l &&
AtomQ[SplitProduct [SumBaseQ, bl]))

Rule 335

Int [((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))~(p_), x_Symbol]l :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
))°p, x1, x, (c*x)~(1/k)]1, x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] & F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631



(s

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 1176

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2*c), Int[1/Simp[d/e + g*x + x~2, x], x], x] + Distle
/(2%c), Int[1/Simpl[d/e - g*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQ[c*d~™2 - axe”2, 0] && PosQ[dx*el

Rule 1179

Int[((d_ ) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol]l :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x"2, x], x],
x] + Dist[e/(2%c*q), Int[(q + 2*x)/Simp[d/e - q*x - x~2, x], x], x]1] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d~2 - a*e™2, 0] && NegQ[dxel]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])~(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] & GtQ[n, 1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps
2 5/2
integral = — e COt(gb—i_ bo) _ c / (ccot(a + bx))*? da
263\ /ccot(a + ba) 5/2
_ 2c¢%/ccot(a+bx)  2c(ccot(a + b)) Lot / 1 i
b 5b \/ccot(a + bx)

2c%y/ccot(a+bx) 2c(ccot(a + bx))*? c®Subst (f \/E(c%+a:2) dz,z, ccot(a + bx)>

b 5b b
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263\ /coot(a+ bx)  2c(ccot(a + bx))®/? (2¢®) Subst (f g1 dz, x, \/ccot(a + bx))
= ; — _

5b b

2c%y/ccot(a+bx)  2c(ccot(a+ bx))*? c*Subst (f Tar 4T, 2, /e cot(a + bw))
b 5b b
c*Subst (f 0‘321’;24 dz,z,+/ccot(a + ba:))

b

_2c%/ccot(a+bx)  2c(ccot(a + bx))®?

b 5b

"/2Subst ( [ gy, m)
2v/2b

c"/?Subst (f % dz, z, \/W)
2v/2b

c*Subst (f m dz,z, \/ccot(a + bz))
2b

c*Subst (f et 0, T, \/m)

2b

2% /ccot(a+bz)  2c(ccot(a+ bx))>/?

b 5b
c?log <\/E + y/ccot(a + br) — v/24/ccot(a + bz))
2v/2b
c?log <\/E + v/ccot(a + bx) + ﬁ\/m>
2v/2b
c"/?Subst <f ——dz,z,1— ﬁ—vc‘i%mbx))

m?
V2b
c"/?Subst (f ——dz,z,1+ V2y/ecot(atba) W)

V/2b

+

+

+

+
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c’/? arctan <1 — @) c7/2 arctan <1 + ﬁ@)

V/2b

V/2b

2c3\/ccot(a+bx)  2c(ccot(a+ bx))®/?
* b - 5b

c?log

(

Ve + y/ccot(a+ bx) — v/2+/ccot(a + bx))

_|_
2/2b

(

c"?log

Ve + v/ccot(a + bx) + v/24/ccot(a + bx))

24/2b

Mathematica [A] (verified)

Time = 0.50 (sec) , antiderivative size = 175, normalized size of antiderivative = 0.75

/(c cot(a + bx))"? dx =
arctan(l—ﬁ\/cot(a+bw))

I arctan <1+ﬁ\/<m)

]

— 2y/cot(a + bz) + %cotg(a + bx) — -

(ccot(a + bx))™/? (— 7

V2

[In] Integrate[(c*Cot[a + b*x])~(7/2),x]

beotz (a + bz)

[Out] -(((cxCot[a + b*x])~(7/2)*(-(ArcTan[1 - Sqrt[2]*Sqrt[Cot[a + b*x]]]/Sqrt[2]

) + ArcTan[1 + Sqrt[2]*Sqrt[Cot[a + b*x]]]1/Sqrt[2] - 2xSqrt[Cot[a + bxx]] +
(2#Cot[a + b*x]~(5/2))/5 - Logl[l - Sqrt[2]1*Sqrt[Cot[a + bxx]] + Cot[a + bx

x]]1/(2xSqrt[2]) + Logl[l + Sqrt[2]*Sqrt[Cot[a + b*x]] + Cot[a + b*x]]/(2*Sqr

t[2]1)))/(b*Cot[a + b*x]17(7/2)))

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 169, normalized size of antiderivative = 0.73

5
(ccot(bzta)) 2 Cot(b;+a))§ —c24/ccot(bx+a)+

2c

method result
1
&2 (02) % vz (ln(ccot(bz+a)+(c2) ? \/mﬂ-}\/; 2 arctan V3 Jeoot
8 bota)—(c2) 4 bz+a) V2+Vc2 2
2¢ M—CQ ccot(bz+a)+ ccot(bota)—(c2) & ecot(bata) c ; (c2)
derivativedivides | — :

\/ccot(bz+a) \54-\/c72
v/ ccot(bz+a) \/54'\/672

ccot(bz+a)+ (62)

) +2 arctan (

8

L L I L]

c2(c?) 1 V2 (m(

ccot(bz+a)— (c2)

default
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[In] int((c*cot(b*x+a))~(7/2),x,method=_RETURNVERBOSE)

[Out] -2/b*xc*(1/5*(c*xcot (b*x+a)) " (5/2)-c"2x(c*xcot (b*xx+a)) ~(1/2)+1/8*c"2*(c~2)~(1/
4)*2~(1/2)*(In((c*xcot (b*xx+a)+(c~2) " (1/4) * (cxcot (b*x+a) ) ~(1/2) %2~ (1/2)+(c"2)
~(1/2))/(cxcot (b*x+a)-(c~2) ~(1/4) *(c*xcot (b*x+a)) ~(1/2)*2~(1/2)+(c~2)~(1/2))
)+2*arctan(27(1/2)/(c”2)~(1/4) *(c*cot (b*x+a)) ~(1/2)+1)-2*arctan(-2"(1/2) /(c
~2)~(1/4) *(c*xcot (b*x+a))~(1/2)+1)))

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.28 (sec) , antiderivative size = 362, normalized size of antiderivative = 1.56

/(c cot(a + bx))"? dx =

(-5)

PN

14

b|+5(—<) (ibcos(2bz+2a) —
)+3 ()

N,

(bcos (2bx +2a) — b) log (03 —CC;’;%I’;;T;Z;F ¢+ <—Cb;>

[In] integrate((c*cot(b*x+a))~(7/2),x, algorithm="fricas")

[Out] -1/10%(5%(-c~14/b~4)~(1/4)*(b*cos(2*¥b*x + 2*a) - b)*log(c~3*sqrt((c*cos(2*b
*x + 2*%a) + c)/sin(2xbxx + 2*a)) + (-c"14/b~4)"(1/4)*b) + 5x(-c~14/p"4)~(1/
4)*(I*b*cos(2xb*x + 2*%a) - Ix*b)*log(c~3*sqrt((cxcos(2*bxx + 2%a) + c)/sin(2
*¥b*x + 2%a)) + I*(-c”14/b74)"(1/4)*b) + 5x(-c~14/b~4)~(1/4)*(-I*b*cos(2*b*x
+ 2*%a) + Ixb)*log(c~3*sqrt((c*kcos(2*b*x + 2%a) + c)/sin(2%b*x + 2%a)) - Ix
(-c~14/p74)~(1/4)*b) - 5%(-c~14/b~4)~(1/4) *(b*xcos(2*b*x + 2*a) - b)*log(c~3
*xsqrt ((cxcos(2xbxx + 2*a) + c)/sin(2*b*x + 2*a)) - (-c~14/b~4)"(1/4)*b) - 8
*x(3*c~3xcos (2¥b*x + 2%a) - 2*c~3)*sqrt((c*cos(2xbxx + 2*a) + c)/sin(2xbxx +
2%a)))/(b*cos (2*b*x + 2*a) - b)

Sympy [F]

/(cco’c(a—i—bw))”2 dx :/(ccot (a+bz))? dz

[In] integrate((cxcot(b*x+a))**(7/2),x)
[Out] Integral((cxcot(a + bxx))*x(7/2), x)
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Maxima [A] (verification not implemented)

none

Time = 0.34 (sec) , antiderivative size = 197, normalized size of antiderivative = 0.85

/(c cot(a + bx))"? dx =

V2(V2vet2, [ nniray V2(V2Ve-2, [ nnera
(10 ﬁc% arctan ( ( ot )>> + 10 \/ﬁcg arctan (— ( et ))> +5 \/§cg log (\/

2ve 2ve

[In] integrate((c*cot(b*x+a))~(7/2),x, algorithm="maxima")

[Out] -1/20%(10*sqrt(2)*c~(5/2)*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(c) + 2*sqrt(c/ta
n(b*x + a)))/sqrt(c)) + 10*sqrt(2)*c~(5/2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqr

t(c) - 2xsqrt(c/tan(b*x + a)))/sqrt(c)) + 5xsqrt(2)*c~(5/2)*log(sqrt(2)*sqr
t(c)*sqrt(c/tan(b*x + a)) + ¢ + c/tan(b*x + a)) - 5xsqrt(2)*c~(5/2)*log(-sq
rt(2)*sqrt(c)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a)) - 40*xc~2*sqrt(c/ta
n(b*x + a)) + 8*(c/tan(b*x + a))~(5/2))*c/b

Giac [F]

/(ccot(a + bz))? dx = / (ccot (bz + a))% dx

[In] integrate((c*cot(b*x+a))~(7/2),x, algorithm="giac")
[Out] integrate((c*cot(b*x + a))~(7/2), x)

Mupad [B] (verification not implemented)

Time = 12.90 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.39

3 5/2
/(ccot(a b)) de = 2c ccol;c (a+bz) 2c (ccot(§b+ bzx))
(_1)1/4 C7/2 atan<(_1)1/4 /\;Ecot(a-i—bx)) 1i (_1)1/4 C7/2 atan<(_1)1/4 c\;gt(m—bx) 1i>
- b - b

[In] int((c*cot(a + b*x))~(7/2),x)

[Out] (2*c™3*(c*cot(a + b*x))~(1/2))/b - (2*xc*(cxcot(a + b*x))~(5/2))/(5%b) + ((-
1)°(1/4)*c~(7/2)*atan(((-1)~(1/4) *(cxcot(a + b*x))~(1/2))/c”(1/2))*1i)/b +
((-1)~(1/4)*c~(7/2)*atan(((-1)~(1/4)*(c*xcot(a + b*x))~(1/2)*1i)/c~(1/2)))/b
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3.10 [(ccot(a + bx))*? dx

Optimal result . . . . . . . . . . . 821
Rubi [A] (verified) . . . . . . ... . ’2
Mathematica [A] (verified) . . . . . . . . ... L R0
Maple [A] (verified) . . . . . . . . . 36
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... ..., . ¥
Sympy [F] . . . BT
Maxima [A] (verification not implemented) . . . . . . . ... ... ... 87
Giac [F] . . . o o o 88
Mupad [B] (verification not implemented) . . . .. ... ... ... .. ....... ]Y

Optimal result

Integrand size = 12, antiderivative size = 212

c®/? arctan (1 _ V2J/ecot(atbe) W)

t(a+ bz))?dz = —
/(cco (a+ bx))>*dz b
c5/? arctan (1 + W) 2¢c(ccot(a + bx))3/2
+ —
V2b 3b
c*?log (\/E + y/ccot(a + br) — v/2/ccot(a + bz))
+
2v/2b
c*?log (\/E + y/ccot(a + bxr) 4+ v/2+/ccot(a + bm))
- 2/2b

[Out] -2/3*c*(c*xcot(b*xx+a))~(3/2)/b-1/2*c~(5/2)*arctan(1-2"(1/2)*(c*cot (b*x+a)) "~ (
1/2)/c~(1/2)) /o%2~(1/2)+1/2%c~(5/2) *arctan (1+2~ (1/2) * (cxcot (b*x+a)) ~(1/2) /c
~(1/2))/b%x2~(1/2)+1/4*c~ (5/2) *1n(c~ (1/2) +cot (b*xx+a)*c~ (1/2) -2~ (1/2) * (c*cot (
b*x+a))~(1/2))/b*x2~(1/2)-1/4*c~(5/2)*1n(c” (1/2)+cot (bxx+a)*c~(1/2)+27(1/2) *
(cxcot (b*xx+a)) ~(1/2)) /b*x2~(1/2)

Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 212, normalized size of antiderivative = 1.00,

number of steps used = 12, number of rules used = 9, number of rules _ 0.750, Rules used
integrand size
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= {3554, 3557, 335, 303, 1176, 631, 210, 1179, 642}

¢®/? arctan (1 _ V2J/coot(atbe) W)

/(ccot(a + b2))%? dx = — b

c®/? arctan (ﬁ— ”Ci%(am) + 1)

+
V/2b

c®?log <\/Ecot(a + bz) — v/2\/ccot(a + bz) + \/5)

+
2v/2b

*?log <\/Ecot(a + bz) + v/2\/ccot(a + bx) + \/E> 2¢(c cot(a + bxz))3/?

B 2/2b - 3b

[In] Int[(c*Cot[a + b*x])~(5/2),x]

[Out] -((c~(5/2)*ArcTan[1 - (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl])/(Sqrt[2]*b))
+ (c~(5/2)*ArcTan[1 + (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl])/(Sqrt[2]*b)
- (2xcx(c*Cot[a + b*x])~(3/2))/(3*b) + (c~(5/2)*Log[Sqrtlc] + Sqrt[c]*Cot[

a + bxx] - Sqrt[2]*Sqrt[cxCot[a + b*x]]1])/(2*Sqrt[2]*b) - (c~(5/2)*Logl[Sqrt

[c] + Sqrtlc]*Cot[a + bxx] + Sqrt[2]*Sqrt[c*Cot[a + b*x]]])/(2*Sqrt[2]*b)

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 303

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/D,

211, s = Denominator[Rt[a/b, 211}, Dist[1/(2*s), Int[(r + s*x~2)/(a + b*x"4
), x], x] - Dist[1/(2%s), Int[(r - s*x~2)/(a + b*xx~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQla/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct [SumBaseQ, bl1))

Rule 335

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x"(k*(m + 1) - 1)*(a + b*(x~(k*n)/c"n
))7p, x1, x, (c*x)~(1/k)]1, x1]1 /; FreeQl[{a, b, c, p}, x] && IGtQ[n, O] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
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1, x] /; RationalQ[ql && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x72, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 1176

Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol]l :> With[{q = Rt[
2x(d/e), 2]}, Distl[e/(2%c), Int[1/Simp[d/e + g*x + x~2, x], x], x] + Dist[e
/(2xc), Int[1/Simpl[d/e - gq*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - axe”2, 0] && PosQ[dxe]

Rule 1179

Int[((d_ ) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol]l :> With[{q = Rt[
-2x(d/e), 21}, Dist[e/(2*c*q), Int[(q - 2*x)/Simp[d/e + g*x - x~2, x], x],

x] + Dist[e/(2*c*q), Int[(q + 2*x)/Simpl[d/e - gq*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d"2 - a*e™2, 0] && NegQ[d*el

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] & !
IntegerQ[n]

Rubi steps

3/2
integral = 2e(c COt(g: bz)) / Vv ecot(a+ bzx) dx

2¢(ccot(a + bx))3/2 c®Subst (f 24z dx, x, ccot(a + bm))
+
3b b

2@(0 cot(a + [)‘7;))3/2 (203) Subst <f Py dx, x, CCOt(CL + bx))
+
3b b
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_ 2c(ccot(a + bx))*? C3SUbst( 2+’;4 dz,x,+/ccot(a+ bac))
3b b
c3Subst (f 06219;24 dz,z,\/ccot(a+ bx))
+
b
_ 2e(ccot(a+be))*? ¢2Subst ([ Y2 de,w, \/ecot(a + br) )
3b 2v/2b
N c®/?Subst <f % dz,x,/ccot(a + bx))
2+/2b
c®*Subst (f m dz,z,\/ccot(a + bm))
+
2b
c3Subst (f m dz,z,+/ccot(a + bz))
+
2b
2¢(ccot(a + bx))3/? c*/?log (\/_ + ccot(a+ bx) — v/2y/ccot(a + bx) )
3b 2\/_1)
c*?log <\/E + y/ccot(a + bx) + v/24/ccot(a + bz))
- 2/2b
c®/?Subst <f — > dz,z,1— —‘/EW)
+
V2b
c®/2Subst <f sdz,z, 1+ fm)
_ 7
c®/? arctan (1 — —‘/ﬁ\/“\%TM)> c®/? arctan (1 + —ﬁ\/“\%(Tb“’))
- +
V2b V2b
2c(ccot(a + bx))®/2 c*/?log (\/_ + v/ccot(a+ bx) — v/2y/ccot(a + bx) )
- +
3b 2v/2b

c*?log <\/E + v/ccot(a + bx) + v/2+/ccot(a + bx))

24/2b
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Mathematica [A] (verified)

Time = 0.35 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.48

/(c cot(a + bx))*? dx =

c(ccot(a + bx))>/? (—3 arctan <{l/— cot?(a + bx)) v/ — cot(a + bz) + 3arctanh <{‘/— cot?(a + bx)) v/ —

3bcoti(a + bz)

[In] Integrate[(c*Cot[a + b*x])~(5/2),x]

[Out] -1/3*(cx(c*Cot[a + b*x])~(3/2)*(-3*ArcTan[(-Cot[a + b*x]~2)~(1/4)]*(-Cot[a
+ bxx])~(1/4) + 3*ArcTanh[(-Cot[a + b*x]~2)~(1/4)]*(-Cot[a + bxx])~(1/4) +
2*%Cot[a + b*x]~(7/4)))/(bxCot[a + b*x]~(7/4))

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 154, normalized size of antiderivative = 0.73

method result

1
02\/§ N ccot(bz+a)—(c2) ? v/ ccot(bz+a) \/§+\/ci2 +2arctan \/57 /Ccot(lbwﬂb)+1 o arctan _Q
% (c cot(bz+a))% ccot(bz+a)+(02) 4 | /ccot(bz+a) \/§+\/ci2 (02) 4
= —

s(c2)1

derivativedivides | — -

1
2\ 1 V2
ccot(bz+a)—|(c Ve cot(bz+a) vV2+Ve \/7 ,
In (b= ) ( )1 ( ) +2arctan M‘W-ﬁ—l —2arctan v2
4

62\/§ _ye
9 (ccot(bx+a))% ( (ccot(ba:+a)+(cz) v/ ccot(bz+a) V2+Vc2 (c2>7I
c —
3

8(02)%

default — 5

[In] int((c*cot(b*x+a))~(5/2),x,method=_RETURNVERBOSE)

[Out] -2/bxc*x(1/3*(c*xcot (b*x+a)) ~(3/2)-1/8*xc"2/(c"2)~(1/4)*2~(1/2) *(In((c*cot (b*x
+a)-(c"2) " (1/4) *(cxcot (b*x+a) ) ~(1/2) %2~ (1/2)+(c"2)~(1/2) )/ (c*cot (b*x+a)+(c~
2)~(1/4)*(cxcot (bxx+a) )~ (1/2)*2~(1/2)+(c"2)~(1/2)))+2*xarctan(2~(1/2)/(c"2)~

(1/4) *(c*xcot (b*xx+a))~(1/2)+1)-2*arctan(-2"(1/2)/(c"2) " (1/4) *(c*cot (b*xx+a) )~
(1/2)+1)))
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Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.28 (sec) , antiderivative size = 342, normalized size of antiderivative = 1.61

/ (ccot(a

ST

3 1
blog (07 % + (—%0) ! b3) sin (2bx 4+ 2a) — 3i (—%) “blog (07\/E

1(-8)

[In] integrate((c*cot(b*x+a))~(5/2),x, algorithm="fricas")

[Out] 1/6%(3%(-c~10/b"4)~(1/4)*b*log(c~7*sqrt((cxcos(2*¥b*x + 2%a) + c)/sin(2%b*x
+ 2%a)) + (-c”10/b74)"(3/4)*b~3) *sin(2*b*x + 2%a) - 3*I*(-c~10/b"4)~(1/4)*b
*xlog(c~7*sqrt ((c*cos(2xb*xx + 2*%a) + c)/sin(2xb*x + 2*a)) + I*(-c~10/b"4)"(3
/4)*b~3)*sin (2*b*x + 2xa) + 3*I*(-c~10/b"4)~(1/4)*b*log(c~7*sqrt ((c*cos(2*b
*x + 2%a) + c)/sin(2%b*x + 2*%a)) - I*(-c710/b4)~(3/4)*b~3)*sin(2%b*x + 2*a
) - 3%(-c”10/b~4) " (1/4) *b*log(c~7*sqrt ((cxcos (2*¥b*x + 2%a) + c)/sin(2%b*x +
2%¥a)) - (-c~10/b74)"(3/4)*b~3)*sin(2xbxx + 2%a) - 4x(c"2xcos(2*b*x + 2%a)
+ ¢”2)*sqrt ((c*xcos(2*b*x + 2*a) + c)/sin(2*bxx + 2+%a)))/(b*sin(2xb*x + 2*a)

)

Sympy [F]
/(ccot(a +bz))>? dx = / (ccot (a+ bac))g dx

[In] integrate((cxcot(b*x+a))**(5/2),%)
[Out] Integral((c*cot(a + b*x))**(5/2), x)

Maxima [A] (verification not implemented)

none
Time = 0.31 (sec) , antiderivative size = 185, normalized size of antiderivative = 0.87

/ (ccot(a

\/5(\/5\/5+2 tan(bcz-ka) ) \/5<\/§\/E_2 tan(l)ca:+a) )
2+/2arctan Ve 2+/2arctan | — 5o Valog( Var/e Tm <
3¢ + — (

5/2 7, _
+bz))** dz 195
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[In] integrate((c*cot(b*x+a))~(5/2),x, algorithm="maxima")

[Out] 1/12%(3xc~2*(2*sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(c) + 2*sqrt(c/tan(b
*x + a)))/sqrt(c))/sqrt(c) + 2*sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c)
- 2xsqrt(c/tan(b*x + a)))/sqrt(c))/sqrt(c) - sqrt(2)*log(sqrt(2)*sqrt(c)*s
gqrt(c/tan(b*x + a)) + c + c/tan(bxx + a))/sqrt(c) + sqrt(2)*log(-sqrt(2)*sq
rt(c)*sqrt(c/tan(bxx + a)) + ¢ + c/tan(b*x + a))/sqrt(c)) - 8+(c/tan(b*x +

a))~(3/2))*c/b

Giac [F]
/(ccot(a +bz))>? dx = / (ccot (bz + a))? dx

[In] integrate((c*cot(b*x+a))~(5/2),x, algorithm="giac")

[Out] integrate((cxcot(b*x + a))~(5/2), x)

Mupad [B] (verification not implemented)

Time = 12.51 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.35

_1)1/4 05/2 atan < (—1)*/4 \/ccot(a+bz)>

/(ccot(a—l— bz))®/? dx = : ve
—1)/4 \/ccot(atbz
2 (ccot(a + ba))¥? (—1)4 5/ atanh<( 1) \/\/E t(at ))
B 3b B b

[In] int((c*cot(a + b*x))~(5/2),x)

[Out] ((-1)"(1/4)*c”(5/2)*atan(((-1)~(1/4)*(c*cot(a + b*x))~(1/2))/c~(1/2)))/b -
(2xcx(cxcot(a + b*x))~(3/2))/(3*b) - ((-1)7(1/4)*c™(5/2)*atanh(((-1)~(1/4)*

(cxcot(a + b*x))~(1/2))/c™(1/2))) /b
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3.11 [(ccot(a + bx))%? dx

Optimal result . . . . . . . . . . e 89
Rubi [A] (verified) . . . . . . ... . 89
Mathematica [A] (verified) . . . . . . . . ... L L 93
Maple [A] (verified) . . . . . . . .. 93
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... ... . 94
Sympy [F] . . . 94
Maxima [A] (verification not implemented) . . . . . . . ... ... ... 94
Giac [F] . . . o o 95
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 95

Optimal result

Integrand size = 12, antiderivative size = 210

c3/? arctan (1 _ V2J/ccot(atbe) W)

/(ccot(a + b2))3? dx = — N7
c*/% arctan (1 + ﬁ—W) 2¢\/ccot(a + bx)
" V2b - b
c*?log (\/E + y/ccot(a + br) — v/2/ccot(a + bx))
2/2b
c*?log <\/E + v/ccot(a + bz) + ﬁ\/m)
* 2v/2b

[Out] -1/2%c~(3/2)*arctan(1-27(1/2)*(c*xcot (b*x+a))~(1/2)/c~(1/2))/bx2~(1/2)+1/2*c
~(3/2)*arctan(1+27(1/2) *(c*xcot (b*x+a) )~ (1/2)/c~(1/2)) /bx2~(1/2)-1/4*c~(3/2)
*1n(c~(1/2)+cot (bxx+a)*c~(1/2)-2"(1/2) *(c*xcot (b*xx+a)) ~(1/2)) /b*x2~(1/2)+1/4x%

¢~ (3/2)*1n(c~(1/2)+cot (b*xx+a) *c~ (1/2)+2~(1/2) * (c*cot (b*x+a) )~ (1/2)) /bx2~(1/
2)-2xc* (c*xcot (b*x+a))~(1/2) /b

Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 210, normalized size of antiderivative = 1.00,

number of steps used = 12, number of rules used = 9, number of rules _ 0.750, Rules used
integrand size
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= {3554, 3557, 335, 217, 1179, 642, 1176, 631, 210}

c3/? arctan (1 _ V2J/ecot(atbe) W)

/(ccot(a + b2))3? dx = — N7

c3? arctan (ﬁ— Vci;zmlm) + 1)
+

V2b

c*?log (\/Ecot(a + bz) — v/2/ccot(a + bz) + \/E>
- 2/2b

/2 1og (\/Ecot(a + bz) + v/2\/ccot(a + bx) + \/E> 2¢\/ccot(a + bz)
+ J—

2v/2b b

[In] Int[(c*Cotl[a + b*x])~(3/2),x]

[Out] -((c~(3/2)*ArcTan[1 - (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl])/(Sqrt[2]*b))
+ (c~(3/2)*ArcTan[1 + (Sqrt[2]*Sqrt[cxCot[a + b*x]])/Sqrtlcl])/(Sqrt[2]*b)
- (2%c*Sqrt[cxCot[a + b*x]])/b - (c~(3/2)*Logl[Sqrt[c] + Sqrt[c]l*Cot[a + b*
x] - Sqrt[2]*Sqrt[c*Cot[a + b*x]]])/(2%Sqrt[2]*b) + (c~(3/2)*Logl[Sqrtlc] +
Sqrt[c]*Cot[a + b*x] + Sqrt[2]*Sqrt[cxCot[a + bxx]1])/(2*Sqrt[2]*b)

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 217

Int[((a)) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
1, s = Denominator[Rt[a/b, 211}, Dist[1/(2*r), Int[(r - s*x"2)/(a + b*x"4),
x], x] + Dist[1/(2*r), Int[(r + s*x"2)/(a + b*x~4), x], x1] /; FreeQ[{a, b
}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &&
AtomQ[SplitProduct [SumBaseQ, b]]))

Rule 335

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x"(k*(m + 1) - 1)*(a + b*(x~(k*n)/c"n
))7p, x1, x, (c*xx)~(1/k)]1, x]1]1 /; FreeQl[{a, b, c, p}, x] && IGtQ[n, O] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
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1, x] /; RationalQ[ql && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x72, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 1176

Int[((d_ ) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol]l :> With[{q = Rt[
2x(d/e), 2]}, Distl[e/(2*c), Int[1/Simp[d/e + g*x + x~2, x], x], x] + Dist[e
/(2xc), Int[1/Simpl[d/e - gq*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - axe”2, 0] && PosQ[dxe]

Rule 1179

Int[((d) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2x(d/e), 21}, Dist[e/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x~2, x], x],

x] + Dist[e/(2%c*q), Int[(q + 2*x)/Simp[d/e - q*x - x~2, x], x], x]1] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d~2 - a*e™2, 0] && NegQ[d*el]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] & !
IntegerQ[n]

Rubi steps
) 2c\/ccot a + bx) /
integral =
\/ccot(a+ bx
2¢+/ccot(a + bz) N c3Subst (f N ) 2+ dw z,ccot(a + bz))
= ; b

2¢c\/ccot(a + bx) . (2¢) Subst <f 7321 47, T, \/ccot(a + ba:))

b b




2¢\/ccot(a + bz) . cQSubst( 2+””z4 dz,z,+/ccot(a + bm))

b b

c*Subst (f 052“_'&4 dz,z,/ccot(a+ bx))
b

2¢\/ccot(a + bx) c3/QSubst<f%dx,x, ccot(a-l—bx))
- b - 2v/2b
c*/?Subst (f % dz,z,+\/ccot(a+ bx))
2v/2b
c*Subst <f e 0, T, \/m>

2b
c*Subst <f mdx,x, \/m>
2b
2cy/coot(a + bz) 3/210g<\/_+\/5c0t (a + bz) — \/_\/m>
b 2v/2b
c?log (\/E + y/ccot(a + bz) + \/ﬁ\/m)
2v/2b

c3/?Subst (f —L 5 dz,z,1— V2y/ccotlatba) W)
V/2b

¢3/2Subst ( [ Tz dr,z, 1+ V2y/ecollathe) CCOt(aerw )

V2b
c3/2 arctan <1 _ V2/ecot(atbe) CCOt(aJ”bm))

+

_|_

+

+

_|_

c3/2 arctan <1  Y2V/eoot(atba) CCOt(a+bz)>
~ Ve N Ve

V2b V2b
B 2¢cq/ccot(a + bx) B 2 log <\/E+ Vecot(a + bz) — v/24/ccot(a + bx) )

b 2v/2b
c*?log <\/E + v/ccot(a + bx) + v/2+/ccot(a + bx))

_|_
24/2b

92
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Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 161, normalized size of antiderivative = 0.77

/(c cot(a + bx))*? dx =
arctan l—ﬁ\/m arctan 1+\@\/W log l—ﬁ\/m—i-co
(ccot(a + be))*? ( (/2 foott)) _ wotan (v VEHetD) g fositat by + 2 o

bcot?(a + bz)

[In] Integrate[(c*Cot[a + b*x])~(3/2),x]

[Out] -(((cxCot[a + b*x])~(3/2)*(ArcTan[1 - Sqrt[2]*Sqrt[Cot[a + b*x]1]1]1/Sqrt[2] -
ArcTan[1 + Sqrt[2]*Sqrt[Cot[a + b*x]]]1/Sqrt[2] + 2*Sqrt[Cot[a + bxx]] + Lo

gl[l - Sqrt[2]*Sqrt[Cot[a + b*x]] + Cot[a + b*x]]/(2*Sqrt[2]) - Logl[l + Sqrt

[2]*Sqrt[Cot[a + b*x]] + Cot[a + b*x]]/(2*Sqrt[2])))/(b*Cot[a + b*x]~(3/2))

)

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.71

method result

<cz>iﬁ(m(w<bw+a>+<c2

)
ccot(bz+a)— (cz)

PN e

ccot(bz+a) \/§+\/072 +2 arctan \/5—17 ‘CCOt(sz-kl —2 arctan(
v ccot(bz+a) VZ+Ve2 (02) 4

2¢| y/ccot(bz+a)—

derivativedivides | — 5
1
(62) % V2 (ln (C cot(ba+a)+ (02) zf c cot(bza) \/54_\/672) +2arctan (—1_ W-ﬁ-l) —2arctan (
9% ccot(b:):+a,)— ccot(b:v+a)—(02) 4 | /ccot(bz+a) \/5—4-\/072 . (c2) 4

default — 5

[In] int((c*cot(b*x+a))~(3/2),x,method=_RETURNVERBOSE)

[Out] -2/b*xcx((c*xcot (b*x+a)) ~(1/2)-1/8%(c~2)~(1/4)*2~(1/2) *(In((c*cot (b*x+a)+(c~2
)~ (1/4) *(c*xcot (bxx+a) ) ~(1/2)*27(1/2)+(c~2)~(1/2)) / (c*cot (b*x+a)-(c~2) " (1/4)

*x (cxcot (b¥x+a)) ~(1/2)*2~(1/2)+(c~2) ~(1/2)))+2*arctan(2~(1/2)/(c~2)~(1/4)*(c

xcot (bxx+a)) ~(1/2)+1)-2*arctan(-27(1/2)/(c~2) ~(1/4) *(c*cot (b*x+a) ) ~(1/2)+1)

))
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Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.26 (sec) , antiderivative size = 262, normalized size of antiderivative = 1.25

/ (ccot(a

+bx))*? de =

PN

6

1 1 L
)4 ceos\£0zrrsa)re cos(2bz+2a)+c A4 . A ccos(2bz+2a)+c . ¢
<_b_4> blog (c sn@bot2a) T (_b_4> b) + <_b_4> blog (C “sn@baise) T <—b—4>

[In] integrate((c*cot(b*x+a))~(3/2),x, algorithm="fricas")

[Out] 1/2%((-c"6/b~4)~(1/4)*b*log(c*sqrt((cxcos(2*¥b*x + 2%a) + c)/sin(2*b*x + 2%*a
)) + (-c76/b74)"(1/4)*b) + I*(-c"6/b~4)"(1/4)+*b*log(cxsqrt((cxcos(2*b*x + 2
*a) + c)/sin(2*b*x + 2%a)) + I*(-c”6/b74)~(1/4)*b) - I*(-c”6/b"4)~(1/4)*bx1l
og(cxsqrt ((cxcos(2xbxx + 2*a) + c)/sin(2xb*x + 2*a)) - I*(-c”6/b"4)~(1/4)*b
) - (-c76/b~4)~(1/4)*b*log(c*sqrt((cxcos(2*¥b*x + 2%a) + c)/sin(2*b*x + 2%a)
) - (-c”6/b~4)~(1/4)*b) - 4*cxsqrt((c*kcos(2xb*x + 2*a) + c)/sin(2xb*x + 2*a

)))/b

Sympy [F]
/(ccot(a +bz))3? dx = / (ccot (a+ bx))? dx

[In] integrate((cxcot(b*x+a))**(3/2),x)
[Out] Integral((c*cot(a + bxx))**(3/2), x)

Maxima [A] (verification not implemented)

none
Time = 0.34 (sec) , antiderivative size = 179, normalized size of antiderivative = 0.85

/ (ccot(a

+bx))*? de =

V2(V2Ver2 | Jamnaray V2(V2ve-2, [ misTa
(2\/5\/Earctan< ( NE et )>> + 2+/24/carctan <— ( NG ot ))> + /2y

[In] integrate((c*cot(b*x+a))~(3/2),x, algorithm="maxima")
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[Out] 1/4%(2*sqrt(2)*sqrt(c)*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(c) + 2*sqrt(c/tan(b
*x + a)))/sqrt(c)) + 2xsqrt(2)*sqrt(c)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c)
- 2xsqrt(c/tan(b*x + a)))/sqrt(c)) + sqrt(2)*sqrt(c)*log(sqrt(2)*sqrt(c)*s
qrt(c/tan(b*x + a)) + c + c/tan(b*x + a)) - sqrt(2)*sqrt(c)*log(-sqrt(2)*sq
rt(c)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a)) - 8xsqrt(c/tan(bxx + a)))*

c/b

Giac [F]
/(ccot(a +bz))3? dx = / (ccot (bz + a))? dx

[In] integrate((c*cot(b*x+a))~(3/2),x, algorithm="giac")
[Out] integrate((c*cot(b*x + a))~(3/2), x)

Mupad [B] (verification not implemented)

Time = 12.37 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.36

2cy/ccot(a+bx)

/(c cot(a + bz))¥? de = — 5
(_1)1/4 C3/2 atan<(‘1)1/4 /\;ECOt((H-bz)) 1i (_1)1/4 03/2 atanh((_1)1/4 \[/CCC ot(a+b9:)> 1i
- b a b

[In] int((c*cot(a + b*x))~(3/2),x)

[Out] - (2%c*(c*cot(a + b*x))~(1/2))/b - ((-1)"(1/4)*c~(3/2)*atan(((-1)~(1/4)*(c*
cot(a + b*x))~(1/2))/c~(1/2))*1i)/b - ((-1)~(1/4)*c~(3/2)*atanh(((-1)~(1/4)
x(cxcot(a + bxx))~(1/2))/c~(1/2))*1i)/b
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3.12 [ /ccot(a + bx) dz

Optimal result . . . . . . . . . . . . e 96!
Rubi [A] (verified) . . . . . . . . . . 96
Mathematica [A] (verified) . . . . . . . . . .. . 99
Maple [A] (verified) . . . . . . . . .. 100!
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ........ 100
Sympy [F] . . o 10Tl
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 10Tl
Giac [F] . . . 107
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 1021

Optimal result

Integrand size = 12, antiderivative size = 192

y/carctan <1 _ V2J/ecot(atbn) ccf}z(ﬁbm)) y/carctan (1  Y2/ccotlatba) CC\%(“JFM))
/\/ccot(a+bx)dx: -
V/2b V/2b

Vclog <\/E + y/ccot(a + bx) — v/21/ccot(a + bz))
- 2v/2b

Vclog <\/E + y/ccot(a + br) + +/21/ccot(a + bx))
_|_

2v/2b

[Out] 1/2*arctan(1-27(1/2)*(cxcot(b*x+a))~(1/2)/c”(1/2))*c~(1/2)/b*2~(1/2)-1/2*ar
ctan(1+27(1/2)*(c*xcot (b*xx+a)) ~(1/2)/c~(1/2)) *c~(1/2) /b*2~(1/2)-1/4*1n(c~(1/
2)+cot (b*xx+a)*c~(1/2)-27(1/2) *(cxcot (b*x+a) )~ (1/2))*c~(1/2) /b*x2~(1/2)+1/4%1
n(c™(1/2)+cot (bxx+a)*xc™ (1/2)+27(1/2) * (c*xcot (bxx+a)) ~(1/2)) *c~(1/2) /b*2~(1/2

)

Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 192, normalized size of antiderivative = 1.00,

number of steps used = 11, number of rules used = 8, number of rules _ 0.667, Rules used
integrand size
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= {3557, 335, 303, 1176, 631, 210, 1179, 642}

V/carctan <1 - @) y/carctan (@ + 1>

[ Vecotta-+ o) de = oo - -
Velog (Vecot(a+bz) — v2y/coot(a+ ba) + /)
a 2v/2b
s Vclog <\/Ecot(a + bz) + v/2+/ccot(a + bz) + \/E>
24/2b

[In] Int[Sqrtlc*Cotl[a + b*x]],x]

[Out] (Sqrtlc]l*ArcTan[1 - (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl]l)/(Sqrt[2]*b) -
(Sqrt[c]*ArcTan[1 + (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl])/(Sqrt[2]*b) -
(Sqrt[cl*Log[Sqrt[c] + Sqrtlc]l*Cot[a + b*x] - Sqrt[2]*Sqrt[c*Cot[a + b*x]]]

)/ (2%Sqrt[2] *¥b) + (Sqrtlcl*Logl[Sqrtlc] + Sqrtlc]l*Cot[a + b*x] + Sqrt[2]*Sqr
t[cxCot[a + bxx]]1])/(2%Sqrt [2]*b)

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]1*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

Rule 303

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/D,

211, s = Denominator[Rt[a/b, 211}, Dist[1/(2*s), Int[(r + s*x"2)/(a + b*x"4
), x], x] - Dist[1/(2xs), Int[(r - s*x~2)/(a + b*x~4), x], x1] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct[SumBaseQ, bl]))

Rule 335

Int [((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
))°p, x1, x, (c*x)~(1/k)]1, x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] & F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]
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Rule 642

Int[((d)) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 1176

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Distl[e/(2%c), Int[1/Simp[d/e + g*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]1] /; FreeQ[{a, c, 4, e}, x] &
& EqQlc*d™2 - axe™2, 0] && PosQ[dxe]

Rule 1179

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x~2, x], x],
x] + Dist[e/(2xc*q), Int[(q + 2*x)/Simpl[d/e - gq*x - x~2, x], x], x]1] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d~2 - a*e™2, 0] && NegQ[dxel

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ (b2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps
. cSubst (f 24z dz,z, ccot(a + bx))
integral = — 2
(2¢)Subst (f 25 dz, m, \/ccot(a + bz))
b
cSubst (f 02+”;4 dz,z,/ccot(a + bx)) cSubst (f c%ﬁ; dz, z, \/m>
b b
fSubst(fde z, \/m>
- 2/2b
\/ESubst< |22 s, W)
2+/2b
cSubst (f m dz,z,+/ccot(a + bx))
2b
cSubst (f m dz,z,/ccot(a+ bx))

2b
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\/_log (\/_—F\/Ecot a+ bx) —+/2y/ccot a+bm>
2v/2b
Vclog <\/c—: + v/ccot(a + bx) + v/2+/ccot(a + bx))
+
2v/2b
v2+/ccot(a+bzx
\/_Subst(f ——dz,z,1 — \/2( + )>

V/2b

v2./ccot(a+bz
v/cSubst (f — > dz,z,1+ %)
V/2b

carctan (1 — Y2Veotatts) carctan (1 + Y2Vecoi(atba)
ve _ Ve

V/2b V/2b
Vclog <\/E + y/ccot(a + br) — v/24/ccot(a + bx))
- 2/2b
| Veloe (Ve + Vecot(a+ba) + v2y/coot(a+ bz))
2v/2b

Mathematica [A] (verified)

+

Time = 0.11 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.37

[ Veeot(a+ ) do
(— arctan ({‘/ — cot?(a + bx)) + arctanh <(‘/ — cot?(a + bw))) v/~ cot(a + bz)+/ccot(a + bx)

beoti (a + bz)

[In] Integrate[Sqrt[c*Cotl[a + b*x]],x]

[Out] ((-ArcTan[(-Cot[a + b*x]~2)~(1/4)] + ArcTanh[(-Cot[a + b*x]~2)~(1/4)]1)*(-Co
tla + b*x])~(1/4)*Sqrt [c*Cot[a + b*x]])/(b*Cot[a + b*x]~(3/4))
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Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.71

method result

1 ,
bata)—(c?)4 bo+a) Va+Ve2
V2 (111 (CCOt( ) (C ) T Vooorleta) Vate +2arctan @+1 —2arctan —@+1
. . .. ot(bw+a)+(c2) 4 /ccot(bata) vV2+Ve2 (02) 1 (62) i
derivativedivides | — =
4b(c2) 1
1 ‘
b —(c2)4 b V2+ve2
cV2 (111 (CCM( ) E62§}1 \/mf+\/;> +2arctan %+1> —2arctan ( %\/T—H
t(bz+a)+(c ccot(bz+a) vV2+Ve c: c
default — i

4b(c?) 1

[In] int((c*cot(b*x+a))~(1/2),x,method=_RETURNVERBOSE)

[Out] -1/4/b*c/(c"2)~(1/4)*2"(1/2) *(An((c*cot (b*x+a)-(c"2) " (1/4) *(c*cot (b*xx+a)) ~(
1/2)%27(1/2)+(c"2)~(1/2)) / (c*cot (b*x+a)+(c~2) ~(1/4) * (cxcot (b*x+a) ) ~(1/2) *2~
(1/2)+(c”2)"(1/2)))+2*arctan(2”(1/2)/(c"2) " (1/4) *(c*cot (bxx+a) ) ~(1/2)+1)-2*
arctan(-27(1/2)/(c"2) " (1/4)*(c*cot (b*x+a)) ~(1/2)+1))

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.27 (sec) , antiderivative size = 232, normalized size of antiderivative = 1.21
1/ @\1 2\ 1 ccos (2bx +2a) +c
=—Z(==Z1] 1o 3 ——
/\/ccot(a-l—ba:)dx 5 ( b4> (b ( 64) +c\/ sin (207 + 2a)
1./ &\i 5 i ccos (2bx +2a) + ¢
2' <_E> log (2 b (_b_4) + c\/ sin (2bz + 2a)
_1 N %lo iR __2 ccos(2bz +2a)+c
2 b 8 b sin (2bz + 2a)
1/ &\1 : ccos (2bz +2a) +c
(== 1 3
+2 ( b4) 0g< b ( b4) +C\/ sin (2bz + 2 a)

[In] integrate((c*cot(b*x+a))~(1/2),x, algorithm="fricas")

[Out] -1/2%(-c”2/b"4)~(1/4)*1log(b~3*%(-c"2/"4)~(3/4) + cxsqrt((c*cos(2xb*x + 2*a)
+ c)/sin(2%b*x + 2%a))) + 1/2%I*(-c"2/b74)~(1/4)*1log(I*b~3*(-c~2/b"4)~(3/4

) + cxsqrt((cxcos(2xbxx + 2*xa) + c)/sin(2xbxx + 2*a))) - 1/2%I*(-c~2/b~4)~(
1/4)*1og(-I*xb~3%(-c~2/b~4)~(3/4) + cxsqrt((c*kcos(2*b*x + 2*a) + c)/sin(2x*b*

X + 2%a))) + 1/2x(-c”2/b"4)~(1/4)*1log(-b~3*(-c"2/b"4)~(3/4) + c*sqrt((c*cos
(2%b*x + 2*%a) + c)/sin(2*b*x + 2%a)))

_+_
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Sympy [F]

| Veeotla+baydo = [ VVeoot (a+t br) da

[In] integrate((cxcot(b*x+a))**(1/2),x)

[Out] Integral(sqrt(c*cot(a + b*x)), x)

Maxima [A] (verification not implemented)

none
Time = 0.37 (sec) , antiderivative size = 165, normalized size of antiderivative = 0.86

/ Vecceot(a + bzx) dz =
2/Farct va(vaver i ) 2/Barct Va(vave-r Ve ) |

2c
¢ Ve Ve

B 4b

[In] integrate((c*cot(b*x+a))~(1/2),x, algorithm="maxima")

[Out] -1/4*c*(2*xsqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(c) + 2*sqrt(c/tan(b*x +
a)))/sqrt(c))/sqrt(c) + 2*sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c) - 2%
sqrt(c/tan(b*x + a)))/sqrt(c))/sqrt(c) - sqrt(2)*log(sqrt(2)*sqrt(c)*sqrt(c
/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c) + sqrt(2)*log(-sqrt(2)*sqrt(c)
xsqrt(c/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c))/b

Giac [F]
/\/ccot(a-l—bx)dx:/\/ccot(bx+a)dx

[In] integrate((c*cot(b*x+a))~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(cxcot(b*x + a)), x)
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Mupad [B] (verification not implemented)

Time = 12.02 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.26

(—1)* e (atan((‘1)1/4 V\jg‘”(“* bw)) — atanh<(_1)1/ * V\;got(wrbz)))
b

| Vecot(a+ba) do=-

[In] int((c*cot(a + b*x))~(1/2),x)

[Out] -((-1)7(1/4)*c™(1/2)*(atan(((-1) " (1/4)*(c*xcot(a + b*x))~(1/2))/c~(1/2)) - a
tanh (((-1)~(1/4)*(c*cot(a + b*x))~(1/2))/c~(1/2))))/b
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3.13 [——t—dx

ccot(a+bz)
Optimal result . . . . . . . . . . . e 103]
Rubi [A] (verified) . . . . . . . . 103
Mathematica [A] (verified) . . . . . . . . . ...
Maple [A] (verified) . . . . . . . . . 107
Fricas [C] (verification not implemented) . . . . . . .. .. ... ... ... ...... 107
Sympy [F] . . o o 108
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 108}
Giac [F] . . . o o e 109
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 109

Optimal result

Integrand size = 12, antiderivative size = 192
1 arctan <1 _ V2J/ecot(atbn) C‘i%(“bw)) arctan (1 4 Y2/ccotlatba) Ci%(ﬁbz))
dz = —
/ v ecot(a + bx) V2by/c V2by/c
log <\/E + y/ccot(a + bx) — v/2+/ccot(a + bx))
2v/2b4/c

log <\/E + v/ccot(a + bx) + v/2+/ccot(a + bx))
B 2/2b\/c

_|_

[Out] 1/2*arctan(1-2"(1/2)*(cxcot(b*x+a))~(1/2)/c~(1/2))/b*2~(1/2)/c~(1/2)-1/2*ar
ctan(1+27(1/2) *(cxcot (b*x+a)) ~(1/2)/c~(1/2)) /b*x2~(1/2) /c~(1/2)+1/4*1n(c~(1/
2)+cot (bxx+a)*xc~(1/2)-2"(1/2) *(c*xcot (bxx+a)) ~(1/2)) /b*x2~(1/2) /c~(1/2)-1/4%1
n(c”(1/2)+cot (b*x+a)*c~(1/2)+27(1/2) *(c*cot (bxx+a)) ~(1/2)) /b*2~(1/2) /c~(1/2

)

Rubi [A] (verified)

Time = 0.13 (sec) , antiderivative size = 192, normalized size of antiderivative = 1.00,

number of steps used = 11, number of rules used = 8, umber of rules _ 4 557 Ryjles used
integrand size
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= {3557, 335, 217, 1179, 642, 1176, 631, 210}

arctan (1 — @) arctan (@ n 1)

1
/ Vocota 1) NN B V2by/c
log (/ecot(a + bz) — v2y/ccot(a+ba) + Vo)
* 21/2by/c
log <\/Ecot(a + bz) + v/2+/ccot(a + bz) + \/E)
2v/2b4/c

[In] Int[1/SqrtlcxCotla + bxx]],x]

[Out] ArcTan[1 - (Sqrt[2]#*Sqrt[c*Cot[a + b*x]])/Sqrtlcl]/(Sqrt[2]*b*Sqrtlc]) - Ar
cTan[1 + (Sqrt[2]*Sqrt[c*Cot[a + bx*x]])/Sqrtlcl]/(Sqrt[2]*b*Sqrt[c]) + Logl
Sqrt[c] + Sqrtlc]*Cot[a + bxx] - Sqrt[2]*Sqrt[cxCot[a + b*x]]]/(2*Sqrt[2]*b
xSqrt[c]) - Logl[Sqrt[c] + Sqrt[c]l*Cotl[a + b*x] + Sqrt[2]*Sqrt[c*Cot[a + b*x

111/ (2%Sqrt [2] ¥b*Sqrt [c])

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 217

Int[((a)) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
1, s = Denominator[Rt[a/b, 2]]1}, Dist[1/(2*r), Int[(r - s*x~2)/(a + b*x"4),
x], x] + Dist[1/(2*xr), Int[(r + s*x"2)/(a + b*x~4), x], x]] /; FreeQ[{a, Db
}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &&
AtomQ[SplitProduct [SumBaseQ, bl]))

Rule 335

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
)7p, x1, x, (c*xx)~(1/k)]1, x1] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4xaxc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]
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Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 1176

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2*c), Int[1/Simp[d/e + q*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - axe™2, 0] && PosQ[dxe]

Rule 1179

Int[((A)) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],

x] + Dist[e/(2*c*q), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQlcxd~2 - a*e”2, 0] && NegQ[dxe]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps
cSubst (f m dz,z,ccot(a + bz))
integral = — 2
(2c)Subst (f g1 dx, m, \/ccot(a + bx))
T b
Subst <f C‘;jr—‘”; dz,z,/ccot(a+ bx)) Subst (f 0621224 dz,z,\/ccot(a + bm))

b b
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Subst (f m dz,z,\/ccot(a + bx))

2b

Subst (f m dz,z,\/ccot(a+ bx))

2b
Subst (f % dz,z,\/ccot(a + ba:)>
2v/2b+/c
Subst (f % dz,z,/ccot(a + bx))
2v/2b+/c

log (/e + vecot(a + bz) — v2y/ccot(a+ ba)
2v/2b4/c
log <\/E + y/ccot(a + bz) + \/Z/W)
2v/2b/c
Subst <f ——dz,z,1— ﬁ—W)
V2by/c
Subst (f dz,z, 1+ \[\/ccot(a+bx )
V2by/c

arctan (1 — @) arctan (1 + @)

V2by/c V2by/c
log (\/—+\/Ecot a+ bz) — \/_\/m>
2v/2b/c
log <\/E + y/ccot(a + bx) + ﬂ\/m>
2v/2b+/c

+

+

+

_|_

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 131, normalized size of antiderivative = 0.68

1
/ Jeoot@rbn) "
) m@ arctan (1 - \/wm) — 2arctan (1 n ﬁm) +log (1 — V2\/cot(a

2v/2b+/ccot(a + bx)

[In] Integrate[1/Sqrtl[c*Cotl[a + b*x]],x]
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[Out] (Sqrt[Cot[a + b*x]]*(2xArcTan[1 - Sqrt[2]*Sqrt[Cot[a + b*x]]] - 2*ArcTan[1
+ Sqrt[2]*Sqrt[Cot[a + b*x]]] + Log[l - Sqrt[2]*Sqrt[Cot[a + b*x]] + Cotl[a
+ bxx]] - Log[1l + Sqrt[2]*Sqrt[Cot[a + b*x]] + Cot[a + b*x]]))/(2xSqrt[2]*b

*Sqrt [cxCot [a + b*x]])

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.72

method result
1
(¢?) 1 VZ[Inf corlbeta)t (Cz) 21I eotliate) Vol +2arctan | Y2 ccotlbat W @) 41 | —2arctan [ — Y2 Vecor @
d . t, d, ,d ccot(bm+a)—(02)2{\/ccot(bm+a \/Eﬂ-\/ci2 (t12)Z (c2)Z
erivativedlvides
4bc

2

PN e

)
ccot(bz+a)— (02) ccot(bz+a) \/5-9—\/072 (02) 4 (02) %

(¢?) 1 V2 (ln ( cootbera)t (c ceotlbete) \/E-H/cj) +2arctan (ﬁ W a)+1) —2arctan <— V2 /ecot(ba
default — T

[In] int(1/(c*cot(b*x+a))~(1/2),x,method=_RETURNVERBOSE)

[Out] -1/4/b/c*x(c”2)~(1/4)*2~(1/2) *(In((c*xcot (b*x+a)+(c~2) ~(1/4)*(c*xcot (b*x+a)) ~(
1/2)*27(1/2)+(c"2)~(1/2)) / (c*cot (b*x+a)-(c~2) " (1/4) * (cxcot (b*x+a) ) ~(1/2) %2~
(1/2)+(c™2)~(1/2)))+2xarctan(2"(1/2)/(c"2) ~(1/4) *(c*cot (b*xx+a)) ~(1/2)+1)-2x%
arctan(-27(1/2)/(c"2) " (1/4)*(c*cot (b*x+a)) ~(1/2)+1))

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.27 (sec) , antiderivative size = 220, normalized size of antiderivative = 1.15

/ 1 da;—_l _i Zlo be _L i_'_ CCOS(2b:L‘—|—2a)_|-c
\/ccot(a + bx) 2 bc? & bac2 sin (267 1 20)

1. 1) : 1\7 ccos (2bz +2a) +c
— §Z <—@) log (Z bC<_@> + \/ sin (2 bx + 2&) >
+1i 1 %10 —ibe 1 %_'_ ccos (2bx +2a) + ¢

2 b4c2 g b4c2 Sin (2 bx+2a)

1 1\i 1\i ccos (2bx +2a) +c
+§(‘@) m("”(‘@) +\/ sin (262 + 2a) >

[In] integrate(1/(c*cot(b*x+a))~(1/2),x, algorithm="fricas")

[Out] -1/2%(-1/(b"4*c~2))~(1/4)*Llog(b*c*x(-1/(b"4*c~2))~(1/4) + sqrt((cxcos(2*¥b*x
+ 2xa) + c)/sin(2%b*x + 2%a))) - 1/2xIx(-1/(b~4%c~2))~(1/4)*log(Ixb*xc*(-1/(
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b~4%c~2))~(1/4) + sqrt((c*cos(2xbxx + 2*a) + c)/sin(2xbxx + 2*a))) + 1/2*Ix
(-1/(b~4*c~2))~(1/4) *Llog(-Ixbxc*x(-1/(b~4*c~2))~(1/4) + sqrt((c*cos(2xb*x +
2*a) + c)/sin(2xb*x + 2*a))) + 1/2%(-1/(b"4*c”2))~(1/4)*Llog(-bxc*(-1/(b~4*c
~2))~(1/4) + sqrt((cxcos(2*b*x + 2%a) + c)/sin(2*b*x + 2xa)))

Sympy [F]

el e

[In] integrate(1/(c*cot(b*x+a))**(1/2),x)
[Out] Integral(1l/sqrt(c*cot(a + b*x)), x)

Maxima [A] (verification not implemented)

none
Time = 0.31 (sec) , antiderivative size = 165, normalized size of antiderivative = 0.86

1
c/‘ dx =
v ecot(a + bx)
\/E(\/E\/E+2 \/ tan(l)cz+a)) ﬁ(\/ﬁﬁ72 \V/ tan(bcz+a))
2v2arctan ( 2V2arctan| - NG Vo (VAVE, [+t i)
+ + 3

2Ve

Cc

NICO)

c

NICo|

c

B 4b

[In] integrate(1/(c*cot(b*x+a))~(1/2),x, algorithm="maxima")

[Out] -1/4*c*(2*sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(c) + 2*sqrt(c/tan(b*x +
a)))/sqrt(c))/c~(3/2) + 2xsqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c) - 2x
sqrt(c/tan(b*x + a)))/sqrt(c))/c~(3/2) + sqrt(2)*log(sqrt(2)*sqrt(c)*sqrt(c
/tan(b*x + a)) + c + c/tan(b*x + a))/c”(3/2) - sqrt(2)*log(-sqrt(2)*sqrt(c)
*sqrt (c/tan(b*x + a)) + c + c/tan(b*x + a))/c”(3/2))/b
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Giac [F]

e v

[In] integrate(1/(c*cot(b*x+a))~(1/2),x, algorithm="giac")

[Out] integrate(1/sqrt(c*cot(b*x + a)), x)

Mupad [B] (verification not implemented)

Time = 12.21 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.30

1 (__1)1ﬂiatall<(—lf/4V$25R51§Ej> 1i
| Ve - bz
(—1)1/4 atanh ( (™ W) 1i
+ Ve

[In] int(1/(c*xcot(a + b*x))~(1/2),x%)
[Out] ((-1)"(1/4)*atan(((-1)"(1/4)*(cxcot(a + b*x))~(1/2))/c~(1/2))*1i)/(bxc~(1/2
)) + ((-1)"(1/4)*atanh(((-1)~(1/4)*(c*cot(a + b*x))~(1/2))/c~(1/2))*1i)/ (b*

c~(1/2))
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1

3.14 f (ccot(a+bx))3/2 dz

Optimal result . . . . . . . . . . . e 1101
Rubi [A] (verified) . . . . . . .. . 110
Mathematica [A] (verified) . . . . . . . . . .. L 114
Maple [A] (verified) . . . . . . . . . 114
Fricas [C] (verification not implemented) . . . . . . . ... .. ... ... ...... 1151
Sympy [F] . . . o 115
Maxima [A] (verification not implemented) . . . . . . . .. ... ... . L. 1151
Giac [F] . . . o o 116
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 116

Optimal result

Integrand size = 12, antiderivative size = 212

1 arctan (1 _ V2/ecot(atbs) ci‘;g(”bg”)) arctan (1 4 Y2/ccotlatba) Ci%(“bz))
/ (ccot(a + bx))3/? de =~ V/2bc3/2 * /2bc3/2
9 log (\/E—l- Vecot(a+ bz) — ﬁ\/ccot(a-i—bx))
+ +
bey/ccot(a + bx) 2+/2bc3/2
log <\/E + v/ccot(a + bx) + v/2/ccot(a + ba:)>
B 24/2bc3/2

[Out] -1/2*arctan(1-2"(1/2)*(cxcot (b*x+a))~(1/2)/c~(1/2))/b/c~(3/2)*2~(1/2)+1/2*a
rctan(1+27(1/2) *(cxcot (b*xx+a))~(1/2)/c~(1/2))/b/c~(3/2)*2~(1/2)+1/4*1n(c~ (1
/2)+cot (b*x+a)*c~(1/2)-2"(1/2) *(c*cot (bxx+a)) ~(1/2))/b/c”(3/2)*2~(1/2)-1/4x*
In(c”™(1/2)+cot (b*xx+a) *c~(1/2)+27(1/2) *(c*cot (b*x+a))~(1/2))/b/c~(3/2)*2~(1/
2)+2/b/c/ (c*cot (bxx+a)) ~(1/2)

Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 212, normalized size of antiderivative = 1.00,

number of steps used = 12, number of rules used = 9, number of rules _ 0.750, Rules used
integrand size




111

= {3555, 3557, 335, 303, 1176, 631, 210, 1179, 642}

arctan (1 _ V2/ecot(atbe) cc\;g('”bz))

/ (ccot(a i— bx))3/2 do = - V/2bc3/2
arctan (ﬂ—vccjg(‘”bx) + 1> log <\/E cot(a + bz) — v/2+/ccot(a + bz) + \/E)
+ V/2bc3/2 + 2+/2bc3/2
log (\/Ecot(a + bz) + V/2+/ccot(a + bz) + \/5> 9
B 2v/2be? " bey/ecot(a £ bo)

[In] Int[(c*Cot[a + b*x])~(-3/2),x]

[Out] -(ArcTan[1 - (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl]l/(Sqrt[2]*b*c~(3/2))) +
ArcTan[1 + (Sqrt[2]*Sqrt[c*Cot[a + b*x]]1)/Sqrtlcl]l/(Sqrt[2]*b*c~(3/2)) + 2

/ (bxc*xSqrt [cxCot [a + b*x]]) + Logl[Sqrtlc] + Sqrtlcl*Cotl[a + b*x] - Sqrt[2]*

Sqrt [cxCot[a + b*x]]]/(2%Sqrt[2]*b*c~(3/2)) - Logl[Sqrtlc] + Sqrt[c]l*Cot[a +
bxx] + Sqrt[2]*Sqrt[cxCot[a + b*x]]]/(2*Sqrt[2]*b*c~(3/2))

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 303

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/D,

2]]1, s = Denominator[Rt[a/b, 2]]1}, Dist[1/(2*s), Int[(r + s*x72)/(a + b*x~4
), x], x] - Dist[1/(2%s), Int[(r - s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct[SumBaseQ, bl]))

Rule 335

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
))7°p, x1, x, (c*x)~(1/k)]1, x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] & F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]
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Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 1176

Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2%c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Distl[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - a*e™2, 0] && PosQ[dxe]

Rule 1179

Int[((d)) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],

x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQlc*d~2 - a*e”2, 0] && NegQ[dxe]

Rule 3555

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[(b*Tan[c + d*x]
)"(m + 1)/(bxd*(n + 1)), x] - Dist[1/b~2, Int[(b*Tan[c + d*x])~(n + 2), x],
x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x~2), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps
integral = 2 R ccot(;z + bx) dx
bey/ccot(a + bx) c
B 9 . Subst (f miﬂ dz, z,ccot(a + bx))
bey/ccot(a + bx) be
9 2Subst (f CZ”_”F—; dz,z,/ccot(a + bx))

= +
bcy/ccot(a + bx) be
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9 Subst( —2* dx, z, \/coot(a + bx))

2+$4

- bcy/ccot(a + bx) B bc

Subst (f 6‘3219’;24 dz,z,\/ccot(a + bw))
bc

) 0 N Subst( J 2 g, \/ccot(a—-l—bx)>
bey/ccot(a + bx) 2+/2bc3/2
Subst (f % dz, z, \/W)
2+/2bc3/2
Subst (f m dz,x,/ccot(a + bz))
2bc
dz,z,/ccot(a + bx))

2bc

9 log(\/_+\/5cota+bx \/_\/m)
~ ber /oot ba) W
log (x/E + y/ccot(a + bz) + \/ﬁ\/m>
24/2bc3/2
Subst ( [ dz, 2,1 - v2y ci%(ﬁbx))

\/_bc3/2
| Subst([ il oy 1+ L)
\/ﬁbc:s/z

arctan (1 _ V2Vecot(atbz) cc\;g(wbx)) arctan (1 4 V2/ecol(athe) Cc\%(a%w))
- +
V/2bc3/2 V/2bc3/2
9 log (\/_—l—\/Ecot (a+ bx) — v/24/ccot a+bm)
+ +
bey/ccot(a + bx) 2+/2bc3/2
log (\/E + /ccot(a + bx) + v/24/ccot(a + b:v))
B 24/2bc3/2

+

+

Subst(/ e

+

+
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Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.39

) 2 + arctan ({1/— cot?(a + bx)) {1/— cot?(a + bx) — arctanh <{‘/— cot?(a + bx)) \
do =
/ (ccot(a + bx))3/? ! bey/ccot(a + bx)

[In] Integrate[(c*Cot[a + b*x])~(-3/2),x]

[Out] (2 + ArcTan[(-Cot[a + bxx]~2)~(1/4)]1*(-Cot[a + b*x]~2)~(1/4) - ArcTanh[(-Co
tla + b*x]"2)~(1/4)]1*(-Cot[a + b*x]~2)~(1/4))/(b*c*Sqrt[c*Cot[a + b*x]])

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 157, normalized size of antiderivative = 0.74

method result
1
V2 |In ccot(bata)— (62) 71I Vecot(bata) \/§+\/672 +2 arctan 4\/5 \/CCOt(lTJF"‘)+1 —2arctan| — 7\/5 \/tmt(lTM+1
9 ccot(bz+a)+<c2) 4 /ccot(bz+a) V2+V/e2 (62) 4 (cz) 4
c| —
8c2 (Cz) 21{
derivativedivides | — ;

N

1
V2 |[In ccot(bzta)— (Cz) 71I ccot(bzta \/E+\/072 +2arctan 7\/5 W‘Fl —2arctan| — 7\/5 \/CCOt(lTM+1
ccot(bm+a)+(c2) 4 V/ccot(bz+a \/§Jr\/ci2 (cz) 4 (cz) 4

N

2c| —

8c2 (62)%

default — ;

[In] int(1/(c*cot(b*x+a))~(3/2),x,method=_RETURNVERBOSE)

[Out] -2/b*c*(-1/8/c"2/(c"2)~(1/4)*2"(1/2)*(In((c*cot (b*x+a)-(c~2)~(1/4) *(cxcot (b
*x+a)) " (1/2)*27(1/2)+(c"2)~(1/2)) / (c*xcot (b*x+a)+(c~2) " (1/4) * (cxcot (b*x+a) )~
(1/2)*27(1/2)+(c”2)~(1/2)))+2*arctan(2"(1/2) /(c~2)~(1/4) *(c*cot (b*x+a) ) ~(1/
2)+1)-2*xarctan(-27(1/2)/(c™2)~(1/4) *(cxcot (b*x+a) )~ (1/2)+1))-1/c"2/ (c*cot (b
*xx+a))~(1/2))
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Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.28 (sec) , antiderivative size = 379, normalized size of antiderivative = 1.79

ccos(2bz+2a)+c .
+ sin(2 bz +2 a) ) + (=

[

dz

1 (bc? cos (2bx + 2 a) + bc?) (_#)i log (b3c5(—#)
/ (ccot(a + bx))3/2 -

[In] integrate(1/(c*cot(b*x+a))~(3/2),x, algorithm="fricas")

[Out] 1/2*((b*c™2xcos(2*b*x + 2*a) + b*xc~2)*(-1/(b"4xc”6))~(1/4)*Llog(b~3*xc~5*(-1/
(b"4%c~6))~(3/4) + sqrt((cxcos(2*b*x + 2*a) + c)/sin(2xbxx + 2%a))) + (-I*Db
*xC"2xcos(2xbxx + 2*%a) - Ixb*xc™2)*(-1/(b~4xc~6))~(1/4)*1log(I*xb~3xc~5x(-1/(b"
4xc~6))~(3/4) + sqrt((cxcos(2*b*x + 2%a) + c)/sin(2*b*x + 2%a))) + (Ixb*c~2

xcos (2*%b*x + 2%a) + I*b*c”2)*(-1/(b"4*c~6))~(1/4)*1log(-Ixb~3*c~5x(-1/(b~4*c
~6))~(3/4) + sqrt((cxcos(2*b*x + 2*a) + c)/sin(2*b*x + 2*a))) - (b*c~2*cos(

2%bxx + 2%a) + bxc”2)*(-1/(b"4*c”6)) "~ (1/4)*1log(-b~3*c~5*(-1/(b~4*c~6))~(3/4

) + sqrt((c*cos(2xbxx + 2*a) + c)/sin(2xbxx + 2*a))) + 4xsqrt((c*xcos(2*b*x

+ 2xa) + c)/sin(2%b*x + 2%a))*sin(2xb*x + 2*a))/(bxc~2*cos(2%bxx + 2*a) + b

*C~2)

Sympy [F]

1 1
/ (ccot(a + b))/ = / (ccot (a + bx))? dx

[In] integrate(1/(c*cot(b*x+a))**(3/2),x)
[Out] Integral((c*cot(a + bx*x))*x(-3/2), x)

Maxima [A] (verification not implemented)

none

Time = 0.31 (sec) , antiderivative size = 187, normalized size of antiderivative = 0.88

2+/2arctan ( ﬁ(ﬁﬁ+2 \/ﬁ) ) 2 v/2 arctan (— \/E(\/iﬁ—Z %)
+

i i I s
c G NG v
c2
1
de —
/(cco‘c(a-i—ba:))?’/2 v 4b

[In] integrate(1/(c*cot(b*x+a))~(3/2),x, algorithm="maxima")
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[Out] 1/4*cx((2*sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(c) + 2*sqrt(c/tan(b*x +
a)))/sqrt(c))/sqrt(c) + 2xsqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c) - 2x
sqrt(c/tan(bxx + a)))/sqrt(c))/sqrt(c) - sqrt(2)*log(sqrt(2)*sqrt(c)*sqrt(c
/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c) + sqrt(2)*log(-sqrt(2)*sqrt(c)
*xsqrt(c/tan(b*x + a)) + ¢ + c/tan(b*x + a))/sqrt(c))/c”2 + 8/(c 2*sqrt(c/ta

n(bxx + a))))/b

Giac [F]

1 1
/ (ccot(a + bx))3/2 = / (ccot (bz + a))? “

[In] integrate(1/(c*cot(b*x+a))~(3/2),x, algorithm="giac")
[Out] integrate((c*cot(b*x + a))~(-3/2), x)

Mupad [B] (verification not implemented)

Time = 12.02 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.36

1 2
dz =
/ (ccot(a + bx))3/2 bc/ccot (a+ bx)

(_1)1/4 atan ( (=14 \/\cfcot(a+bz)> (_1)1/4 atanh ( (-1)/4 @)

+ be3/2 bc3/2

[In] int(1/(c*xcot(a + b*x))~(3/2),x)

[Out] 2/(bxcx(cxcot(a + b*x))~(1/2)) + ((-1)~(1/4)*atan(((-1)"(1/4)*(c*xcot(a + b*
x))~(1/2))/c”(1/2)))/(b*c~(3/2)) - ((-1)~(1/4)*atanh(((-1)~(1/4)*(cxcot(a +
b*x))~(1/2))/c~(1/2)))/(b*c~(3/2))
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1

3.15 f (ccot(a+bzx))5/2 dz

Optimal result . . . . . . . . . . e 117
Rubi [A] (verified) . . . . . . . . 117
Mathematica [A] (verified) . . . . . . . . . .. 121
Maple [A] (verified) . . . . . . . . . [121]
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... ....... 1221
Sympy [F] . . . o 122
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... 1221
Giac [F] . . . o o 123
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 123

Optimal result

Integrand size = 12, antiderivative size = 214

1 arctan (1 - ﬁ—W) arctan (1 + ﬁ—W)
/ (ccot(a + bx))5/? do =~ V/2bc5/2 * /2bc5/2
9 log (\/E + y/ccot(a + bz) — ﬁ\/m>
* 3be(ccot(a + bx))3/2 2v/2bc5/2
log <\/E + v/ccot(a + bx) + \/ﬁ\/m>
+ 24/2bc5/2

[Out] 2/3/b/c/(c*xcot(b*x+a))~(3/2)-1/2*arctan(1-2"(1/2)*(c*cot (b*x+a))~(1/2)/c~ (1
/2))/b/c”~(5/2)*%2~(1/2)+1/2*arctan(1+2~(1/2) * (c*cot (b*x+a) ) ~(1/2)/c~(1/2))/b
/c”(5/2)*%27(1/2)-1/4*1n(c” (1/2)+cot (b*x+a)*c~(1/2)-2"(1/2) *(c*cot (b*x+a) ) ~(
1/2))/b/c”(5/2)*2~(1/2)+1/4%1n(c” (1/2) +cot (b*x+a)*c~(1/2)+2~ (1/2) * (cxcot (b*
x+a))~(1/2))/v/c~(5/2)*27(1/2)

Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 214, normalized size of antiderivative = 1.00,

number of steps used = 12, number of rules used = 9, number of rules _ 0.750, Rules used
integrand size
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= {3555, 3557, 335, 217, 1179, 642, 1176, 631, 210}

arctan (1 _ V2Vccot(atbz) cc\‘;ta(ﬁbx))

1
/ (ccot(a + bx))5/? do = V/2bc5/2
arctan (ﬁ— Vci%wbm) + 1) log <\/E cot(a + bx) — v/2+/ccot(a + br) + \/E>
_|_ —
\/2bc5/2 2+/2bc5/2
log <\/Ecot(a + bx) + v2¢/ccot(a + br) + \/E> 9
" 2+/2bc5/2 * 3bc(ccot(a + bx))3/2

[In] Int[(c*Cotl[a + b*x])~(-5/2),x]

[Out] -(ArcTan[1 - (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl]l/(Sqrt[2]*b*c~(5/2))) +
ArcTan[1 + (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl]l/(Sqrt[2]*b*c~(5/2)) + 2

/ (3%b*xc*(cxCot[a + bxx])~(3/2)) - LoglSqrtlc] + Sqrtl[cl*Cot[a + b*x] - Sqrt

[2]*Sqrt [c*Cot [a + b*x]]1]1/(2%Sqrt [2]*b*c~(5/2)) + Logl[Sqrtlc] + Sqrt[c]*Cot

[a + bxx] + Sqrt[2]*Sqrt[c*Cotl[a + b*x]]]/(2*Sqrt[2]*b*c~(5/2))

Rule 210

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

Rule 217

Int[((a)) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
1, s = Denominator[Rt[a/b, 211}, Dist[1/(2*r), Int[(r - s*x~2)/(a + b*x"4),
x], x] + Dist[1/(2xr), Int[(r + s*x"2)/(a + b*x~4), x], x1] /; FreeQ[{a, b
}, x] & (GtQl[a/b, 0] || (PosQ[a/b]l && AtomQ[SplitProduct[SumBaseQ, all &&
AtomQ[SplitProduct [SumBaseQ, bl]))

Rule 335

Int [((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
))°p, x1, x, (c*x)~(1/k)]1, x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] & F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4xaxc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]
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Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 1176

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2*c), Int[1/Simp[d/e + q*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - axe™2, 0] && PosQ[dxe]

Rule 1179

Int[((A)) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],

x] + Dist[e/(2*c*q), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQlcxd~2 - a*e”2, 0] && NegQ[dxe]

Rule 3555

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(b*Tan[c + d*x]
)"(m + 1)/(bxd*(n + 1)), x] - Dist[1/b~2, Int[(b*Tan[c + d*x])~(n + 2), x],
x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x~2), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] & !
IntegerQ[n]

Rubi steps
integral = 2 — / m &
3bc(ccot(a + bx))3/2 c?
9 Subst <f m dz,z,ccot(a + bx))
" 3be(ccot(a + bx))3/2 + be
9 2Subst (f i dr, \/m)

" 3be(ccot(a + bx))3/2 + be
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9 Subst< 2+“;4 dz,x,/ccot(a + bx))
" 3be(ccot(a + bx))3/2 + bc?
Subst (f ct2® dx, z, \/ccot(a + bx))

62+$4

bc?
0 Subst( |2 g, \/m)
3bc(ccot(a + bx))3/2 24/2bc5/2
Subst (f _V2Ve2 g 3\ Jecot(a + bx))

_|_

—c+V2+/cx—x2
24/2bc5/2

Subst (f m dz,x,/ccot(a + bx))

2bc?
m dz,x,/ccot(a + bx))

2bc?

9 log<\/5—|—\/5cot + bz) — v/2¢/ccot(a +bx>
" 3be(ccot(a + bz))32 2+/2bc5/2
log <\/E + v/ccot(a + bx) + v/2+/ccot(a + bx))
24/2bc5/2

Subst ([~ do,,1 — Y2/eeollette])
V/2bc5/2

Subst(f 5 dz, T, 1+f\/m>

\/2bc5/2

arctan (1 — Y2v/eeo et ) 1 VE/erlar))
= _ Ve n ve

\/2bc5/2 \/2bc5/2
9 log<\/_+\/5cota+bx \/_\/m>
+ 3bc(ccot(a + bx))3/2 24/2bc5/2
log (\/_—l— Vecot(a + bz) + \/_\/m)
2/2bc5/2

+

. Subst ( Ik

+

+

arctan (
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Mathematica [A] (verified)

Time = 0.28 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.40

/ ! dxr =

(ccot(a + bx))5/2 ™

—2 + 3arctan <</— cot?(a + bx)) (= cot?(a + bz))** + 3arctanh (C/— cot?(a + bx)) (— cot?(a + bz))’
3bc(ccot(a + bx))3/2

[In] Integrate[(cxCotl[a + bxx])~(-5/2),x]

[Out] -1/3*%(-2 + 3*ArcTan[(-Cot[a + b*x]~2)~(1/4)]1*(-Cot[a + b*x]~2)~(3/4) + 3*Ar
cTanh[(-Cot[a + b*x]~2)~(1/4)]1*(-Cot[a + b*x]~2)~(3/4))/(b*xc*(c*Cot[a + b*x

1)7(3/2))

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 157, normalized size of antiderivative = 0.73

method result
1
(02)%\/5 n ccot(bz+a)+( )j\/CCOt(bera \/>+\/> +2arctan NG /ccot(bz+a)+1 g arctan V2 \/ccot(ba
ccot(bz+a)— ( )1 ccot(bz+a) \/>+\/7 (c2)Z (02)Z
2c| — sl

derivativedivides | — 5

1
2
(<2) 15| m coot(ba+a)+ (¢ )zf Veeotlbata) vave? | (VB VecotGata) | g arcian| - V2 Vo0t
ccot(bz+a)— (02) 4 /ccot(bzta) V2+V c2 (62) 4 (c2) 4

2| = 8cd

default — 5

[In] int(1/(c*cot(b*x+a))~(5/2),x,method=_RETURNVERBOSE)

[Out] -2/b*c*(-1/8/c”4*(c"2)~(1/4)*2"(1/2)*(In((c*cot (b*x+a)+(c~2)~(1/4) *(cxcot (b
*x+a)) " (1/2)*27(1/2)+(c"2)~(1/2)) / (c*xcot (b*xx+a)-(c~2) " (1/4) * (cxcot (b*x+a) )~
(1/2)*2~(1/2)+(c”2)~(1/2)))+2*arctan(2~(1/2) /(c~2)~(1/4) * (c*xcot (b*xx+a) ) ~(1/
2)+1)-2xarctan(-2"(1/2)/(c~2)~(1/4) *(cxcot (b*x+a)) ~(1/2)+1))-1/3/c~2/(c*cot

(b*x+a))~(3/2))
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Fricas [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.30 (sec) , antiderivative size = 376, normalized size of antiderivative = 1.76

3 b3 2b 2 b3 1 il b3 1 % ccos(2bz+2a)+c 3
/ 1 (bc® cos (2bz + 2a) + be?) (— 51 ) og( (=) " + m) —3(-
(ccot(a

b))

[In] integrate(1/(c*cot(b*x+a))~(5/2),x, algorithm="fricas")

[Out] 1/6%(3*(b*c~3*cos(2*¥b*x + 2*a) + bxc~3)*(-1/(b"4*c~10))~(1/4)*1log(b*c~3*(-1
/(1"4%c~10))~(1/4) + sqrt((cxcos(2xbxx + 2*a) + c)/sin(2xbxx + 2*a))) - 3*(
—-I*b*c~3*cos (2*b*x + 2%a) - I*b*c~3)*(-1/(b"4*c~10))~(1/4)*log(I*xb*c~3*(-1/
(b~4%c~10))~(1/4) + sqrt((cxcos(2*b*x + 2xa) + c)/sin(2*b*x + 2xa))) - 3*(I
*xbxc~3%cos(2xb*x + 2*%a) + Ixbxc~3)*(-1/(b~4%c~10))~(1/4)*1og(-I*b*c~3*(-1/(
b~4%c~10))~(1/4) + sqrt((c*cos(2*b*x + 2*a) + c)/sin(2*b*x + 2%a))) - 3x(bx
c”3%cos(2%b*x + 2%a) + b*c™3)*(-1/(b"4*c”10))~(1/4)*1og(-b*c~3*(-1/(b~4*c~1
0))~(1/4) + sqrt((c*kcos(2xb*x + 2xa) + c)/sin(2*%b*x + 2*a))) - 4x*sqrt((c*co
s(2%bxx + 2%a) + c)/sin(2*%bxx + 2%a))*(cos(2xb*xx + 2*a) - 1))/(b*c~3*cos (2%

bxx + 2%a) + b*c~3)

Sympy [F]

1 1
/ (ccot(a + bx))/2 = / (ccot (a + bz))? “

[In] integrate(1/(cxcot(bxx+a))**(5/2),x)
[Out] Integral((c*cot(a + b*x))*x(-5/2), x)

Maxima [A] (verification not implemented)

nomne

Time = 0.33 (sec) , antiderivative size = 188, normalized size of antiderivative = 0.88

2v/2 arctan ( \/5(\/5\/5+2 \/ﬁ) ) 2+v/2 arctan ( \/5(\/5\/5—2 Jﬁ)
+

2ve 2ve ) V2log(VEVE, [t
3 + ( tan(b

3
c2 c2

C o2

1
/(ccot(a—l—bav))5/2 do= 12b
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[In] integrate(1/(c*cot(b*x+a))~(5/2),x, algorithm="maxima")

[Out] 1/12%c*(3*(2xsqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(c) + 2*sqrt(c/tan(b*x
+ a)))/sqrt(c))/c”(3/2) + 2*sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c) -
2xsqrt(c/tan(b*x + a)))/sqrt(c))/c~(3/2) + sqrt(2)*log(sqrt(2)*sqrt(c)*sqr
t(c/tan(b*x + a)) + c + c/tan(b*x + a))/c”(3/2) - sqrt(2)*log(-sqrt(2)*sqrt

(c)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a))/c~(3/2))/c"2 + 8/(c"2x(c/tan
(bxx + a))~(3/2)))/b

Giac [F]

1

1
/(CCOt(a"‘bx))s/z dm_/(ccot(bz+a)) @

Njo

[In] integrate(1/(c*cot(b*x+a))~(5/2),x, algorithm="giac")
[Out] integrate((cxcot(b*x + a))~(-5/2), x)

Mupad [B] (verification not implemented)

Time = 12.59 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.36

1 2
dr =
/ (ccot(a + bx))5/? 3bc(ccot (a+ bx))*?

- / ccot(a xT . - / ccotla X .
(—1)1/4atan<( Dl e Hath )> 1i (—1)1/4atanh<( D7 e Hath )> 1i

bc5/2 bcb/2

[In] int(1/(c*cot(a + b*x))~(5/2),x)

[Out] 2/(3*bxcx(cxcot(a + b*x))~(3/2)) - ((-1)~(1/4)*atan(((-1)"(1/4)*(c*xcot(a +
b*x))~(1/2))/c~(1/2))*1i)/(b*c~(5/2)) - ((-1)~(1/4)*atanh(((-1)~(1/4)*(c*co
t(a + bxx))~(1/2))/c™(1/2))*1i)/(bxc~(5/2))
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1

3.16 f (ccot(a+bx))7/2 dz

Optimal result . . . . . . . . . . e 124
Rubi [A] (verified) . . . . . . .. . 125
Mathematica [A] (verified) . . . . . . . . . ... 128
Maple [A] (verified) . . . . . . . . . . 128
Fricas [C] (verification not implemented) . . . . . . . ... .. ... ... ...... 1291
Sympy [F] . . . o 129
Maxima [A] (verification not implemented) . . . . . . . .. ... ... . L. 1301
Giac [F] . . . o o 130
Mupad [B] (verification not implemented) . . . . ... .. ... .. ... ....... 131

Optimal result

Integrand size = 12, antiderivative size = 234

1— V2/ccot(a+bx) )
Ve

1 arctan
/ dzr = <

(ccot(a + bx))7/2 V/2bc7/2
arctan (1 + @) N 9
V/2bc7/2 5bc(c cot(a + bx))>/?
) log (/e + y/ecot(a + bz) — v2y/ccot(a+ ba)
bc3+/ccot(a + bx) 2/2bc7/2
log <\/E + y/ccot(a + bz) + \/ﬁ\/m)
* 2/2bc7/2

[Out] 2/5/b/c/(c*xcot(b*x+a))~(5/2)+1/2*arctan(1-2"(1/2)*(c*cot (b*x+a))~(1/2)/c~(1
/2))/0/c”(7/2)*%2~(1/2)-1/2*arctan(1+2~(1/2) * (c*cot (b*x+a) )~ (1/2)/c~(1/2))/b
/c™(7/2)*27(1/2)-1/4*1n(c” (1/2) +cot (b*x+a)*c~ (1/2)-2"(1/2) * (c*cot (b*xx+a) ) ~(
1/2))/v/c™(7/2)*2~(1/2)+1/4*1n(c” (1/2) +cot (b*xx+a) *c~ (1/2)+27(1/2) * (c*cot (b*
x+a))~(1/2))/b/c”(7/2)*2~(1/2)-2/b/c~3/ (cxcot (bxx+a)) ~(1/2)
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 234, normalized size of antiderivative = 1.00,
number of steps used = 13, number of rules used = 9 number of rules _ 0.750, Rules used

' integrand size
= {3555, 3557, 335, 303, 1176, 631, 210, 1179, 642}

arctan (1 _ V2/ecot(atbe) c‘ic/’g(“bx))

1
de —
/ (ccot(a + bx))7/2 v V2bcT/2

arctan (ﬁ— Vc‘i%mbz) + 1) log <\/Ecot(a + bz) — v/2¢/ccot(a + bx) + \/E>
B \/2bc7/2 B 24/2bc7/2

log (ﬁcot(a + bx) + v/2/ccot(a + bx) + \/E)
+

24/2bc7/2
2 2

- +
be3y/ccot(a+ bx)  Bbc(ccot(a + bx))5/2

[In] Int[(c*Cotl[a + b*x])~(-7/2),x]

[Out] ArcTan[1 - (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl]/(Sqrt[2]*bxc~(7/2)) - Ar
cTan[1 + (Sqrt[2]*Sqrt[cxCot[a + bxx]])/Sqrtlcl]/(Sqrt[2]*b*xc~(7/2)) + 2/(5
*xbxc* (cxCot [a + b*x])~(5/2)) - 2/(b*c~3xSqrt[c*Cot[a + b*x]]) - Logl[Sqrtl[cl
+ Sqrt[c]*Cot[a + b*x] - Sqrt[2]*Sqrt[cxCot[a + bxx]]1]1/(2*Sqrt[2]*b*c~(7/2
)) + Logl[Sqrt[c] + Sqrtlc]l*Cot[a + bxx] + Sqrt[2]*Sqrt[c*Cot[a + b*x]]]/ (2%
Sqrt [2] *bxc~(7/2))

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b]l &
& (LtQla, 0] || LtQ[b, 0])

Rule 303

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/D,

211, s = Denominator[Rt[a/b, 211}, Dist[1/(2*s), Int[(r + s*x~2)/(a + b*x"4
), x], x] - Dist[1/(2*s), Int[(r - s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct [SumBaseQ, bl1))

Rule 335

Int[((c_.)*(x_))"(m_)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator [m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*(x~(k*n)/c"n
N7p, x1, x, (c*xx)~(1/k)], x]1] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]



126

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*x(x/b)
1, x] /; RationalQ[q]l && (EqQlq~2, 1] || !'RationalQ[b~2 - 4*a*c])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 1176

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2%c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - a*xe”2, 0] && PosQ[dx*el

Rule 1179

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2x(d/e), 21}, Dist[e/(2*c*q), Int[(q - 2*x)/Simp[d/e + g*x - x~2, x], x],

x] + Dist[e/(2*c*q), Int[(q + 2*x)/Simpl[d/e - gq*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d~2 - a*e™2, 0] && NegQ[dxel]

Rule 3555

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(b*Tan[c + d*x]
)" + 1)/(bxd*(n + 1)), x] - Dist[1/b"2, Int[(b*Tan[c + d*x])~(n + 2), x],
x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps
2 f (cco‘c(a,-li-bz))3/2 dx
int 1= -
Hesra 5bc(c cot(a + bx))>/2 c?
B 2 2 +f\/ccot(a-|—bz)dx
~ 5be(ccot(a + bz))52  bed\/ccot(a + bx) c*
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9 9 Subst (f @Jriwz dz,z,ccot(a + bx))
B 5bc(ccot(a + bx))>/2 b3 ccot(a + bx) B bc?

9 9 2Subst (f i dr,z, \/ccot(a + bx))
- 5bc(ccot(a 4 bx))5/2  ped ccot(a + bx) - be?

2 2

~ Bbc(ccot(a+ bz))52  ped ccot(a + bz)
Subst (f ‘;+’;4 dz,z,\/ccot(a + bx)) Subst <f 021”204 dz,z,+/ccot(a + bx))
bc? bc3
2 2
B 5bc(ccot(a+ bx))52  ped ccot(a + bx)

Subst (f _V2/er2 g g Jecot(a + bx))

+

—c—V/2\/cx—x?
24/2bc7/2
Subst (f % dz,z,+\/ccot(a + bx))
B 2/2bc7/2
Subst <f et 05, T, \/W)
2bc3
Subst (f pry ekt \/W)
2bc3
2 2

~ Bbe(ccot(a + bx))52  pe3 ccot(a + bx)

log<\/_+\/Ecot a+bzx) — \/_\/m>

2/2bc7/2
log (\/_—l— Vecot(a + bz) + \/_\/m>
2+/2bc7/2
Subst < [ dz, 2,1 - V2y/eool(atbs) CCOt(aerw )
\/_bc7/2

Subst ([ Loz da, 3, 1+ Y2/t
\/_bc7/2

+
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arctan (1 — —ﬂ\/cc\%(Tbx)> arctan (1 + —ﬁ\/cc\%(Tbx)) N 9
V/2bc7/2 V/2bc7/2 5bc(c cot(a + bx))5/2
2 log (/2 + y/cot(a + bz) — v2y/ccot(a+ba)
bc3y/ccot(a + bx) 24/2bc7/2
log (\/E + v/ccot(a + bz) + VZ/W)
24/2bc7/2

_|_

Mathematica [A] (verified)

Time = 0.36 (sec) , antiderivative size = 97, normalized size of antiderivative = 0.41

) —5 arctan (f/— cot?(a + bx)) f/— cot?(a + bz) + 5arctanh(</— cot?(a + bx)) /
dr =
/ (ccot(a+ bx))7/? 5bc3\/ccot(a + bx)

[In] Integrate[(c*Cot[a + b*x])~(-7/2),x]

[Out] (-5*ArcTan[(-Cot[a + b*x]~2)~(1/4)]1*(-Cot[a + b*x]~2)~(1/4) + 5*ArcTanh[(-C
ot[a + b*x]"2)~(1/4)]*(-Cot[a + b*x]"2)~(1/4) + 2x(-5 + Tan[a + b*x]"2))/(5
*xbxc~3*Sqrt [cxCot [a + b*x]])

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 171, normalized size of antiderivative = 0.73

method result
1
Vol im ccot(bz+a)— (02) 711 /c cot(bzta) vV2+V 2 +2arctan V3 J/ccot(bata) /c,;()t(lT_‘ﬂ)_+_1 o arcton V2 /ecot(bata) /C(:Ot(lm+1
9 ccot(bm+a)+(02> 1 y/ccot(bz+a) \/E-F\/Ci2 (62) 4 (02) 1
¢ T
8c4 (02) 1
derivativedivides | — 5

W R

Vccot(bz+ta) \/§+\/c>2) +2arctan ( V2 \/ccot(bz+a) +1) 2 arctan (_ V2 \/ccot(bz+a) +1) )

vzl ccot(bx+a)—(02)
n

9 v/ ccot(bz+a) \/§+\/§ (62) 4 (c2> 4
C

ccot(bz+a)+ (cz)

8ct (62) 21(

default — 5

[In] int(1/(c*cot(b*x+a))~(7/2),x,method=_RETURNVERBOSE)

[Out] -2/bxc*x(1/8/c~4/(c”2)"(1/4)*2"(1/2)*(In((c*cot (b*x+a)-(c~2) ~(1/4) *(c*cot (b*
x+a)) " (1/2)*27(1/2)+(c"2)~(1/2)) / (c*cot (b*x+a)+(c~2) ~(1/4) * (c*cot (b*x+a) ) ~(
1/2)%2~(1/2)+(c™2)~(1/2)))+2*%arctan(2-(1/2)/(c™2)~(1/4) *(c*cot (b*xx+a) ) ~(1/2
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Y+1)-2xarctan(-2"(1/2)/(c"2) " (1/4)* (cxcot (b*x+a)) ~(1/2)+1))-1/5/c"2/ (c*xcot (
bxx+a))~(5/2)+1/c”4/ (cxcot (bxx+a))~(1/2))

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.27 (sec) , antiderivative size = 480, normalized size of antiderivative = 2.05

1
/ (ccot(a + bx))7/2 de =

8 %(3 cos (2bx +2a) + 2) sin (2bz + 2a) + 5 (be cos (2bx + 2a)® + 2bc? cos (2bx + 2a) +

[In] integrate(1/(c*cot(b*x+a))~(7/2),x, algorithm="fricas")

[Out] -1/10%(8*sqrt((c*cos(2xb*x + 2*a) + c)/sin(2xb*x + 2%a))*(3*cos(2*¥b*x + 2%*a
) + 2)xsin(2*b*x + 2%a) + 5k (b*c~4xcos(2*b*x + 2%a)”~2 + 2%bxc"4*cos(2xb*xx +
2%a) + bxc"4)*(-1/(b"4*c™14))~(1/4)*Llog(b~3*xc"11x(-1/(b"4*c~14))~(3/4) + s
qrt ((cxcos(2*b*x + 2xa) + c)/sin(2*b*x + 2xa))) + 5*(-Ixbxc~4*cos(2xbxx + 2
*a) "2 - 2%I*bkc"4xcos(2¥bxx + 2%a) - I*bkc~4)*(-1/(b"4*c~14))~(1/4)*1log(I*b
~3*c”11*x(-1/(b"4%c~14))~(3/4) + sqrt((c*cos(2*b*x + 2*a) + c)/sin(2*b*x + 2
*a))) + Bk (I*bxc™4*cos(2xb*x + 2%a)”2 + 2+Ixb*c 4*cos(2*bxx + 2%a) + Ixb*c”
4)*(-1/(b"4*c~14))~(1/4) *1log(-I*b~3*xc~11x(-1/(b~4*c~14))~(3/4) + sqrt((c*co
s(2%b*x + 2%a) + c)/sin(2%b*x + 2%a))) - Bk (b*c~4xcos(2xbxx + 2%a)~2 + 2%Dbx
c”4*xcos(2%b*x + 2xa) + bxc”4)*(-1/(b~4*c”14))~(1/4)*1og(-b~3*c~11*(-1/(b"4x*
c~14))"(3/4) + sqrt((c*cos(2xb*x + 2xa) + c)/sin(2*%b*x + 2*a))))/(b*c 4xcos
(2%b*x + 2%a)~2 + 2xbxc"4*cos(2xb*x + 2xa) + bxc~4)

Sympy [F]

1 1
/ (ccot(a + bx))"/> = / (ccot (a + bx))? “

[In] integrate(1/(c*cot(b*x+a))**(7/2),x)
[Out] Integral((c*cot(a + b*x))*x(-7/2), x)
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Maxima [A] (verification not implemented)

none
Time = 0.31 (sec) , antiderivative size = 205, normalized size of antiderivative = 0.88

1
/ (ccot(a + bx))7/? de =

2\/§Mctan(\/§(\/§ﬁ+2 tan(bcz+a)>) 2\/§arctan(_\/§(‘/§ﬁ_2 m) ( ) (
2+/c 2+/c Valog ﬁﬁ\/f+c+ c V2 1og( -~
tan(bz+a) tan(bz+a)
° Ve + Ve - NG +

c P

B 20b

[In] integrate(1/(c*cot(b*x+a))~(7/2),x, algorithm="maxima")

[Out] -1/20%c* (5% (2*sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(c) + 2*sqrt(c/tan(b*
x + a)))/sqrt(c))/sqrt(c) + 2*sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c)

- 2xsqrt(c/tan(b*x + a)))/sqrt(c))/sqrt(c) - sqrt(2)*log(sqrt(2)*sqrt(c)*sq
rt(c/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c) + sqrt(2)*log(-sqrt(2)*sqr
t(c)*sqrt(c/tan(b*x + a)) + ¢ + c/tan(b*x + a))/sqrt(c))/c™4 - 8%(c”2 - b*c
~2/tan(b*x + a)~2)/(c"4*(c/tan(b*x + a))~(5/2)))/b

Giac [F]

1 1
/ (ccot(a + bz))™/2 de = / (ccot (bz + a))

= dx
2

[In] integrate(1/(c*cot(b*x+a))~(7/2),x, algorithm="giac")
[Out] integrate((cxcot(b*x + a))~(-7/2), x)
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Mupad [B] (verification not implemented)

Time = 12.47 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.39

2 _ 2cot(atb z)?

1 “
dr = 5c c
/ (ccot(a + bx))™/2 b(ccot (a+ bz))*?

(_1)1/4 atan<(_1)1/4 \/\;Ecot(a-l—bac)) (_1)1/4 atanh ( (—=1)/4 «/jgot(a-i-bx))
- bc/2 + bc/2

[In] int(1/(c*cot(a + b*x))~(7/2),x)

[Out] (2/(5%c) - (2*cot(a + b*x)~2)/c)/(b*(cxcot(a + b*x))~(5/2)) - ((-1)"(1/4)*a
tan(((-1)~(1/4)*(cxcot(a + b*x))~(1/2))/c(1/2)))/(bxc~(7/2)) + ((-1)~(1/4)
*xatanh (((-1)~(1/4)*(c*cot(a + b*x))~(1/2))/c~(1/2)))/(b*c~(7/2))
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3.17 [(ccot(a + bx))*/3 dx

Optimal result . . . . . . . . . . . 132
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Mathematica [C] (verified) . . . . . . . . . .. L 136
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Maxima [A] (verification not implemented) . . . . . . . ... ... ... L. 138
Giac [F] . . . o o o 138
Mupad [B] (verification not implemented) . . . .. ... ... ... .. ....... 139

Optimal result

Integrand size = 12, antiderivative size = 242

A3 aretan ( Y ccot(a + bz))

3
/(ccot(a + bz)) do = ; Ve
3 :{/—

A/3 arctan (\/g 2 \/W) /3 arctan (\/ﬁ 12 cco%;/(g + bx))
- 2b + 55

3cy/ccot(a + bx) V3c'/3log <02/3 —V/3/c{/ccot(a+ bx) + (ccot(a + bx))2/3>
B b - 1

V3c'/3log <c2/3 +v/3/c/ccot(a + bxr) + (ccot(a + bz))2/3)
+

4b

[Out] c~(4/3)*arctan((c*cot(b*x+a))~(1/3)/c~(1/3))/b+1/2*xc™(4/3)*arctan(2* (cxcot (
bxx+a))~(1/3)/c~(1/3)-3"(1/2)) /b+1/2*c~(4/3) *arctan (2% (c*xcot (bxx+a))~(1/3)/
c~(1/3)+37(1/2)) /b-3*c*x(c*xcot (b*x+a) )~ (1/3) /b-1/4*c”(4/3)*1n(c~(2/3)+(c*cot
(b*x+a))~(2/3)-c~(1/3) *(c*cot (b*x+a)) ~(1/3)*37(1/2))*37(1/2) /b+1/4*xc~(4/3) *
In(c”™(2/3)+(cxcot (b*x+a))~(2/3)+c~ (1/3) *(c*cot (b*xx+a)) ~(1/3)*37(1/2))*3~(1/

2)/b
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Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 242, normalized size of antiderivative = 1.00,

number of steps used = 13, number of rules used = 9, number of rules _ 0.750, Rules used
integrand size

= {3554, 3557, 335, 215, 648, 632, 210, 642, 209}

c*/3 arctan ( Vecot(a + bx))
3

/(ccot(a +bz))*? dx = b Ve

c*/3 arctan (\/3 _2 \/W) c*/3 arctan (2 W + \/§>

_ +
% 2b

V343 Tog (_ V3¥/ci/ccot(a + bx) + (ccot(a + bx))?/3 + c2/3>
- 4b
\/§c4/3 log (\/3\3/5 3 CCOt(CL + bx) + (ccot(a + bx))2/3 + 02/3) 36{’/m
4b - b

_+_

[In] Int[(c*Cot[a + b*x])~(4/3),x]

[Out] (c™(4/3)*ArcTan[(c*Cot[a + b*x])~(1/3)/c~(1/3)1)/b - (c~(4/3)*ArcTan[Sqrt[3
1 - (2x(cxCot[a + b*x])~(1/3))/c~(1/3)1)/(2%b) + (c~(4/3)*ArcTan[Sqrt[3] +

(2% (c*Cot[a + b*x]1)~(1/3))/c~(1/3)1)/(2*%b) - (3*c*x(c*Cotl[a + b*x])~(1/3))/b

- (Sqrt[3]1*c~(4/3)*Loglc~(2/3) - Sqrt[3]*c~(1/3)*(c*Cot[a + b*x])~(1/3) +
(c*Cot[a + b*x])~(2/3)1)/(4*b) + (Sqrt[3]*c~(4/3)*Loglc~(2/3) + Sqrt[3]*c~(
1/3)*(cxCot[a + b*x])~(1/3) + (cxCot[a + b*x])~(2/3)])/(4%Db)

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l ¢tQb, 01)

Rule 210

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]1*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 215

Int[((a)) + (b_.)*(x_)"(n_))"(-1), x_Symbol] :> Module[{r = Numerator[Rt[a/
b, n]], s = Denominator[Rt[a/b, nl]], k, u, v}, Simp[u = Int[(r - s*Cos[(2*k
- D)*(Pi/n)]1*x)/(r~2 - 2xr*s*Cos[(2xk - 1)*(Pi/n)]*x + s72*%x"2), x] + Int[
(r + s*Cos[(2xk - 1)*(Pi/n)]*x)/(r"2 + 2*r*s*Cos[(2*k - 1)*(Pi/n)]*x + s72%*
x~2), x]; 2x(r~2/(a*n))*Int[1/(r"2 + s™2*%x~2), x] + Dist[2*(r/(a*n)), Sum[u
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,» 1k, 1, (n - 2)/4}], x1, x1]1 /; FreeQ[{a, b}, x] && IGtQ[(n - 2)/4, 0] &&
PosQ[a/bl

Rule 335
Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x"(kx(m + 1) - 1)*(a + b*x(x"(k*n)/c"n

))7p, x1, x, (c*xx)~(1/k)], x1] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*xx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x"2), x], x] + Dist[e/(2*c), In
t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2*xc*xd - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps

integral = —

Vecot(a +bz)
3cy/ceot(a+bz) 2 / 1 ds
b (ccot(a

+ bx))2/3
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_ 3c+/ccot(a + bz) N c*Subst (f m dz,z,ccot(a + bx))

b b
3cy/ccot(a + bx) (3¢®) Subst (f _cz_,l_xts dz,z, v/ccot(a + bx))
=- +
b b
4/3 V-4 ¢/coot(a + bz)
3e{/ccot(a+ba) O (f s caran T @ Vol + bo)
=— +
b b
4/3 %-1-@ f/—
c*/3Subst (f R dz,z, v/ ccot(a + bx)
* b
s c®/3Subst <f a7 4z, T, ¥/ ccot(a + ba:))
b

s {/ccot(a + bx)
c*/3 arctan < Ve ~ 30\3/m
b b

(v/3¢*/3) Subst (f _Va¥feim g, z, v/ccot(a + bx))

c2/3-+/3 %w—}-mQ ’

4b
4/3 v3R/ct2a /ccot(a+ bx)
N (v/3¢*/3) Subst (f s eared dz,z, \/ccot(a + bx)
4b
5/3 1 ¥/ccot(a + bx)
N c®/3Subst (f ETRVE dz,z, v/ccot(a + bx))
4b
5/3 1 ¥/ccot(a + bx)
N c®/3Subst (f PN dz, z, v/ccot(a + baz))

4b
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4/3 grot Y ccot(a + bx)
¢’ archan < {/c _ 3ci/ccot(a + bx)

b b
5 Tt )
4b
V3c*3 log <02/3 + v/3/c{/ccot(a + bx) + (ccot(a + bx))2/3>
4b

2%/ccot(a + bz
c*/3Subst (f _—%1_—902 dz,z,1— \/§§/E )>
2v/3b

3
4/3 1 23/ ccot(a + bx)
c*/3Subst <f e dz,z,1+ e
24/3b

473 Y ccot(a + bx) 473 1 _63/ccot(a + bx)
- c*/° arctan < Ve B c*/“arctan | 3 33 Y

+

_|_

2b

b
/3 arctan ( (3\/_+ ccof/(g = bw))) _ 3cv/ccot(a + bz)

2b b
 VBeHlog (&° — v/3/ey/ccot(a + ba) + (ccot(a +br))*)

4b
2/3 + \/_\/E CCOt(a: + b,fL') + (CCOt(a + bm))z/?))
4b

\/_ c*/3 log

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.39 (sec) , antiderivative size = 205, normalized size of antiderivative = 0.85

/(c cot(a + bz)) Y3 dx =

cv/ccot(a + bx) (6\6/ cot?(a + bx) — ilog (1 —iy/cot?(a + ba:)) +ilog (1 +iy/cot?(a + bx)) — (=1)3/6

[In] Integrate[(c*Cot[a + b*x])~(4/3),x]

[Out] -1/2%(c*x(cxCot[a + b*x])~(1/3)*(6%(Cot[a + b*x]~2)~(1/6) - I*Log[l - I*(Cot
[a + bxx]~2)"(1/6)] + IxLogl[l + Ix(Cotl[a + b*x]~2)~(1/6)] - (-1)~(5/6)*Logl
1 - (-1)7(1/6)*(Cot[a + b*x]"2)~(1/6)] + (-1)7(5/6)*Log[1 + (-1)~(1/6)*(Cot
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[a + b*x]72)7(1/6)] - (-1)"(1/6)*Logl[1 - (-1)~(5/6)*(Cot[a + b*x]172)~(1/6)]
+ (-1)7(1/6)*Logl1l + (-1)7(5/6)*(Cot[a + b*x]1"2)7(1/6)]))/(b*(Cot[a + b*x]

~2)7(1/6))

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 214, normalized size of antiderivative = 0.88

method result

1 1 1 2) 6 arctan
1 ev3(c)8 In( (ccot(ba-ta)) 8 —v3 (¢2) B (ceot(beta)) +(c2) B o ( (
derivativedivides —3c(c°°t(ll)’x+a))3 — < - ) + 2b(

1
1 2 1 1 1 c(c?) ® arctan
1 cV3 (c?) 6 In( (ccot(bz+a))3 —v/3 (c?) 8 (ccot(bz+a))3+(c?) 3 ( (
default _ 3c(c cot(ll))x—i—a)) 3 ( - ) + - (

[In] int((c*cot(b*x+a))~(4/3),x,method=_RETURNVERBOSE)

[Out] -3*c*(c*cot(b*xx+a))~(1/3)/b-1/4/b*xc*x37(1/2)*(c~2)~(1/6)*1n((c*cot (b*x+a)) ~(
2/3)-37(1/2)*(c~2)~(1/6) *(c*xcot (b*x+a)) ~(1/3)+(c”2)~(1/3))+1/2/bxc*(c~2) " (1
/6)*arctan(2*(cxcot (b*x+a))~(1/3)/(c”2)~(1/6)-37(1/2))+1/b*c*(c~2)~(1/6) *ar
ctan((c*cot (b*x+a))~(1/3)/(c”2)~(1/6))+1/4/b*c*3~(1/2)*(c~2)~(1/6)*1n((c*co
t(bxx+a))~(2/3)+37(1/2)*(c~2)~(1/6) *(cxcot (bxx+a))~(1/3)+(c~2)~(1/3))+1/2/b
*cx(c”2) " (1/6)*arctan (2* (cxcot (b*x+a))~(1/3)/(c"2)~(1/6)+37(1/2))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 431 vs. 2(184) = 368.

Time = 0.30 (sec) , antiderivative size = 431, normalized size of antiderivative = 1.78

/ (ccot(a

+b2)) 2 dx =

o=
o=

(v/—3b+b) log (c(%)é +1 (—2—?) (\/—_3b+b)> - (_%)é (vV=3b+

-5)

[In] integrate((c*cot(b*x+a))~(4/3),x, algorithm="fricas")

[Out] 1/4%((-c"8/b~6)~(1/6)*(sqrt(-3)*b + b)*log(cx((c*cos(2xbxx + 2*a) + c)/sin(
2¥b*x + 2%a))~(1/3) + 1/2%(-c”8/b"6)~(1/6)*(sqrt(-3)*b + b)) - (-c~8/b76)(
1/6)*(sqrt(-3)*b + b)*log(c*((ckcos(2*b*x + 2%a) + c)/sin(2*b*x + 2x%a))~(1/

3) - 1/2%(-c”8/b"6)~(1/6)*(sqrt(-3)*b + b)) + (-c~8/b~6)~(1/6)*(sqrt(-3)*b

- b)*log(cx((c*cos(2xb*x + 2*a) + c)/sin(2xb*x + 2*a))~(1/3) + 1/2%(-c"8/b~
6)~(1/6)*(sqrt(-3)*b - b)) - (-c~8/b"6)~(1/6)*(sqrt(-3)*b - b)*Llog(c*((c*co
s(2%bxx + 2%a) + c)/sin(2xbxx + 2*a))~(1/3) - 1/2x(-c~8/b76)~(1/6)*(sqrt(-3
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)*¥b - b)) + 2%(-c"8/b~6)~(1/6)*b*log(c*((c*kcos(2*b*x + 2*a) + c)/sin(2*b*x
+ 2%a))~(1/3) + (-c”"8/b"6)~(1/6)*b) - 2*(-c~8/b~6)~(1/6)*b*Llog(c*((c*cos (2%
bxx + 2%a) + c)/sin(2%b*x + 2*a))~(1/3) - (-c~8/b"6)~(1/6)*b) - 12*c*((c*co
s(2%bxx + 2xa) + c)/sin(2xb*x + 2*a))~(1/3))/b

Sympy [F]
/(ccot(a + bx)) Y dx = / (ccot (a + bz))g dx

[In] integrate((cxcot(b*x+a))**(4/3),x)
[Out] Integral((c*cot(a + b*x))**(4/3), x)

Maxima [A] (verification not implemented)

none

Time = 0.33 (sec) , antiderivative size = 196, normalized size of antiderivative = 0.81

/ (ccot(a

1

(vac o (VB! ()

2
+é+ (i) ) ~ Vacilog ( Voe! (o)

+b2)) 3 dx =

[In] integrate((c*cot(b*x+a))~(4/3),x, algorithm="maxima")

[Out] 1/4*(sqrt(3)*c~(1/3)*log(sqrt(3)*c~(1/3)*(c/tan(b*x + a))~(1/3) + c~(2/3) +

(c/tan(b*x + a))~(2/3)) - sqrt(3)*c~(1/3)*log(-sqrt(3)*c~(1/3)*(c/tan(b*x
+a))~(1/3) + c~(2/3) + (c/tan(bxx + a))~(2/3)) + 2*c~(1/3)*arctan((sqrt(3)
xc~(1/3) + 2x(c/tan(b*x + a))~(1/3))/c”(1/3)) + 2xc~(1/3)*arctan(-(sqrt(3)*
c”(1/3) - 2*(c/tan(b*x + a))~(1/3))/c~(1/3)) + 4*c~(1/3)*arctan((c/tan(b*x
+a))~(1/3)/c™(1/3)) - 12*(c/tan(b*x + a))~(1/3))*c/b

Giac [F]
/(ccot(a +bx)) dx = / (ccot (bz + a))3 dx

[In] integrate((c*cot(b*x+a))~(4/3),x, algorithm="giac")
[Out] integrate((cxcot(b*x + a))~(4/3), x)
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Mupad [B] (verification not implemented)

Time = 12.89 (sec) , antiderivative size = 246, normalized size of antiderivative = 1.02

—1)%/8 (ccot(a ba:))l/sli .
1/3 (—1)1/604/3atan(( DNAR ;5"’ ) 1i
/(ccot(a+bz))4/3 dz:_3c(ccot(c2+ bz)) N : /3
(—1)1/6 /3 1n <(—1)1/6 /3 —2(ccot(a+bx))/? + (—1)*/3 \/301/3) (% + @“)
- 2b
)i/s 1/3 1/6 2/3 i
/6 473 ln<2 (ccot a+bx))/ + (= 1)/ /3 —(~1 )/ \/301/3) < §+“§1)
2b
(=1)Y6 /3 In (2 (ccot(a + bz))/® + (=1)/0 /3 + (—1)2/3\/301/3> (i + ‘ﬁ’“)
+ b
1)1/6 4/3 1n <2 (ccot(a+bzx)) /3 _ (—1)1/6 /3 4 (—1)2/3 \/gcl/3> (—i + ‘/ili>
+
b

[In] int((c*cot(a + b*x))~(4/3),x)

[Out] ((-1)~(1/6)*c~(4/3)*atan(((-1)~(5/6)*(c*cot(a + b*x))~(1/3)*1i)/c~(1/3))*1i
)/b = (3*c*x(c*cot(a + b*x))~(1/3))/b - ((-1)"(1/6)*c~(4/3)*x1og((-1)~(1/6)*c
~(1/3) - 2x(c*xcot(a + b*x))~(1/3) + (-1)7(2/3)*37(1/2)*c~(1/3))*((37(1/2)*1
i)/2 + 1/2))/(2xb) - ((-1)"(1/6)*c~(4/3)*log(2*(c*cot(a + b*x))~(1/3) + (-1
)" (1/6)*c~(1/3) - (-1)7(2/3)*37(1/2)*c~(1/3))*((37(1/2)*11)/2 - 1/2))/(2*b)

+ ((-1)"(1/6)*c~(4/3)*1log(2*(cxcot(a + b*x))~(1/3) + (-1)~(1/6)*c~(1/3) +
(-1)7(2/3)*%3~(1/2)*c~(1/3))*((3~(1/2)*1i) /4 + 1/4))/b + ((-1)~(1/6)*c~(4/3)
*x1log(2*(c*xcot(a + b*x))~(1/3) - (-1)7(1/6)*c~(1/3) + (-1)7(2/3)*37(1/2)*c~(
1/3))*((3~(1/2)*1i)/4 - 1/4))/b
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3.18 [(ccot(a + bx))*3 dx

Optimal result . . . . . . . . . . . 140
Rubi [A] (verified) . . . . . . .. . . 141
Mathematica [C] (verified) . . . . . . . . . .. 144
Maple [A] (verified) . . . . . . . . 144
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ........ 145
Sympy [F] . . . 147
Maxima [A] (verification not implemented) . . . . . . . ... ... ... 147
Giac [F] . . . o o o 147
Mupad [B] (verification not implemented) . . . .. ... ... ... .. ....... 148

Optimal result

Integrand size = 12, antiderivative size = 225

2/3 arotan < Y ccot(a + ba:))

3
/(ccot(a +b2))Pdr = — b Ve

2P arotan [ v3 — 2X/eeotatba)) oy (g 2 ecot(a t be)

+ Ve - ve
2 2b

V3e S log (1% — B/ ccot(a + bx) + (ccot(a + ba))
- 4b

VBN log (19 + VBYe/ecot(a+ be) + (ccot(a + br)?)
+

4b

[Out] -c~(2/3)*arctan((c*cot(b*x+a))~(1/3)/c~(1/3))/b-1/2*c”(2/3)*arctan(2* (cxcot
(bxx+a))~(1/3)/c~(1/3)-3"(1/2)) /b-1/2*%c~(2/3) *arctan (2% (cxcot (b*x+a)) ~(1/3)
/c~(1/3)+37(1/2))/b-1/4*xc~(2/3)*1n(c~(2/3)+(c*cot (b*x+a) ) ~(2/3)-c~(1/3) *(c*

cot (bxx+a))~(1/3)*37(1/2))*3~(1/2) /b+1/4*c™(2/3)*1n(c~ (2/3) +(c*cot (bxx+a) )~
(2/3)+c~(1/3)*(c*cot (b*x+a) ) ~(1/3)*37(1/2))*37(1/2) /b
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Rubi [A] (verified)
Time = 0.50 (sec) , antiderivative size = 225, normalized size of antiderivative = 1.00,
number of steps used = 12, number of rules used = 8 number of rules _ 0.667, Rules used

' integrand size
= {3557, 335, 301, 648, 632, 210, 642, 209}

3
c?/? arctan < ¢ COJ;(/(E + b )>
ccot(a+ bx))?Pdx = — c
(ccot( ) ;
Y P V= e =5 AR A V= e s
Ve _ Ve
2b 2%
V3c*/3 log (—\/3% v/ccot(a + bx) + (ccot(a + bx))*3 + c2/3>
- m
V33 log <\/§\3/5 /ccot(a + bz) + (ccot(a + bx))?/® + c2/3>
4b

+

_+_

[In] Int[(c*Cot[a + b*x])~(2/3),x]

[Out] -((c~(2/3)*ArcTan[(c*Cot[a + b*x])~(1/3)/c~(1/3)]1)/b) + (c~(2/3)*ArcTan[Sqr
t[3] - (2%(cxCot[a + b*x])~(1/3))/c~(1/3)1)/(2xb) - (c~(2/3)*ArcTan[Sqrt[3]

+ (2% (c*Cot[a + b*x])~(1/3))/c~(1/3)1)/(2*%b) - (Sqrt[3]*c~(2/3)*Loglc~(2/3

) - Sqrt[3]*c~(1/3)*(c*Cot[a + b*x])~(1/3) + (c*Cotl[a + b*x])~(2/3)]1)/(4*b)

+ (Sqrt[3]*c~(2/3)*Loglc~(2/3) + Sqrt[3]*c~(1/3)*(c*Cot[a + b*x])~(1/3) +
(c*Cot[a + b*x])~(2/3)1)/(4%Db)

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 0]1)

Rule 210

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]1*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 301

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[a/b, nl], s = Denominator[Rt[a/b, nl], k, u}, Simp[u = Int[(r*Cos[(2*k
- D*mx(Pi/n)] - s*Cos[(2*%k - 1)*(m + 1)*(Pi/n)]*x)/(xr"2 - 2*r*s*Cos[(2xk -
1)*(Pi/n)]*x + s72%x"2), x] + Int[(r*Cos[(2%k - 1)*m*x(Pi/n)] + s*Cos[(2xk
- D*x(m + 1D)*x(Pi/n)]*x)/(x"2 + 2*«r*s*Cos[(2xk - 1)*(Pi/n)]*x + s~ 2*%x"2), x]
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; 2%(-1)"(m/2)*(r"(m + 2)/(a*n*s™m) )*Int[1/(xr"2 + s872*x"2), x] + Dist[2*(x~
(m + 1)/(a*n*s"m)), Sum[u, {k, 1, (n - 2)/4}]1, x], x]] /; FreeQ[{a, b}, x]
&& IGtQ[(n - 2)/4, 0] && IGtQ[m, O] && LtQ[m, n - 1] && PosQ[a/b]

Rule 335

Int[((c_.)*(x_))"(m_)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x"(k*x(m + 1) - 1)*(a + bx(x"(k*n)/c"n
))7°p, x1, x, (c*x)~(1/k)]1, x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] & F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 642

Int[((d) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*xe)/(2*%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2*c), In
t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%c*d - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] & !
IntegerQ[n]

Rubi steps

cSubst (f Cgi—/; dz,z,ccot(a + bx))
b

4

(3¢)Subst (f 2w dz, m, i/ ccot(a + bx))
b

integral = —
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2/3Subst f—g)\{E—Jr@md {/ccot(a + bx)
c*/*Subs YR Y/ x, T, \/ ccot(a + bx

b
/3433 Carta?
b
cSubst (f gz 4z, T, 3/ ccot(a + bx))

b

2/3 arotan ( YV ccot(a + bx))

c*/3Subst (f dz,z, v/ccot(a + bx))

/e

b

3
(v/3c2/3) Subst (f #{\%212 dz,z, ¥/ccot(a + ba:))

4b
(v/3¢2/3) Subst (f ﬂ% dz,z, ¥/ccot(a + bx))
* b

cSubst (f dz,z, \/ccot(a + bx))

1
c2/3-4/3 %x—}-mz

4b
cSubst (f m dz,z, 3/ccot(a + bx))
- 4b

3
c/3 arctan ( ¢ cot&% + bx))

b
V362 log (22 — v/3Y/e3/ccotla + ba) + (ccot(a -+ b))
- 4b
V3¢ log <c2/3 +V/3/c{/ccot(a + bx) + (ccot(a + bx))w)
+
4b

2/3 1 _ 23/ccot(a + bx)
c*/3Subst (f 5 dz, 7,1 e
21/3b

I_EQ de,z,1+ 2
2+/3b

1
3

2/3 Y/ ccot(a + bx)
c Subst(f T e

+
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Y ccot(a + bx) 63/ ccot(a + bx)
c2/3 arctan ( ( ) c2/3 arctan <% (3\/_ - Ve

B Ve
—_ ; + 2
3
2/3 1 63/ ccot(a + bx)
) c*/? arctan (3 (3\/§+ Ve
2b
V323 log (02/3 — 3¢/ ccot(a+ bx) + (ccot(a + bx))2/3>
- 4b
V323 log <02/3 +V3/c/ccot(a + bx) + (ccot(a + bz))? 3)
_|_
4b

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.23 (sec) , antiderivative size = 185, normalized size of antiderivative = 0.82

/ (ccot(a

+bx))¥3 de =

(ccot(a + bx))>/3 (—z’ log (1 — zf/W) +ilog (1 + zf/m) + \6/—_1(— log

[In] Integrate[(c*Cot[a + b*x])~(2/3),x]

[Out] ((c*Cot[a + b*x])~(5/3)*((-I)*Log[l - Ix(Cot[a + b*x]~2)~(1/6)] + I*Logl[l +
Ix(Cot[a + b*x]1"2)"(1/6)] + (-1)~(1/6)*(-Log[1l - (-1)"(1/6)*(Cot[a + b*x]~
2)7(1/6)]1 + Logll + (-1)~(1/6)*(Cot[a + b*x]~2)"(1/6)] + (-1)~(2/3)*(-Logl1

- (-1)"(5/6)*(Cot[a + b*x]~2)~(1/6)] + Logl[l + (-1)~(5/6)*(Cot[a + b*x]~2)
~(1/6)1))))/(2%b*cx(Cot [a + b*x]~2)~(5/6))

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 191, normalized size of antiderivative = 0.85
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method result

1
2(ccot(bz+a))3 v (c cot(bz+c
/8(2) B in(cor0man§—va () Bccororrand () ¥ ( (3 f) ) ( ()}
3c 1202 + 1 + 1
¢ 6(62) 6 3(02) 6

derivativedivides | — 5

1
rotan 2(ccot(bz+a))3 rotan (c cot(bz+c
\/5(62)% ln((ccot(bz—f—a))%—\/g(62)%(ccot(bz{—a))%-{—(cz)%) arcta ( (62)% \/5) arete ( (82)%
3c 1262 + 1 + 1
c
6(62) 6 3(C2) 6

default — 5

[In] int((c*cot(b*x+a))~(2/3),x,method=_RETURNVERBOSE)

[Out] -3/b*c*(1/12/c"2*37(1/2)*(c"2)~(5/6)*1n((c*cot (b*x+a)) ~(2/3)-3"(1/2)*(c"2)"
(1/6) *(c*xcot (b*xx+a))~(1/3)+(c"2)~(1/3))+1/6/(c"2) " (1/6) *arctan (2* (c*cot (b*x
+a))~(1/3)/(c"2)~(1/6)-3"(1/2))+1/3/(c"2)~(1/6)*arctan((c*cot (b*xx+a)) ~(1/3)
/(c™2)"(1/6))-1/12/c”2%3~(1/2)*(c~2) ~(5/6) *1n((c*cot (b*x+a) )~ (2/3)+3"(1/2) *
(c™2)~(1/6)*(c*xcot (bxx+a))~(1/3)+(c~2)~(1/3))+1/6/(c2)~(1/6)*arctan (2* (c*c

ot (b*x+a))~(1/3)/(c"2)~(1/6)+37(1/2)))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 416 vs. 2(169) = 338.
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Time = 0.29 (sec) , antiderivative size = 416, normalized size of antiderivative = 1.85

Jieoatarsiman= (v -1) () o (5 ey

1
4 be sin (2bz +2a)
vmr e (=)
2 b6
1 J—a ¢t s s(ccos(2bx +2a)+c 3
_Z( _3_1)<_ﬁ> 10g<c( sin (2bz + 2a)

sin (2bx + 2a)

(V=3 +1) (—C—4)élog <C3<ccos(2bx+2a)+c>é

sin (2bx + 2a)

1 (V-3+1) <_C_4>‘1310g <c3(ccos(2bx+2a)+c);

M\ * A\ ccos (2bx +2a) + ¢ 5
- 1 5[~ 3
( b6) o8 (b ( b6) e ( sin (2bz + 2 a) )
1 c! s s( ¢ s s(ccos(2bx +2a)+c 3
" 2 (_b_G) o8 <_b (_E) e ( sin (2bx + 2a) >

[In] integrate((c*cot(b*x+a))~(2/3),x, algorithm="fricas")

[Out] 1/4x(sqrt(-3) - 1)*(-c~4/b~6)~(1/6)*1log(c~3*((c*cos(2*bxx + 2*a) + c)/sin(2
*bxx + 2%a))~(1/3) + 1/2x(sqrt(-3)*b~5 + b~5)*(-c~4/b"6)"~(5/6)) - 1/4x(sqrt
(-3) - 1)*(-c”4/p76)"(1/6)*log(c~3*((cxcos(2*bxx + 2%a) + c)/sin(2xb*x + 2%
a))~(1/3) - 1/2%(sqrt(-3)*b~5 + b~5)*(-c"4/b"6)~(5/6)) + 1/4x(sqrt(-3) + 1)
*(-c~4/b~6) " (1/6)*1og(c~3*((c*cos (2%b*x + 2*a) + c)/sin(2%b*x + 2*a))~(1/3)
+ 1/2%(sqrt(-3)*b~5 - b~5)*(-c"4/b~6)~(5/6)) - 1/4*(sqrt(-3) + 1)*(-c~4/b"
6)~(1/6) *log(c~3*((cxcos(2%b*x + 2%a) + c)/sin(2bxx + 2%a))~(1/3) - 1/2%(s
qrt(-3)*b~5 - b~5)*(-c~4/b~6)~(5/6)) - 1/2x(-c"4/b~6)~(1/6)*log (b 5*(-c"4/b
~6)~(5/6) + c~3*((c*cos(2*b*x + 2xa) + c)/sin(2*xb*x + 2xa))~(1/3)) + 1/2*(-
c”4/b76) " (1/6)*1og(-b~56%(-c"4/b"6) " (5/6) + c~3*((cxcos(2*b*x + 2*a) + c)/si
n(2%b*x + 2*a))~(1/3))
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Sympy [F]
/(ccot(a +bz))? dx = / (ceot (a + bx))3 dx

[In] integrate((c*cot(b*x+a))**(2/3),x)
[Out] Integral((cxcot(a + bxx))**(2/3), x)

Maxima [A] (verification not implemented)

none
Time = 0.31 (sec) , antiderivative size = 182, normalized size of antiderivative = 0.81

/ (ccot(a

oo
=

2 2 arctan
2 3
+c3 +<tan(bcz+a)) > (

) vois(—ob (i)

- 1
c3

1
1 3 2
V3log <\/5‘33 (tan<b°m+a>) +ed3+ (m)
3

C

+b2))¥3 dx = 10

[In] integrate((c*cot(b*x+a))~(2/3),x, algorithm="maxima")

[Out] 1/4*(sqrt(3)*log(sqrt(3)*c~(1/3)*(c/tan(b*x + a))~(1/3) + c~(2/3) + (c/tan(
b*xx + a))~(2/3))/c~(1/3) - sqrt(3)*log(-sqrt(3)*c~(1/3)*(c/tan(b*x + a))~(1

/3) + c~(2/3) + (c/tan(b*x + a))~(2/3))/c~(1/3) - 2*arctan((sqrt(3)*c~(1/3)

+ 2+ (c/tan(b*x + a))~(1/3))/c~(1/3))/c~(1/3) - 2xarctan(-(sqrt(3)*c~(1/3)

- 2x(c/tan(b*x + a))~(1/3))/c~(1/3))/c~(1/3) - 4xarctan((c/tan(b*x + a))~(1
/3)/c(1/3))/c~(1/3)) *c/b

Giac [F]
/(ccot(a + bz))?P dx = / (ccot (bzx + a))§ dx

[In] integrate((c*cot(b*x+a))~(2/3),x, algorithm="giac")

[Out] integrate((c*cot(b*x + a))~(2/3), x)
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Mupad [B] (verification not implemented)

Time = 12.60 (sec) , antiderivative size = 260, normalized size of antiderivative = 1.16

/ t(a + bz))**d (=)0 atan((_1)2/3(02?;§a+bz))1/3> 3
(ccot(a + bz - ;

486(—]_)1/6526/3 _1+\/§11 (ccot(a+b:1:))1/3 )
(=1)"* ¢ In (97172309 - ( o ) <_% + @h)

2b
486 (—1)1/6 ¢26/3 (14+/31i) (ccot(a+bxz)) /3 )
(_1)1/6 02/3 In (971)2309 . (-1) ( +b3 )( t(a+bx)) > (% + \/?:11>

2b

486 —1)1/6¢26/3 (—1+\/§11) (ccot(a+ba))'/® 1, V31
: (1)

972 c®

1/6 23 1n

b

e (e 4 BV () oo (4 s

b

[In] int((c*cot(a + b*x))~(2/3),x)

[Out] ((-1)~(1/6)*c™(2/3)*1og((972%c~9)/b~3 + (486*%(-1)~(1/6)*c~(26/3)*(37(1/2)*1
i - 1)*(cxcot(a + b*x))~(1/3))/b73)*((37(1/2)*1i)/4 - 1/4))/b - ((-1)~(1/6)
*c”(2/3) *1og ((972%c™9) /b3 - (486 (-1)7(1/6)*c™(26/3)*(37(1/2)*1i - 1)*(c*c

ot(a + b*x))~(1/3))/b73)*((37(1/2)*11)/2 - 1/2))/(2%b) - ((-1)~(1/6)*c~(2/3
)*1og((972%c™9) /b~3 - (486%(-1)~(1/6)*c~(26/3)*(37(1/2)*1i + 1)*(c*cot(a +
b*x))~(1/3))/b73)*((3~(1/2)*11)/2 + 1/2))/(2¥b) - ((-1)~(1/6)*c~(2/3)*atan(
((=1)7(2/3)*(cxcot(a + b*x))~(1/3))/c”(1/3))*1i) /b + ((-1)~(1/6)*c”~(2/3)*1o
g((972%c™9) /b3 + (486x(-1)"(1/6)*c”(26/3)*(37(1/2)*1i + 1)*(c*cot(a + b*x)
)7(1/3))/b73)*((37(1/2)*11) /4 + 1/4)) /b
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3.19 [ ¥/ccot(a+ bx) dz

Optimal result . . . . . . . . . . . . e 149
Rubi [A] (verified) . . . . . . . . . . 149
Mathematica [A] (verified) . . . . . . . . . .. . 152
Maple [A] (verified) . . . . . . . . .. 1521
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ........ 153
Sympy [F] . . o o 154
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 154
Giac [F] . . . 154
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 1551

Optimal result

Integrand size = 12, antiderivative size = 131

\/g% arctan <02/3—2(Ccot(a+b$))2/3 >

/ v/ ccot(a+ bx)dz = 5% Vi
N Vclog (¢*3 + (ccot(a + bx))/?)
2b
Jclog (c*® — ¢*3(ccot(a + bx))*3 + (ccot(a + bx))*/?)

4b

[Out] 1/2*c~(1/3)*1n(c”(2/3)+(cxcot(b*x+a))~(2/3))/b-1/4%c”(1/3)*1n(c~(4/3)-c~(2/
3) *(cxcot (b*xx+a)) ~(2/3)+(c*cot (b*x+a))~(4/3)) /b+1/2xc~(1/3) *arctan(1/3*(c~(
2/3)-2*(c*cot (b*x+a))~(2/3))/c~(2/3)*37(1/2))*3~(1/2) /b

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.00,
number of steps used = 9, number of rules used = 9, Lumber of rules _ 0.750, Rules used

' integrand size
= {3557, 335, 281, 298, 31, 648, 631, 210, 642}

\/3% arctan <c2/3—2(ccot(a+bx))2/3 >

/ v/ ccot(a+ bx)dz = 5 Vi
N Vclog ((ccot(a + bz))*? + ¢2/3)
2b
Jclog (—c*3(ccot(a + bz))? + (ccot(a + bx))*? + ¢*/3)

4b

[In] Int[(c*Cotl[a + b*x])~(1/3),x]
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[Out] (Sqrt[3]*c~(1/3)*ArcTan[(c~(2/3) - 2*(cxCot[a + bx*x])~(2/3))/(Sqrt[3]*c~(2/
31/ (2xb) + (c™(1/3)*Loglc™(2/3) + (cxCotla + bxx])~(2/3)1)/(2%b) - (c~(1
/3)*Loglc™(4/3) - c~(2/3)*(cxCot[a + b*x])~(2/3) + (c*Cot[a + b*x])~(4/3)])

/ (4%b)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] Il LtQ[b, 0])

Rule 281

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], X, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 298

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> Dist[-(3*Rt[a, 3]*Rt[b, 3])~(-
1), Int[1/(Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rt[a, 3]°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2*x
~2), x], x] /; FreeQ[{a, b}, x]

Rule 335

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
))7°p, x1, x, (c*x)~(1/k)]1, x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] & F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
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e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2*c), In
t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2xc*xd - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps

cSubst (f Yz dz, z,ccot(a + bx))

E1a?
b

(3c)Subst <f c;,”i—gms dz,z, y/ccot(a + bx))
b
(3c)Subst ([ Zas dz, m, (ccot(a + bz))?/?)
2b
/cSubst (f a7 4z, x, (ccot(a + bx))2/3>
B 2b
+/cSubst <f 04/36_223—;2% dz, z, (ccot(a + bx))2/3>
N 2b
_ Yelog (¢ + (coot(a+ b))
2b
+/cSubst (f &gﬂ% dz,z, (ccot(a + bx))2/3>
- 4b
(3¢)Subst (f ar—ars 4z, T, (ccot(a + bx))2/3)
4b
_ Yelog (¢ + (coot(a+ b))

2b
Vclog (c*® — c*3(ccot(a + bx))*? + (ccot(a + bz))*/?)

4b
(3\3/5) Subst <f L _dz,z,1— Wﬂg—ﬁ@)z/‘%)

342

2b

integral = —
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1_2e cot(atbz))2/3
3 c2/3
V3 J/carctan —;

) N Jelog (23 + (ccot(a + bx))?/?)
2b 2
Jclog (c*/® — ¢*3(ccot(a + bx))*? + (ccot(a + bz))*/?)
- b

Mathematica [A] (verified)

Time = 0.32 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.81

[ Vecotla+ i) do
) (ccot(a + bx))*/3 <log (1 + {/cot?(a + bx)) — v/—1log <1 — v/—1{/cot?(a + bm)> + (=1)*2log (1 + (

2bc cot?(a + bx)?/3

[In] Integrate[(c*Cot[a + b*x])~(1/3),x]

[Out] ((c*Cot[a + b*x])~(4/3)*(Log[l + (Cot[a + b*x]~2)~(1/3)] - (-1)~(1/3)*Logl1
- (-1)7(1/3)*(Cot[a + b*x]~2)7(1/3)] + (-1)7(2/3)*Logl[1 + (-1)7(2/3)*(Cot[
a + b*x]72)7(1/3)1))/(2xb*xc*(Cot [a + b*x]~2)7(2/3))

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.82
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method result

V3 ( 2(c cot(bx-ﬁ-a))%

(g)%

/3 arctan B B

In ((c cot(bz+a))% + (c2) % > In <(c cot(bz+a))% —(c cot(bz+a))% (cz) % + (62) % )
3 = I + I + I
6(c2)3 12(c2)3 6(c2)3

derivativedivides | — 5

2
b 3

V3 (2(0 co(t(2;:§a))

c

\/5 arctan — 3
2 L 4 2 1
In ((c cot(bz+a)) 3 +(02) §> In ((c cot(bz+a)) 3 —(ccot(bz+a))3 (02) 3 +(c2) )
+

3c| — +
6(c2)3 12(e2) 8 6(c2)8

wino

default — 5

[In] int((c*cot(b*x+a))~(1/3),x,method=_RETURNVERBOSE)

[Out] -3/bxc*x(-1/6/(c~2)~(1/3)*1n((c*cot (b*x+a))~(2/3)+(c"2)~(1/3))+1/12/(c"2)"(1
/3)*1n((c*xcot (b*x+a)) ~(4/3)-(cxcot (b*x+a))~(2/3)*(c~2)~(1/3)+(c™2)~(2/3))+1
/6%37(1/2)/(c™2)~(1/3) *arctan(1/3*3~(1/2) * (2% (c*xcot (b*x+a) )~ (2/3)/(c"2)~(1/

3)-1)))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 211 vs. 2(100) = 200.

Time = 0.27 (sec) , antiderivative size = 211, normalized size of antiderivative = 1.61

[ Vecotla-+ o) do =

1 2 2 4
1 V3c—2+/3c3 (%) ’ 1 2 ccos(2bz+2a)+c ) 3 L c3 sin(2ba-
2 /3¢5 arctan <— 3o —2c3log | c3 + (W) + c3 log

B 4b

[In] integrate((c*cot(b*x+a))~(1/3),x, algorithm="fricas")

[Out] -1/4%(2*sqrt(3)*c~(1/3)*arctan(-1/3*(sqrt(3)*c - 2xsqrt(3)*c~(1/3)*((c*cos(
2¥b*x + 2%a) + c)/sin(2*b*x + 2%a))~(2/3))/c) - 2*c~(1/3)*1log(c~(2/3) + ((c
xcos (2*%b*x + 2%a) + c)/sin(2*b*x + 2%a))~(2/3)) + c~(1/3)*log((c~(4/3)*sin(
2xb*x + 2%a) - c~(2/3)*((cxcos(2xbxx + 2*a) + c)/sin(2xbxx + 2*a))~(2/3)*si
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n(2xbxx + 2*a) + (ckcos(2*bxx + 2*xa) + c)*((c*cos(2*b*x + 2*a) + c)/sin(2*b
*x + 2%a))~(1/3))/sin(2*bxx + 2%*a)))/b

Sympy [F]

/g/mdx:/f/mdﬁv

[In] integrate((c*cot(b*x+a))**(1/3),x)
[Out] Integral((cxcot(a + bxx))*x(1/3), x)

Maxima [A] (verification not implemented)

none
Time = 0.38 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.78

/ v ccot(a + br) dz =
2
\/5(0%—2 (m) 3)
2+/3arctan | — 2 4 2
3c3 log <53 —c3 (tan(biv+a)>
+

& p) p)
c3 c3

[SVIN)
ol

2
2 3
) 2 log <c3 +(tan(biv+a) ) >

+ (tan(bc:v+a) )

2
c3

B 4b

[In] integrate((c*cot(b*x+a))~(1/3),x, algorithm="maxima")

[Out] -1/4%c*(2*sqrt(3)*arctan(-1/3*sqrt(3)*(c~(2/3) - 2*x(c/tan(b*x + a))~(2/3))/
c~(2/3))/c~(2/3) + log(c~(4/3) - c~(2/3)*(c/tan(b*x + a))~(2/3) + (c/tan(b*
x + a))~(4/3))/c™(2/3) - 2*log(c™(2/3) + (c/tan(b*x + a))~(2/3))/c~(2/3))/b

Giac [F]

/f/mdxz/(ccot(bmra))é da

[In] integrate((c*cot(b*x+a))~(1/3),x, algorithm="giac")

[Out] integrate((cxcot(b*x + a))~(1/3), x)
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Mupad [B] (verification not implemented)

Time = 12.66 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.02

c/3 In (81 /3 (ccot(a + bz))* + 81 06)

/\/ccot(aﬂ—bz)dx: T

81616/3 l+\/§1i (ccot(a+b:1:))2/3 .

g )
2b

1/3 gles | 162¢18/3 (=14 ¥31) (coot(atba))?/? L v

cl/ ln<b—4+ - (_Z+ 4>
N b

[In] int((c*cot(a + b*x))~(1/3),x)

[Out] (c™(1/3)*log(81*c~(16/3)*(c*cot(a + b*x))~(2/3) + 81%c~6))/(2xb) - (c~(1/3)
*1og((81%c~6) /b4 - (81xc~(16/3)*((37(1/2)*1i)/2 + 1/2)*(c*cot(a + b*x))~(2
/3))/b~4)x((37(1/2)*11)/2 + 1/2))/(2%b) + (c~(1/3)*1og((81%c~6)/b~4 + (162%
c~(16/3)*((37(1/2)*1i) /4 - 1/4)*(cxcot(a + b*x))~(2/3))/b~4)*((37(1/2)*1i)/

4 - 1/4))/b
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1
3.20 /= dz
3/ccot(a + bx)
Optimal result . . . . . . . . . . . e 156
Rubi [A] (verified) . . . . . . . . . 1561
Mathematica [A] (verified) . . . . . . . . ... L 159
Maple [A] (verified) . . . . . . . .. 159
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... 160
Sympy [F] . o o 161l
Maxima [A] (verification not implemented) . . . . . . . . . ... ... 1611
Giac [F] . . . o o o 161
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 162
Optimal result
Integrand size = 12, antiderivative size = 131
c2/3-9(ccot(a+bzx))?/3
/ 1 p v/3arctan ( 2(\/522(/: ) > log (c*/® + (ccot(a + bz))?/?)
T = -
v/ ccot(a + bz) 2by/c 2b+/c
N log (c*/3 — ¢#3(ccot(a + bx))?% + (ccot(a + bx))*/?)
4by/c

[Out] -1/2*1n(c~(2/3)+(c*cot(b*x+a))~(2/3))/b/c~(1/3)+1/4%1n(c"(4/3)-c~(2/3)*(c*c
ot (bxx+a)) ~(2/3)+(c*cot (b*x+a))~(4/3))/b/c”(1/3)+1/2*arctan(1/3*(c~(2/3)-2x%
(cxcot (b*x+a))~(2/3))/c~(2/3)*37(1/2))*37(1/2) /b/c~(1/3)

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.00,

number of steps used = 9, number of rules used = 9, number of rules _ 0.750, Rules used
integrand size

— {3557, 335, 281, 206, 31, 648, 631, 210, 642}

c2/3—3(ccot(a+bx))?/3
1 v3arctan < (\/gzzg/;r ) ) log ((ccot(a + bx))*/3 + c*/3)
/ dx = 3 B 3
v ccot(a + br) 2by/c 2by/c
N log (—c*3(ccot(a + bx))*? + (ccot(a + bx))*/3 + ¢*/3)
4b/c

[In] Int[(c*Cotl[a + b*x])~(-1/3),x]

[Out] (Sqrt[3]*ArcTan[(c~(2/3) - 2*x(c*Cot[a + b*x])~(2/3))/(Sqrt[31*c~(2/3))1)/(2
*bxc~(1/3)) - Logl[c~(2/3) + (c*Cot[a + b*x])~(2/3)]1/(2xbxc~(1/3)) + Loglc~(
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4/3) - c~(2/3)*(cxCot[a + b*x])~(2/3) + (cxCot[a + b*x])~(4/3)]/(4xbxc~(1/3
))

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]]1/b, x] /; FreeQ[{a, b}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"3)"(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]~2), Int[1/(
Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]72), Int[(2*Rt[a, 3] - R
t[b, 3]*x)/(Rt[a, 312 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3]1"2*x~2), x], x] /; F
reeQ[{a, b}, x]

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 281

Int[(x_)~(m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], x, X
“k], x]1 /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] &% IntegerQ[m]

Rule 335

Int[((c_.)*(x_))"(m_)*x((a_) + (b_)*(x_)"(n_.))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*(x"(k*n)/c"n
N7p, x], x, (cxx)~(1/kK)], x]1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*a*xc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]
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Rule 648

Int[((d_.) + (e_.)*x(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2xc*xd - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !'NiceSqrtQ[b~2 - 4*axc]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps

CSUbSt (f m

b

(3¢)Subst <f Zis 4, z, 3/ ccot(a + bx))
b

(3c)Subst ([ 51— dz, z, (ccot(a + bz))*/3)

c2+x3

2b
Subst( [ 52— dz, z, (ccot(a + bx))¥3)  Subst( [ 25272 dz, z, (ccot(a + bx))?/3
c2/3 41 cA/3—c2/3z+2

dz,z,ccot(a + bx))

integral = —

B 2b/c 2b/c

log (c*/3 + (ccot(a + bx))?/?) . Subst (f (@i@% dz,z, (ccot(a + bx))2/3>

2b+/c 4by/c
(34/c) Subst <f ar—ams 4z, T, (ccot(a + bx))2/3)
4b

_ log (¢*® + (ccot(a + bx))*/?)
T 2b/c

log (c*/3 — ¢*3(ccot(a + bx))?® + (ccot(a + bx))*?)

+ 4bc
3Subst (f ——dz,z,1— 2(““%—731”5))2/3>
2b/c

1— 2(c cot(a+b:t))2/3

Ueootlatba)*
V3 arctan <T

) log (¢*/® + (ccot(a + bzx))?/?)
e B 2
log (c*/® — ¢*/3(ccot(a + bx))*? + (ccot(a + bx))*/?)
" e
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Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.75

/ 1
dz
v/ccot(a + bx)
2
v/ cot(a + bx) (—2\/§arctan (%;W) —2log (1 + cot3 (a + bx)) + log <1 — cot3 (a + bx) + cot

4b+/ccot(a + bx)

[In] Integrate[(c*Cot[a + b*x])~(-1/3),x]

[Out] (Cot[a + b*x]~(1/3)*(-2*Sqrt[3]*ArcTan[(-1 + 2*Cot[a + bx*x]~(2/3))/Sqrt[3]]
- 2+¢Log[1 + Cot[a + b*x]~(2/3)] + Logl[l - Cot[a + b*x]~(2/3) + Cot[a + Db*x
17(4/3)1)) / (4xbx (cxCot [a + b*x])~(1/3))

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 108, normalized size of antiderivative = 0.82

method result
V3 (2(ccot(bz+a))§ _
e
\/5 arctan (CZ) ’
In <(c cot(bz+a)) % + (02) % ) In <(c cot(bz+a)) % —(c cot(szra))% (02) % + (cz) % >
3c 5 - 5 + 2
6(c2)3 12(c2)3 6(c2)3
derivativedivides | — 5
V3 2(ccot(bm+a))% _
SESm i
\/5 arctan (cz) °
In <(c cot(bz+a)) % + (c2) % > In <(c cot(bz+a)) % —(c cat(bz+a))% (c2) % + (c2) % >
3c 5 - 5 + 2
6(c2)3 12(c2)3 6(c2)3
default - 5

[In] int(1/(c*cot(b*x+a))~(1/3),x,method=_RETURNVERBOSE)

[Out] -3/b*c*(1/6/(c”2)~(2/3)*1n((c*xcot(b*x+a))~(2/3)+(c"2)~(1/3))-1/12/(c"2)~(2/
3)*1n((c*xcot (bxx+a))~(4/3)-(cxcot (b*x+a)) ~(2/3)*(c™2) ~(1/3)+(c~2)~(2/3))+1/
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6/(c”2)"(2/3)*3"(1/2)*arctan(1/3*3~(1/2) *(2* (c*xcot (b*x+a))~(2/3)/(c"2)~(1/3
)-1)))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 268 vs. 2(100) = 200.

Time = 0.27 (sec) , antiderivative size = 639, normalized size of antiderivative = 4.88

d.’l?

—C 3 2 CCOSs T a C 3 CCOSs 4 a C
V3c %log (% \/5((—0)3 (%) * (cos (2bz +2a) — 1) — 2c<%

)

=

sin (2bz +

/ 1 2 1
1 \/g —c lc _ (=93 2\/3 _c 2 cco's(2bx+2a)+c 34/ _(=9)3 2 2
2\/50\/ —¢ arctan ( Sl L 3:;( PR ) . ) + 2(—0)§ log ((—C)§ + (c_f

[In] integrate(1/(c*cot(b*x+a))~(1/3),x, algorithm="fricas")

[Out] [1/4*(sqrt(3)*c*sqrt((-c)~(1/3)/c)*1log(1/2xsqrt(3)*((-c)~(2/3)*((c*cos(2*bx

X + 2*%a) + c)/sin(2*b*x + 2*a)) " (2/3)*(cos(2*b*x + 2*a) - 1) - 2xc*x((c*xcos(
2xb*x + 2%a) + c)/sin(2*xb*x + 2#*a))~(1/3)*sin(2xb*x + 2*a) + (c*xcos(2xb*x +
2%a) - c)*(-c)~(1/3))*sqrt((-c)~(1/3)/c) - 3/2%(-c)~(1/3)*((c*cos(2*b*x +
2xa) + c)/sin(2%bxx + 2*a))~(2/3)*(cos(2*bxx + 2*a) - 1) + 3/2*c*cos(2*b*x
+ 2xa) + 1/2%c) - 2%(-c)~(2/3)*1og((-c)~(2/3) + ((c*cos(2xb*x + 2*a) + c)/s
in(2xb*x + 2*a))~(2/3)) + (-c)~(2/3)*1log(-((-c)~(1/3)*c*sin(2xbxx + 2*a) +
(-c)~(2/3)*((c*xcos(2*bxx + 2*a) + c)/sin(2%b*x + 2*a))~(2/3)*sin(2*b*xx + 2%
a) - (ckcos(2xbxx + 2*a) + c)*((c*kcos(2*b*x + 2*a) + c)/sin(2*b*x + 2%a) )~ (
1/3))/sin(2%b*x + 2*a)))/(bxc), -1/4*%(2xsqrt(3)*c*xsqrt(-(-c)~(1/3)/c)*arcta
n(1/3*(sqrt(3)*(-c)~(1/3)*cxsqrt (-(-c)~(1/3)/c) + 2*sqrt(3)*(-c)~(2/3)*((c*
cos(2xbxx + 2*a) + c)/sin(2xbxx + 2*a))~(2/3)*sqrt(-(-c)~(1/3)/c))/c) + 2x(
-c)~(2/3)*log((-c)~(2/3) + ((c*xcos(2*b*x + 2¥a) + c)/sin(2*b*x + 2xa))~(2/3
)) = (mc)~(2/3)*log(-((-c)~(1/3) *cxsin(2*b*x + 2xa) + (-c)~(2/3)*((cxcos (2%
b*x + 2%a) + c)/sin(2xbxx + 2+%a))~(2/3)*sin(2*b*x + 2*a) - (c*cos(2*bxx + 2
*xa) + c)*((c*xcos(2*bxx + 2*a) + c)/sin(2*xb*x + 2%a))~(1/3))/sin(2*b*x + 2*a

)))/ (b*c)]
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Sympy [F]

1 1
L/‘ dx::L/n dx
v ccot(a + bx) v eeot (a + br)

[In] integrate(1/(c*cot(b*x+a))**(1/3),x)
[Out] Integral((c*cot(a + bx*x))*x(-1/3), x)

Maxima [A] (verification not implemented)

none
Time = 0.34 (sec) , antiderivative size = 103, normalized size of antiderivative = 0.79

d.’l?

2 C
V3|3 -2 (tan(bz+a) )
2 \/g arctan | — 5 4 5
3e3 log <c3 —c3 (tan(bca:Jra) )

- 4
c3

wino

winN
s

+<tan(bca:+a)>

2
2 3
> 210g<03+<tan(bcz+a)> >
+

4
c3

C

[0

c

B 4b

[In] integrate(1/(c*cot(b*x+a))~(1/3),x, algorithm="maxima")

[Out] -1/4%c*(2*sqrt(3)*arctan(-1/3*sqrt(3)*(c~(2/3) - 2*(c/tan(b*x + a))~(2/3))/
c~(2/3))/c"(4/3) - log(c~(4/3) - c~(2/3)*(c/tan(b*x + a))~(2/3) + (c/tan(bx*
x + a))”(4/3))/c”(4/3) + 2xlog(c™(2/3) + (c/tan(b*x + a))~(2/3))/c~(4/3))/b

Giac [F]

1

/ mdz’ B / (ccot (br + a))

dz

ol

[In] integrate(1/(c*cot(b*x+a))~(1/3),x, algorithm="giac")

[Out] integrate((c*cot(b*x + a))~(-1/3), x)
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Mupad [B] (verification not implemented)

Time = 12.16 (sec) , antiderivative size = 128, normalized size of antiderivative = 0.98

In ((ccot(a +bz))¥% + c2/3>

/ ! dr = —
V/ecot(a + bz) 2bct/?
In (81 ot/? (I;H‘/g“) 4 16288 (cco;§a+bz))2/3> (_1 + \/311)
a 4bcl/3
In (81011/3 I();+‘/§11> 1628 (cco;§a+bx))2/3> (1 n \/gli)
+ 4bcl/3

[In] int(1/(c*cot(a + b*x))~(1/3),x)

[Out] (log((81*c~(11/3)*(37(1/2)*1i + 1))/b"3 - (162*c~3*(c*cot(a + b*x))~(2/3))/
b~3)*(37(1/2)*1i + 1))/ (4*b*c~(1/3)) - (log((81*c~(11/3)*(37(1/2)*1i - 1))/

b~3 + (162*c”3*(cxcot(a + b*x))~(2/3))/b"3)*(37(1/2)*1i - 1))/ (4xbxc~(1/3))

- log((cxcot(a + b*x))~(2/3) + c~(2/3))/(2%b*xc”(1/3))
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1

3.21 f (ccot(a+bx))?/3 dz

Optimal result . . . . . . . . . . . e 163l
Rubi [A] (verified) . . . . . . . . 164
Mathematica [C] (verified) . . . . . . . . . .. L 167
Maple [A] (verified) . . . . . . . . . . 168
Fricas [B] (verification not implemented) . . . . . . . ... .. ... ... ...... 168}
Sympy [F] . . . o 170
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... IV
Giac [F] . . . o o 170
Mupad [B] (verification not implemented) . . . ... ... ... ... .. ....... Ival

Optimal result

Integrand size = 12, antiderivative size = 225

{/ccot(a + br)
arctan ( ccoz(a + bx))

/ = dr = — Ve
(ccot(a + bx))2/3 ™~ bc2/3
arctan ( v/3 — 2 Vccot(a + bx) arctan [ v/3 + 2}/ ccot(a + bx)
* 2bc?/3 B 2bc2/3
\/glog <c2/3 _ \/g% 3 ccot(a n b:z:) + (ccot(a + bx))2/3>
- 4bc?/3
V3log <02/3 + v/3/c{/ccot(a+ bz) + (ccot(a + bx))z/rs)
- 4bc?/3

[Out] -arctan((c*xcot(b*x+a))~(1/3)/c~(1/3))/b/c”(2/3)-1/2*arctan(2x(c*cot (b*x+a))
~(1/3)/c~(1/3)-37(1/2))/b/c~(2/3)-1/2*%arctan (2* (cxcot (b*x+a)) ~(1/3)/c~(1/3)
+37(1/2))/b/c~(2/3)+1/4*%1n(c” (2/3) +(c*xcot (b*xx+a) )~ (2/3)-c~(1/3) *(c*xcot (b*x+
a))~(1/3)*37(1/2))*37(1/2)/b/c~(2/3)-1/4*1n(c”(2/3)+(c*cot (b*x+a)) ~(2/3)+c~
(1/3)*(c*cot (bxx+a) )~ (1/3)*37(1/2))*3(1/2) /b/c~(2/3)
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Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 225, normalized size of antiderivative = 1.00,
number of steps used = 12, number of rules used = 8 number of rules _ 0.667, Rules used

' integrand size
= {3557, 335, 215, 648, 632, 210, 642, 209}

arctan ( Y/ ccot(a+ bx))
1 e
/ (ccot(a + bx))2/3 do =~ bc2/3

arctan (\/5 _ 23/ccot(a + bx)) arctan (23\/ccot(a + bx) n \/5)

X ve ) Ve
2bc?/3 2bc?/3

v/3log (—ﬁ{’/é?/ccot(a + bx) + (ccot(a + bx))?/® + c2/3>
+ 4bc?/3

v3log (x/g%\?’/ccot(a + bz) + (ccot(a + bx))?/3 + 02/3>
B 4bc2/3

[In] Int[(c*Cot[a + b*xx])~(-2/3),x]

[Out] -(ArcTan[(c*Cot[a + b*x])~(1/3)/c~(1/3)1/(b*c~(2/3))) + ArcTan[Sqrt[3] - (2
*(cxCot[a + bxx])~(1/3))/c~(1/3)1/(2%¥bxc™(2/3)) - ArcTan[Sqrt[3] + (2*(c*Co

tla + b*x])~(1/3))/c”(1/3)1/(2%bxc™(2/3)) + (Sqrt[3]*Loglc™(2/3) - Sqrt([3]*
c”(1/3)*(cxCot[a + bxx])~(1/3) + (c*Cotl[a + b*x])~(2/3)])/(4*bxc~(2/3)) - (

Sqrt [3]*Logl[c~(2/3) + Sqrt[3]*c~(1/3)*(c*Cot[a + b*x])~(1/3) + (c*Cot[a + b
*x])7(2/3)1) / (4xb*c~(2/3))

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 21)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 0])

Rule 215

Int[((a)) + (b_.)*(x_)"(n_))"(-1), x_Symbol] :> Module[{r = Numerator[Rt[a/
b, nl], s = Denominator[Rt[a/b, nl], k, u, v}, Simp[u = Int[(r - s*Cos[(2*k
- 1D*(Pi/n)]*x)/(r~2 - 2*xr*s*xCos[(2*%k - 1)*(Pi/n)]l*x + s872%x"2), x] + Int[
(r + sxCos[(2xk - 1)*(Pi/n)]*x)/(r"2 + 2*r*s*Cos[(2*%k - 1)*(Pi/n)]*x + s~2%
x~2), x]; 2%(r~2/(a*n))*Int[1/(r"2 + s72*x"2), x] + Dist[2*(r/(a*n)), Sum[u
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,» 1k, 1, (n - 2)/4}], x1, x1]1 /; FreeQ[{a, b}, x] && IGtQ[(n - 2)/4, 0] &&
PosQ[a/bl

Rule 335

Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x"(k*(m + 1) - 1)*(a + bx(x"(k*n)/c"n
))7p, x1, x, (c*x)~(1/k)]1, x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*xx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%xc*xd - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] & !
IntegerQ[n]

Rubi steps
1
cSubst (f 75T 4%, 7, ccot(a + bm))
integral = — 2
(3c)Subst (f a5 da, m, v/ ccot(a + bx))

b
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3/c— V3
Subst (f _ Ve dz,z, y/ccot(a + bm))

c2/3—/3 %m-{-zz

be2/3
Ve ¥3e i LR
Subst (f 02/3.:{/_5% d.’,C, z, Y CCOt(a + bCE))
o bc2/3

Subst <f a7z 4z, T, ¥/ ccot(a + bx))
_ o7

3
arctan ( ccot%(/% + bx)) v/3Subst (f _—va¥fcim dz,z, v/ccot(a + bx))

i c2/3-4/3 %x+z2 ’
bc2/3

4bc?/3
v/3Subst (f VLS I dz,z, \/ccot(a + bx))

c2/34+/3 %x+zz
4bc?/3

1 #/ccot(a + ba)
ETRNCE dzx,x, v/ccot(a + bx))
4b/c
S S 3
) Subst (f RN dz,z, y/ccot(a + bx))
4b/c
Y ccot(a + bx)
{/c
be2/3
V3log <02/3 — V/3/c{/ccot(a+ bx) + (ccot(a + bw))2/3>
+ 4bc?/3
v3log <02/3 + v/3/c3/ccot(a + bx) + (ccot(a + bx))2/3>
B 4bc?/3
Subst(f L dr,z,1-2 ccot(a+bz)>

3o V3i/e
2+/3bc2/3
Subst(f_—il_—zzdx,x,l-l- 2
3

2+/3bc2/3

) Subst ( i

arctan <

Y cceot(a + b:c))

V3i/c
N Ve
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arctan ( ceot(a + bz)) arctan <% (3\/3 -5 CCO;C(G + bz) ) >

Ve Ve
be?/3 + 2bc2/3
1 63/ ccot(a + bx)
arctan (3 <3\/§ + s
- 2bc?/3
V3log (C2/3 —V/3/c{/ccot(a+ bx) + (ccot(a + bx))2/3>
" 4bc?/3
V3log <02/3 +v/3¥/cy/ccot(a + bz) + (ccot(a + bm))2/3)
- 4bc?/3

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.23 (sec) , antiderivative size = 189, normalized size of antiderivative = 0.84

v/ ccot(a + bx) (—i log (1 —iy/cot?(a + bz)) +ilog (1 +iy/cot?(a + bx)) +

1
/ (ccot(a + b2))8 4=

[In] Integrate[(c*Cot[a + b*x])~(-2/3),x]

[Out] ((c*Cot[a + b*x])~(1/3)*((-I)*Logl[l - Ix(Cot[a + b*x]~2)~(1/6)] + I*Logl[l +
Ix(Cot[a + b*x]"2)7(1/6)] + (-1)~(1/6)*(-((-1)~(2/3)*Log[1 - (-1)~(1/6)*(C

ot[a + b*x]~2)7(1/6)]) + (-1)7(2/3)*Logl1l + (-1)"(1/6)*(Cot[a + b*x]~2)~(1/

6)] - Logll - (-1)7(5/6)*(Cot[a + b*x]~2)"(1/6)] + Logll + (-1)7(5/6)*(Cot[

a + b*x]72)7(1/6)]1)))/(2¥b*c*(Cot [a + b*x]~2)7(1/6))
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Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 203, normalized size of antiderivative = 0.90

method result
1 2 1 1 1 (c2) % arctan M—\/ﬁ (cz) % arc
V3 (c2) 6 1n<7(c cot(bz+a)) 3 +/3 (CZ) 6 (ccot(bz+a))3 — (c2) 3) (C2) %
3c| — 1202 + 6c2 +
derivativedivides | —
1 2 1 1 1 (02) % arctan —172(660t(bz+a))% -3 (02) % arc
V3 (c2) 6 ln<—(ccot(b:v+a)) 3+v3 (02) 6 (ccot(bz+a))3 — (c2> 3’) (02) I
3| - 12¢2 + 62 +
default —

[In] int(1/(c*cot(b*x+a))~(2/3),x,method=_RETURNVERBOSE)

[Out] -3/b*cx(-1/12/c~2x3~(1/2)*(c”~2)~(1/6)*1n(-(c*cot (b*x+a))~(2/3)+3~(1/2) *(c"2
)~ (1/6)*(cxcot (b*x+a))~(1/3)-(c"2)~(1/3))+1/6/c"2*(c"2) "~ (1/6) *arctan (2* (c*c

ot (b*xx+a))~(1/3)/(c™2)~(1/6)-3"(1/2))+1/3/c~2%(c~2) ~(1/6) *arctan((c*cot (b*x
+a))~(1/3)/(c”2)"(1/6))+1/12/c~2*3~(1/2)*(c~2) ~(1/6) *1n((c*cot (b*x+a)) ~(2/3
)+37(1/2)*(c”2)~(1/6) *(c*cot (b*x+a) ) ~(1/3)+(c"2)~(1/3))+1/6/c~2*%(c~2)~(1/6)
*arctan (2% (cxcot (b*x+a))~(1/3)/(c"2)~(1/6)+37(1/2)))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 384 vs. 2(169) = 338.
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Time = 0.26 (sec) , antiderivative size = 384, normalized size of antiderivative = 1.71

/ (ccot(a i b)) 9% = 1 1
_i(¢i§+1)<—#%)6bg< (¢_7w+b®< @;)6

(o))
(x/_+1)(—b6i4)élog(——(\/_bc+bc)< b61c4)é

ccos (2bz +2a) +c
sin (2bx + 2 a)
1\5

( log( \/_bc—bc)(—@)

i)
ccos (2bz + 2a) + ) )

I
I
}—l

sin (2bx + 2a)

_|_

P‘kl’—‘/_\ ,.J;H—\/\ '-P
/—\

(V:3—1)<—5;z) bg<__(vr—$c_bd<:b:4>;
(c cos n(2 ;Zx++2;a)+ c) )
-3 () (o) -+ (E))

1 1\? 1\? ccos(2bx+2a)+c%
+§(‘@) log ("’C(‘@) +( sin (2bz + 2 a) ))

[In] integrate(1/(c*cot(b*x+a))~(2/3),x, algorithm="fricas")

[Out] -1/4%(sqrt(-3) + 1)*(-1/(b"6%c”4))~(1/6)*Llog(1/2*(sqrt(-3)*b*c + bxc)*(-1/(
b~6%c~4))~(1/6) + ((cxcos(2*b*x + 2%a) + c)/sin(2%b*x + 2%a))~(1/3)) + 1/4x
(sqrt(-3) + 1)*(-1/(b~6%c~4))~(1/6)*1log(-1/2*(sqrt(-3)*b*c + b*c)*(-1/(b"6*
c”4))~(1/6) + ((cxcos(2*%b*xx + 2%a) + c)/sin(2*%b*x + 2%a))~(1/3)) - 1/4*(sqr
t(=3) - 1)*(-1/(b"6%c"4))~(1/6)*Llog(1/2*(sqrt (-3) *b*c - bxc)*(-1/(b~6xc~4))
~(1/6) + ((cxcos(2*b*xx + 2%a) + c)/sin(2*%b*xx + 2%a))~(1/3)) + 1/4*(sqrt(-3)
- 1)*x(-1/(0b"6%c"4)) " (1/6) *Llog(-1/2*(sqrt (-3) *b*c - b*c)*(-1/(b~6*c~4))~(1/
6) + ((cxcos(2%b*x + 2%a) + c)/sin(2*b*x + 2%a))~(1/3)) - 1/2%(-1/(b"6%c~4)
)~ (1/6)*1og(b*cx(-1/(b"6%xc~4))~(1/6) + ((c*kcos(2*b*x + 2*a) + c)/sin(2*b*x
+ 2%a))”(1/3)) + 1/2%(-1/(b"6%c”4))~(1/6)*Log(-b*xcx(-1/(b"6*c~4))~(1/6) + (
(c*xcos(2*bxx + 2*a) + c)/sin(2xb*xx + 2+%a))~(1/3))
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Sympy [F]

! dz —/ ! dz
(ccot(a + bx))?/3 (ccot (a + bz))s

[In] integrate(1/(cxcot(bxx+a))**(2/3),x)
[Out] Integral((c*cot(a + b*x))*x(-2/3), x)

Maxima [A] (verification not implemented)

none

Time = 0.34 (sec) , antiderivative size = 182, normalized size of antiderivative = 0.81

1
/ (coot(a + b2))78 & =

win
ol

[

1
C
V3e3 +2 (tan(bz—
2 arctan | ————7—
c3

) ﬁ10g<_¢§c% (——

e+ (i)

Vilos (ﬁc% (wcrar) red+ (i) §>
+
5
3

c

Cc

wio
ol

c C

[In] integrate(1/(c*cot(b*x+a))~(2/3),x, algorithm="maxima")

[Out] -1/4%c*(sqrt(3)*log(sqrt(3)*c~(1/3)*(c/tan(b*x + a))~(1/3) + c~(2/3) + (c/t
an(b*x + a))~(2/3))/c”(5/3) - sqrt(3)*log(-sqrt(3)*c~(1/3)*(c/tan(b*x + a))
~(1/3) + ¢c~(2/3) + (c/tan(b*x + a))~(2/3))/c~(5/3) + 2*xarctan((sqrt(3)*c~(1

/3) + 2x(c/tan(b*x + a))~(1/3))/c~(1/3))/c~(5/3) + 2xarctan(-(sqrt(3)*c~(1/

3) - 2x(c/tan(b*x + a))~(1/3))/c~(1/3))/c~(5/3) + 4*arctan((c/tan(b*x + a))
~(1/3)/c~(1/3))/c~(56/3)) /b

Giac [F]

1 1
/(CCOt(a+bx))2/3 dz_/(ccot(bera)) @

Wi

[In] integrate(1/(c*cot(b*x+a))~(2/3),x, algorithm="giac")
[Out] integrate((cxcot(b*x + a))~(-2/3), x)
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Mupad [B] (verification not implemented)

Time = 12.44 (sec) , antiderivative size = 231, normalized size of antiderivative = 1.03

(_1)1/6 atan < (—=1)%/ (ccot(a+bz))/? 11) 1

1 /3
/(ccot(a+bm))2/3 dz = = bc2/3

1) In (2 (ccot(a + b)) + (-0 + 2/%&/3) (3+41)
2bc2/3

1)1 (2 (ccot(a + bz))/® — (=)0 /3 4+ (=1)*3 /3 301/3>< %_,_ )
2bc?/3

1/6 n(( 1 1/6 1/3 _ 2(ccot(a+bx))1/3 2/3\/501/3> (%"'\/ih)
bc2/3

1) 1n (2 (coot(a+ b)) + (—1)/0 5 — (10 VBeils) (=1 + ¥3n)
bc2/3

[In] int(1/(c*cot(a + b*x))~(2/3),x)

[Out] ((-1)"(1/6)*1og((-1)~(1/6)*c™(1/3) - 2*(c*cot(a + b*x))~(1/3) + (-1)~(2/3)*
37(1/2)*c™(1/3))*((37(1/2)*1i) /4 + 1/4))/(bxc™(2/3)) - ((-1)~(1/6)*1og(2*(c
*cot(a + bxx))~(1/3) + (-1)7(1/6)*c~(1/3) + (-1)7(2/3)*37(1/2)*c~(1/3))*((3
“(1/2)%11)/2 + 1/2))/(2*xbxc™(2/3)) - ((-1)7(1/6)*log(2*(c*cot(a + b*x))~(1/
3) - (-1)7(1/6)*%c~(1/3) + (-1)7(2/3)*37(1/2)*c™(1/3))*((37(1/2)*1i)/2 - 1/2
)/ (2xbxc™(2/3)) - ((-1)7(1/6)*atan(((-1)~(5/6)*(c*cot(a + b*x))~(1/3)*1i)/
c™(1/3))*1i)/(b*xc™(2/3)) + ((-1)7(1/6)*Llog(2*(c*cot(a + b*x))~(1/3) + (-1)~
(1/6)*c~(1/3) - (-1)7(2/3)*37(1/2)*c~(1/3))*((37(1/2)*1i)/4 - 1/4))/(b*c~(2

/3))
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1

3.22 f (ccot(a+bx))4/3 dz

Optimal result . . . . . . . . . . . e 172
Rubi [A] (verified) . . . . . . .. . 173
Mathematica [C] (verified) . . . . . . . . ... . 176
Maple [A] (verified) . . . . . . . . . 17
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ... ... ... I
Sympy [F] . . . o 178
Maxima [A] (verification not implemented) . . . . . . . .. ... ... . L. 178l
Giac [F] . . . o o 179
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 179

Optimal result

Integrand size = 12, antiderivative size = 244

arctan Vccot(a + br)
/ : dz = Ve
(ccot(a + bx))4/3 bct/3
E 3
arctan <\/§ _2 CCO%G/(S + bx)) arctan (\/3 +2 CCO%G/(S + bx))
- 2bc*/3 + 2bcA/3
3 V3log <02/3 —V/3/c/ccot(a + bx) + (ccot(a + bm))2/3>
T e + 4/3
bei/ecot(a 1 b2) e
V3log <02/3 +V/3¢/cy/ccot(a + bx) + (ccot(a + bz))2/3>
- 4bct/3

[Out] arctan((c*cot(b*x+a))~(1/3)/c~(1/3))/b/c”(4/3)+1/2*arctan(2x(c*cot (b*xx+a))”~
(1/3)/c~(1/3)-3"(1/2))/b/c”(4/3)+1/2*arctan (2* (cxcot (b*x+a) ) ~(1/3) /c~(1/3)+
37(1/2))/b/c”(4/3)+3/b/c/(cxcot (b*x+a)) ~(1/3)+1/4*1n(c~(2/3)+(cxcot (b*x+a))
~(2/3)-c~(1/3)*(c*cot (b*x+a) ) ~(1/3)*3~(1/2))*37(1/2) /b/c”(4/3)-1/4*%1n(c~(2/
3)+(cxcot (b*x+a)) ~(2/3)+c~(1/3)*(c*cot (bxx+a)) ~(1/3)*37(1/2))*3~(1/2) /b/c~(

4/3)
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Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 244, normalized size of antiderivative = 1.00,
number of steps used = 13, number of rules used = 9 number of rules _ 0.750, Rules used

' integrand size
= {3555, 3557, 335, 301, 648, 632, 210, 642, 209}

arctan < Y ccot(a + bm))
1 Ve
/ (ccot(a + bx))4/3 dz = bct/3
arctan [ v/3 — 23/ ccot(a + bx) arctan 23/ ccot(a + bx) V3
Ve Ve
B 2bcA/3 * 2bci/5
V3log (—\/3\3/5 ¢/ccot(a + bx) + (ccot(a + bx))?/> + 02/3)
* 4bct/3
V/3log <\/§\3/53 ccot(a + bz) + (ccot(a + bz))?/3 +02/3> 3
- +
4bct/? bey/ccot(a + bx)

[In] Int[(c*Cot[a + b*x])~(-4/3),x]

[Out] ArcTan[(c*Cot[a + b*x])~(1/3)/c~(1/3)]1/(b*c~(4/3)) - ArcTan[Sqrt[3] - (2*(c
*Cot[a + bxx])~(1/3))/c~(1/3)1/(2xbxc~(4/3)) + ArcTan[Sqrt[3] + (2x(c*Cotl[a

+ b*x])7(1/3))/c”(1/3)1/ (2%bxc™(4/3)) + 3/(b*cx(c*Cot[a + b*x])~(1/3)) + (

Sqrt [3]*Logl[c~(2/3) - Sqrt[3]*c~(1/3)*(cxCot[a + b*x])~(1/3) + (c*Cot[a + b
*x])7(2/3)1)/ (4xb*xc™(4/3)) - (Sqrt[3]*Loglc™(2/3) + Sqrt[3]*c~(1/3)*(c*Cot[

a + b*x])7(1/3) + (cxCotla + bxx])~(2/3)])/(4*bxc™(4/3))

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 21)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

Rule 301

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[a/b, n]], s = Denominator[Rt[a/b, nl]], k, u}, Simp[u = Int[(r*Cos[(2*k
- D*mx(Pi/n)] - s*Cos[(2*%k - 1)*(m + 1)*(Pi/n)]*x)/(xr"2 - 2*r*s*Cos[(2xk -
1)*(Pi/n)]*x + s72%x"2), x] + Int[(r*Cos[(2%k - 1)*m*x(Pi/n)] + s*Cos[(2x%k
- D*x(m + D)*x(Pi/n)]*x)/(x"2 + 2*r*s*Cos[(2xk - 1)*(Pi/n)]*x + s~ 2%x"2), x]
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; 2%(-1)"(m/2)*(r"(m + 2)/(a*n*s™m) )*Int[1/(xr"2 + s872*x"2), x] + Dist[2*(x~
(m + 1)/(a*n*s"m)), Sum[u, {k, 1, (n - 2)/4}]1, x], x]] /; FreeQ[{a, b}, x]
&& IGtQ[(n - 2)/4, 0] && IGtQ[m, O] && LtQ[m, n - 1] && PosQ[a/b]

Rule 335

Int[((c_.)*(x_))"(m_)*((a_) + (b_)*(x_)"(n_.))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(kx(m + 1) - 1)*(a + b*x(x~(k*n)/c™n
))7p, x1, x, (c*xx)~(1/k)]1, x1]1 /; FreeQl[{a, b, c, p}, x] && IGtQ[n, O] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*xe)/(2*%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2xc*xd - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !'NiceSqrtQ[b~2 - 4*axc]

Rule 3555

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(b*Tan[c + d#*x]
)" + 1)/(bxd*x(n + 1)), x] - Dist[1/b"2, Int[(b*Tan[c + d*x])"(n + 2), x],
x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] & !
IntegerQ[n]

Rubi steps

2/3
integral = 3 _ J(ccot(a +b2))*° dz

bey/ccot(a + bx) c




3 Subst( C”Z”i—/jg dz,z,ccot(a + bx))

3 + b
bev/ ccot(a + br) C

3 3Subst <f 023—_4:56 dz,z, v/ccot(a + bx))

3 + b
bev/ ccot(a + br) C

3

Subst (f m d.’L‘, z, \3/ CCOt(a + b.’L‘))

be/coot(a + bz) b7
_Ye_ v
Subst (f m dz, z, Q/W—i—bx))
bct/3
Subst (f 2 42, T, f/m>
be

arctan Y/ ccot(a + bx)
{/c 3

_|_

+

+
bet/3 bey/ccot(a + bx)
v/3Subst (f _—vB¥cra dz,z, {/ccot(a + bx))

c2/3—/3 %m+x2 ’

+ 4bc*/3
3
v/3Subst (f % dz,z, \/ccot(a + bz)>
c2/3+ T+12
B 4bcH/3

Subst ( i

1 3
mdw,x, CCOt(G‘i‘bl’))

4bc
-1 3
EICEY dx,z, v/ ccot(a + bx))

4bc

_|_

Subst ( J

+

175
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arctan Y ccot(a + bx)
{/c 3

bei/ " bed/ecot(a + b2)
V3log <02/3 —V/3/c/ccot(a + bxr) + (ccot(a + bx))2/3)
+ 4bct/3
v3log <02/3 +/3Yc¥/ccot(a + bx) + (ccot(a + bx))2/3>
4bct/3

Subst <f 1 geal- 23\/ccot(a+bx))
—1 g2 )

Vv3y/c
24/3bct/3

3
Subst(f L dz, 3,1+ 2 ccot(a+bx)>

_%_xz \/5%

_|_

24/3bct/3
3 3
arctan < ccot%(/% + bm)) arctan (% <3\/§ S CCo%;/(g + bx) ))

Cc

bct/3 B 2bct/3

arctan (%(3\/§+6 cco%c/(g—i—bx))) .

2c/? ¥ bet/ccot(a+ ba)
v3log <02/3 — v/3¥/cy/ccot(a + bx) + (ccot(a + bx))2/3>
* T
v3log <02/3 +/3Yc¥/ccot(a + bx) + (ccot(a + bx))2/3>
4bcA/3

+

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.26 (sec) , antiderivative size = 254, normalized size of antiderivative = 1.04

6 + i1/ cot?(a + bx) log (1 —iy/cot?(a + bx)) — iy/cot?*(a + bz) log (1 +1 ] cot’

1
/ (ccot(a + b2))8 4=

[In] Integrate[(c*Cot[a + b*x])~(-4/3),x]

[Out] (6 + I*(Cot[a + b*x]~2)~(1/6)*Logl[l - I*(Cot[a + b*x]~2)~(1/6)] - I*(Cotl[a
+ b*x]72)~(1/6)*Log[1 + I*(Cot[a + b*x]~2)~(1/6)] + (-1)~(1/6)*(Cot[a + b*x
172)~(1/6)*Log[1 - (-1)~(1/6)*(Cot[a + b*x]~2)~(1/6)] - (-1)~(1/6)*(Cot[a +
bxx]~2)~(1/6)*Log[1 + (-1)~(1/6)*(Cot[a + b*x]~2)~(1/6)] + (-1)~(5/6)*(Cot

[a + b*x]~2)~(1/6)*Log[1l - (-1)~(5/6)*(Cot[a + b*x]~2)~(1/6)] - (-1)~(5/6)*
(Cot[a + b*x]172)"(1/6)*Logl[1l + (-1)"(5/6)*(Cot[a + b*x]~2)~(1/6)]1)/(2%b*cx*(
cxCot[a + b*x])~(1/3))
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Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 215, normalized size of antiderivative = 0.88

method result
1
2(ccot(bz+a))3 (ccot(b
\/5(62)% ln<7(ccot(bz+a))%+\/§ (cz)%(Ccot(bz+a))%7(c2)%> arctan( 000(62;%0 _\/§) arctan( CCO(C2
L )
3c| — P
derivativedivides | —
1
C xT a 3 Cc
\/5(82)% 1n<—(ccot(bz+a))§+\/§ (cz)%(Ccot(bz+a))%_(c2)%> arctan(2( co(tc(z)%* ) _\/5) arctan(( COE(:;
12c2 + o 2)% + 3(62)%
3c| — )
default —

[In] int(1/(c*cot(b*x+a))~(4/3),x,method=_RETURNVERBOSE)

[Out] -3/b*c*x(-(1/12/c”2*37(1/2)*(c~2)~(5/6) *1n(-(c*cot (b*x+a))~(2/3)+37(1/2)*(c~
2)~(1/6)*(c*cot (b*x+a)) ~(1/3)-(c"2)~(1/3))+1/6/(c"2)~(1/6) *arctan(2* (c*cot (
b*xx+a))~(1/3)/(c"2)~(1/6)-3"(1/2))+1/3/(c"2)~(1/6) *arctan((c*cot (b*x+a))~ (1
/3)/(c”2)"(1/6))-1/12/c"2%37(1/2)*(c~2) " (5/6) *1n((c*cot (bxx+a) )~ (2/3)+3~(1/
2)*(c”2)~(1/6)*(cxcot (b*x+a))~(1/3)+(c"2)~(1/3))+1/6/(c”2) " (1/6) *arctan (2*(

ckxcot (b*x+a))~(1/3)/(c™2)~(1/6)+37(1/2))) /c~2-1/c~2/(c*cot (b*x+a) ) ~(1/3))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 660 vs. 2(186) = 372.

Time = 0.27 (sec) , antiderivative size = 660, normalized size of antiderivative = 2.70

1 5 1
2 (bc® cos (2bz + 2 a) + bc?) (— o) © log (b5c7(—ﬁ) 6 4+ (—“;’;(éb,;f?‘g;rc) 3) —

1
/ (ccot(a + bx))*/3 do =

[In] integrate(1/(c*cot(b*x+a))~(4/3),x, algorithm="fricas")

[Out] 1/4%(2%(b*c”2*cos(2*b*x + 2*a) + bxc~2)*(-1/(b~6%c~8))~(1/6)*log(b~5*xc~7* (-
1/(b"6%c™8))~(5/6) + ((c*cos(2xbxx + 2xa) + c)/sin(2xbxx + 2*xa))~(1/3)) - 2
* (b*c™2%cos (2%b*x + 2%a) + b*xc™2)*(-1/(b"6%c”8))~(1/6)*Log(~-b~5xc~7*(-1/(b"
6*%c”8))~(5/6) + ((c*cos(2*b*x + 2%a) + c)/sin(2*b*x + 2¥a))~(1/3)) - (sqrt(
-3)*bxc”2 - b*c”2 + (sqrt(-3)*b*c”2 - b*c~2)*cos(2*¥bxx + 2%a))*(-1/(b~6xc~8
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))~(1/6)*log(1/2*(sqrt (-3) *b~5*c~7 + b~5*c~7)*(-1/(b"6%c~8))~(5/6) + ((c*co
s(2%bxx + 2%a) + c)/sin(2xbxx + 2*a))~(1/3)) + (sqrt(-3)*b*c”™2 - bxc™2 + (s
qrt (=3)*b*c™2 - b*c”2)*cos(2xbxx + 2*xa))*(-1/(b"6%c~8))~(1/6)*1log(-1/2*(sqr
t(-3)*b~5*c”7 + b~5xc”7)*(-1/(b"6%c"8))~(5/6) + ((c*cos(2%b*x + 2%a) + c)/s
in(2%b*x + 2*%a))~(1/3)) - (sqrt(-3)*bxc”2 + b*c"2 + (sqrt(-3)*b*c”2 + b*c"2
) *cos (2xbxx + 2*a))*(-1/(b~6%c~8))~(1/6)*log(1/2*(sqrt(-3)*b~5%c~7 - b~5*c”
7)*x(-1/(b"6%c~8))~(5/6) + ((c*kcos(2xb*x + 2%a) + c)/sin(2*%b*x + 2*a))~(1/3)
) + (sqrt(-3)*bxc~2 + bxc~2 + (sqrt(-3)*b*c~2 + b*c~2)*cos(2*b*x + 2x%a))*(-
1/(b~6%c™8))~(1/6)*log(-1/2*(sqrt (-3)*b~5*c~7 - b~5*xc~7)*(-1/(b"6%c~8))~(5/
6) + ((cxcos(2*%b*x + 2*%a) + c)/sin(2*bxx + 2%a))~(1/3)) + 12x((c*cos(2*¥b*x
+ 2xa) + c)/sin(2%b*x + 2xa))~(2/3)*sin(2*%b*x + 2%a))/(b*c™2*cos(2*b*x + 2%
a) + b*xc~2)

Sympy [F]

1 1
/ (ccot(a + bz))*/3 de = / (ccot (a + bz))

7 dr
3

[In] integrate(1/(c*cot(b*x+a))**(4/3),x)
[Out] Integral((c*cot(a + b*x))*x(-4/3), x)

Maxima [A] (verification not implemented)

none

Time = 0.32 (sec) , antiderivative size = 204, normalized size of antiderivative = 0.84

1
/ (coot(a + b2))3 % =

1

V3c3 +2 (

¢
tan(bz+a)
1

1 Zlv‘ 2 % 1 Zl{ 2 % 2 arctan
V3log (\/503 <tan(bcm+a) ) ted+ (tan(bca:+a) ) V3log| /33 (tan(bcz-ka) ) +e3 +(tan(bca:+a) )

c3

I
c3

ol

ol

c c
c2

4b

[In] integrate(1/(c*cot(b*x+a))~(4/3),x, algorithm="maxima")

[Out] -1/4%c*((sqrt(3)*log(sqrt(3)*c~(1/3)*(c/tan(b*x + a))~(1/3) + c~(2/3) + (c/

tan(bxx + a))~(2/3))/c”(1/3) - sqrt(3)*log(-sqrt(3)*c~(1/3)*(c/tan(b*x + a)
)=(1/3) + c~(2/3) + (c/tan(b*x + a))~(2/3))/c”(1/3) - 2*arctan((sqrt(3)*c~(
1/3) + 2*(c/tan(b*x + a))~(1/3))/c~(1/3))/c~(1/3) - 2*arctan(-(sqrt(3)*c~(1
/3) - 2x(c/tan(b*x + a))~(1/3))/c~(1/3))/c~(1/3) - 4*arctan((c/tan(b*x + a)
)~(1/3)/c~(1/3))/c"(1/3))/c™2 - 12/(c™2x(c/tan(b*x + a))~(1/3)))/b

[
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Giac [F]

! dz —/ ! dz
(ccot(a + bx))*/3 (ccot (bz + a))%

[In] integrate(1/(c*cot(b*x+a))~(4/3),x, algorithm="giac")
[Out] integrate((c*cot(b*x + a))~(-4/3), x)

Mupad [B] (verification not implemented)

Time = 12.35 (sec) , antiderivative size = 277, normalized size of antiderivative = 1.14

(_1)1/6 atan < (=)*? (CZ?7§a+bz))l/3) 1i

1/3 + b /3

1 3
dz =
(ccot(a + bz))*/3 be(ccot (a+ bx))

(—=1)"% In <972 B8 12 4 972 (—1) /0 6 /3 (—% + @) (ccot(a + bx))1/3> (—% + ﬁli)
a 2bct/3

(—1)1/6 In (972 becl? +972 (-1 )1/6 bo 35/3 ( + fll) (ccot(a + b)) 1/3> (%
B 2bct/3

(=1)Y% In (972 B 12 — 1944 (—1)"/6 46 ¢35/3 (—i n %) (ccot(a + bx))1/3> (—i + )
T b A3
. (=1)Y® In (972 b6 12 — 1944 (—1)V/0 b6 ¢35/3 ( + fll) (ccot(a + bx))1/3> (;{ + Vi“)

bct/3

[In] int(1/(c*cot(a + b*x))~(4/3),x)

[Out] 3/(b*c*(c*xcot(a + b*x))~(1/3)) + ((-1)~(1/6)*atan(((-1)"(2/3)*(c*cot(a + bx*
x))~(1/3))/c”(1/3))*1i) / (b*c~(4/3)) - ((-1)"(1/6)*1og(972xb~6*c~12 + 972%(-
1)7(1/6)*b"6%c”~(35/3)*((37(1/2)*1i)/2 - 1/2)*(c*cot(a + b*x))~(1/3))*((3" (1
/2)x11)/2 - 1/2))/(2xb*c~(4/3)) - ((-1)~(1/6)*1og(972xb"6*c~12 + 972*(-1)~(
1/6)*b~6xc~(35/3)*((3~(1/2)*1i)/2 + 1/2)*(c*cot(a + b*x))~(1/3))*((3~(1/2)*
1i)/2 + 1/2))/(2xbxc~(4/3)) + ((-1)~(1/6)*1og(972*¥b"6*c~12 - 1944x(-1)~(1/6
)*b~6xc~(35/3)*((37(1/2)*1i)/4 - 1/4)*(c*cot(a + b*x))~(1/3))*((37(1/2)*11i)
/4 - 1/4))/(b*c™(4/3)) + ((-1)~(1/6)*1og(972*b~6*c~12 - 1944*(-1)~(1/6)*b"6
*c~(35/3)*%((37(1/2)*1i)/4 + 1/4)*(c*cot(a + b*x))~(1/3))*((3"(1/2)*1i)/4 +

1/4))/ (b*xc™(4/3))
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3.23 [ cot™(a + bz) dz
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Fricas [F] . . . . o . o 187
Sympy [F] . . o 182
Maxima [F] . . . . . 182
Giac [F] . . . o o 182
Mupad [F(-1)] . . . oo 182

Optimal result

Integrand size = 8, antiderivative size = 46

/Cot"(a +ba) dz = _COtH"(a + bz) Hypergeometric2F1 (1, 142 31— cot?(a + bx))
b(1+n)

[Out] -cot(bxx+a)~ (1+n)*hypergeom([1, 1/2+1/2%n], [3/2+1/2*n],-cot(b*x+a)~2)/b/(1+
n)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, rﬁ%ﬁ%ﬁ;ﬁé I;ilzlgs = 0.250, Rules used = {3557,
371}

_ cot"!(a + bz) Hypergeometric2F1 (1,7, 28— cot?(a + bz))
b(n+1)

/cot"(a + bx)dx =

[In] Int[Cot[a + b*x] n,x]

[Out] -((Cot[a + b*x]~(1 + n)*Hypergeometric2F1[1, (1 + n)/2, (3 + n)/2, -Cot[a +
b*x]72])/(bx(1 + n)))

Rule 371

Int[((c_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a”p
*((cxx)"(m + 1)/(cx(m + 1)))*Hypergeometric2Fi[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 0] |l GtQla, 01)

Rule 3557
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Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] & !
IntegerQ[n]

Rubi steps
Subst( [ % dz, x, cot(a + bz
integral = — U i ; ( )
__cot'™(a + bz) Hypergeometric2F1 (1,42, 30— cot?(a + bz))

b(1+n)

Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00

/Cotn(a +ba) dz = _COtH”(a + bz) Hypergeometric2F1 (1, 142 34— cot?(a + bx))
b(1+n)

[In] Integrate[Cot[a + b*x] n,x]
[Out] -((Cot[a + b*x]~(1 + n)*Hypergeometric2F1[1, (1 + n)/2, (3 + n)/2, -Cot[a +

b*x]~2])/(bx(1 + n)))
Maple [F]

/cot (bz + a)" dx

[In] int(cot(b*x+a) n,x)

[Out] int(cot(b*x+a) n,x)

Fricas [F]
/cot"(a +bx)dx = /cot (bz + a)" dx

[In] integrate(cot(b*x+a) n,x, algorithm="fricas")

[Out] integral(cot(b*x + a)~n, x)
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Sympy [F]

/ cot"(a + bz) dz = / cot” (a + bz) dx

[In] integrate(cot(b*x+a)**n,x)

[Out] Integral(cot(a + b*x)**n, x)

Maxima [F]

/cot”(a +bz)dzx = /cot (bz + a)" dx
[In] integrate(cot(b*x+a) n,x, algorithm="maxima")

[Out] integrate(cot(b*x + a)~n, x)

Giac [F]

/cot”(a + br)dz = /cot (bx + a)" dx

[In] integrate(cot(b*x+a) n,x, algorithm="giac")

[Out] integrate(cot(b*x + a)~n, x)

Mupad [F(-1)]

Timed out.

/cot”(a+bz) dr = /cot(a+bz)"dx

[In] int(cot(a + b*x)"n,x)

[Out] int(cot(a + b*x)"n, x)
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3.24 [ (beot(c+ dx))™ dx

Optimal result . . . . . . . . . . e 183
Rubi [A] (verified) . . . . . . . . 183
Mathematica [A] (verified) . . . . . . .. ... Lo 184
Maple [F] . . . . 184
Fricas [F] . . . . o . o 184
Sympy [F] . . o 185
Maxima [F] . . . . . . 185
Giac [F] . . . o o 1851
Mupad [F(-1)] . . . oo 185

Optimal result

Integrand size = 10, antiderivative size = 51

n s (bcot(c+ dx))'*™ Hypergeometric2F1 (1, 152, 52, — cot?(c + dx))
/(bcot(c-}—dx)) do=— e

[Out] -(bxcot(d*x+c))” (1+n)*hypergeom([1, 1/2+1/2*n], [3/2+1/2%n],-cot(d*x+c)~2)/b
/d/(1+n)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, rﬁ%ﬁ%ﬁg&fl I;ilzlgs = 0.200, Rules used = {3557,
371}

n s (bcot(c+ dx))™! Hypergeometric2F1 (1, "33, 243, — cot®(c + dx))
/ (bcot(c+d))" dz = — T

[In] Int[(b*Cot[c + d*x]) n,x]

[Out] -(((b*Cot[c + d*x])~(1 + n)*Hypergeometric2F1[1, (1 + n)/2, (3 + n)/2, -Cot
[c + d*x]~2])/(b*d*(1 + n)))

Rule 371

Int[((c_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 0] |l GtQla, 01)

Rule 3557
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Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] & !

IntegerQ[n]

Rubi steps

integral = — PSubotl] gen df{ z,beot(c + dz))

(beot(c + dz)) ™ Hypergeometric2F1 (1, 142, 32 — cot?(c + dz))
N bd(1 + n)

Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.02

/(b cot(c+ dx))" dz
__ cot(c+ dz)(beot(c + dx))" Hypergeometric2F1 (1,142, 340 — cot?(c + dx))
d(1+n)

[In] Integrate[(b*Cot[c + d*x]) n,x]
[Out] -((Cot[c + d*x]*(bxCot[c + d*x]) “nxHypergeometric2Fi[1, (1 + n)/2, (3 + n)/
2, -Cot[c + d*x]~2])/(d*(1 + n)))

Maple [F]
/ (beot (dx + ¢))" dz

[In] int((b*cot(d*x+c)) n,x)
[Out] int((b*cot(d*x+c)) n,x)

Fricas [F]
/(b cot(c+ dzx))" dz = / (beot (dz + ¢))" dx

[In] integrate((b*cot(d*x+c)) n,x, algorithm="fricas")

[Out] integral((b*cot(d*x + c))"n, x)



185

Sympy [F]

/ (beot(c + dz))" dz = / (beot (¢ + dz))" do

[In] integrate((b*cot(d*x+c))**n,x)

[Out] Integral((bxcot(c + d*x))**n, x)

Maxima [F]
/(b cot(c+ dzx))" dz = / (beot (dz + ¢))" dx

[In] integrate((b*cot(d*x+c)) n,x, algorithm="maxima")

[Out] integrate((b*cot(d*x + ¢))7n, x)

Giac [F]
/(b cot(c + dzx))" dx = / (beot (dz + ¢))" dx

[In] integrate((b*cot(d*x+c)) n,x, algorithm="giac")

[Out] integrate((b*cot(d*x + c))"n, x)

Mupad [F(-1)]
Timed out.

/(bcot(c+dx))” dx=/(bcot(c+dz))" dz

[In] int((b*cot(c + d*x)) n,x)
[Out] int((b*cot(c + d*x))"n, x)
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3.25 [ (a cot?(z))*? da

Optimal result . . . . . . . . . . . e 186
Rubi [A] (verified) . . . . . . .. . 186
Mathematica [A] (verified) . . . . . . . . ... L 187
Maple [A] (verified) . . . . . . . . 187
Fricas [A] (verification not implemented) . . . . . . . . . ... ... ... ... ... 1R8]
Sympy [F] . . o o 188
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 188l
Giac [A] (verification not implemented) . . . . . . . ... ... ... L. 189
Mupad [F(-1)] . . . o 189

Optimal result

Integrand size = 10, antiderivative size = 36

/ (a (:0‘02(37:))3/2 dr = —%a cot(x)4/acot?(z) — ay/acot?(z) log(sin(x)) tan(x)

[Out] -1/2*a*cot(x)*(a*cot(x)~2) " (1/2)-a*1n(sin(x))*(a*xcot(x)"2) " (1/2)*tan(x)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ 304 Ryjes used = {3739,

' integrand size
3554, 3556}

/ (a cotz(sr:))g/2 dr = —%a cot(x)4/acot?(z) — atan(z)y/acot?(x) log(sin(z))

[In] Int[(a*Cot[x]~2)~(3/2),x]
[Out] -1/2%(axCot [x]*Sqrt[a*Cot[x]~2]) - a*Sqrt[a*Cot[x]~2]*Log[Sin[x]]*Tan[x]
Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(m - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl[{c, d}, x]
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Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (f_.)*(x_)1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Dist[(b*ff~n) IntPart[p]*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (n*FracPart[pl)), Int[ActivateTrig[u]l*(Tan
[e + £xx]/ff)"(n*p), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])~"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps

integral = (a\/m tan(w)) / cot?(z) dzx
_ —%acot(x) acot?(z) — (a,/acotz(x) tan(x)) / cot(z) dz

= —%a cot () \/a cot?(z) — a\/a cot?(z) log(sin(z)) tan(x)

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.86
3/2 1
/ (acot?(z))”" dz = —5 /a cot?(z) (cot*(z) + 2(log(cos(z)) + log(tan(z)))) tan(z)

[In] Integrate[(a*Cot[x]~2)~(3/2),x]
[Out] -1/2%(axSqrt[a*xCot[x]~2]*(Cot[x]~2 + 2*(Logl[Cos[x]] + Logl[Tan[x]]))*Tan[x])

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.81

method result Size
3
derivativedivides (a COt(x)Z) : (_ COt(aZ)i:ln (COt (x)QH) ) 29
2 cot(x
3
cot(z)? ) ? (= cot(z)2+1In ( cot(x)2
default (acot@)?) " ( 2;1(1):1 (cot(@)*+1) ) 59

a (eZim +1) 2
. S\ (eQiz — 1) 2
risch (@ 1) (%% 1)

(i In (eQi’” —1) ¥ _2{In (ezi"” —1) e2i iyt iln (ezm - 1) —2ie2iT_2 e2i$x+z)

112

[In] int((a*cot(x)~2)~(3/2),x,method=_RETURNVERBOSE)
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[Out] 1/2*x(a*xcot(x)~2)"(3/2)*(-cot(x) " 2+1n(cot(x)"2+1))/cot(x)"3

Fricas [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.44

__acos(2z)+a

2 W32 ((acos(2z) — a)log (—3 cos (2z) + 1) — 2a) P
/(acot (=) " ar = 2 sin (2z) =

[In] integrate((a*cot(x)~2)~(3/2),x, algorithm="fricas")
[Out] 1/2*((axcos(2*x) - a)*log(-1/2*cos(2*x) + 1/2) - 2*a)*sqrt(-(axcos(2*x) + a
)/ (cos(2*x) - 1))/sin(2*x)

Sympy [F]
/(acotz(x))3/2 dr = / (acot? (x))% dz
[In] integrate((axcot(x)**2)**(3/2),x)

[Out] Integral((axcot(x)**2)**x(3/2), x)

Maxima [A] (verification not implemented)

none
Time = 0.49 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.83

[J[OY]

2 3/2 —1 %0 an (z)? —ago an (z -
/(acot(z)) dx—éalg(t (z)"+1) log (tan (z)) 2 tan (z)°

[In] integrate((a*cot(x)~2)~(3/2),x, algorithm="maxima")
[Out] 1/2*a~(3/2)*log(tan(x)"2 + 1) - a~(3/2)*log(tan(x)) - 1/2*a~(3/2)/tan(x)"2
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Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.86

2 3/2 —1%;— — z)? sgn(cos (z)) sgn(sin (z
| (acort@)? e = 5 0t (o = 1o (= con @) +1) sgnicos o) s ()

[In] integrate((a*cot(x)~2)~(3/2),x, algorithm="giac")
[Out] 1/2*a~(3/2)*(1/(cos(x)"2 - 1) - log(-cos(x)~2 + 1))*sgn(cos(x))*sgn(sin(x))

Mupad [F(-1)]

Timed out.

/(aco’cz(av))?’/2 da:z/(acot(ac)Q)g/zdx

[In] int((a*cot(x)~2)~(3/2),x)
[Out] int((a*cot(x)~2)~(3/2), x)
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3.26 [ acot’(z)dr

Optimal result . . . . . . . . . . . . e 190
Rubi [A] (verified) . . . . . . . . . 190
Mathematica [A] (verified) . . . . . . . . . ... [191]
Maple [A] (verified) . . . . . . . . . 1911
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ... ..... 192
Sympy [F] . . o 192
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... 192
Giac [A] (verification not implemented) . . . . . . .. ... .. Lo oL 192
Mupad [F(-1)] . . . . 193]

Optimal result

Integrand size = 10, antiderivative size = 16

/ Jacot?(z) dz = \/a cot?(z) log(sin(z)) tan(z)

[Out] 1n(sin(x))*(a*cot(x)~2)~(1/2)*tan(x)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ 0.200, Rules used = {3739,
integrand size
3556}

/ \/a cot?(x) dz = tan(z)4/a cot?(x) log(sin(z))

[In] Int[Sqrt[axCot[x]~2],x]
[Out] Sqrt[a*Cot[x]~2]*Log[Sin[x]]*Tan [x]
Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]11/d, x] /; FreeQ[{c, d}, x]

Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (f£_.)*(x_)1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Dist[(b*ff~n) IntPart[p]*((b*xTan[e + f*x]~
n) “FracPart[pl/(Tan[e + f*x]/ff)~(n*FracPart([p]l)), Int[ActivateTrig[u]*(Tan
[e + £*x]/£f£)"(n*p), x], x]1] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ([p]
&% IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_ )le + fxx1)"(m_.) /;
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FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps

integral = (\/acotz(z) tan(x)) / cot(z) dz
= y/acot?(x) log(sin(z)) tan(z)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

/ \/acot?(z) dz = \/acot?(x)(log(cos(x)) + log(tan(z))) tan(z)

[In] Integrate[Sqrt[a*Cot[x]~2],x]
[Out] Sqrt[a*Cot[x]~2]*(Logl[Cos[x]] + Logl[Tan[x]])*Tan[x]

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.38

method result size
\/acot(z)? In(cot(z)2+1

derivativedivides | — i (x)2 c;E:)) ) ) 22
\/acot(z)? In (cot(a:)2 +1>

default — 5 00t(2) 22

ix 2 e2ix 2
_ “((622 +1))2 (€% —1)z il— “(( 22' H))z (€% —1) In (2" 1)
. e<?T 1 e4tT —1
risch — o] - 2w 41 94

[In] int((a*cot(x)~2)~(1/2),x,method=_RETURNVERBOSE)
[Out] -1/2*(a*cot(x)~2)~(1/2)/cot(x)*1n(cot(x) "2+1)
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 43 vs. 2(14) = 28.

Time = 0.26 (sec) , antiderivative size = 43, normalized size of antiderivative = 2.69

[ g s+ Do
acot?(z) dx =

2(cos(2z) + 1)

[In] integrate((a*cot(x)~2)~(1/2),x, algorithm="fricas")
[Out] 1/2xsqrt(-(a*cos(2*x) + a)/(cos(2*x) - 1))*log(-1/2%cos(2*x) + 1/2)*sin(2*x
)/ (cos(2xx) + 1)

Sympy [F]
/\/acotz(x)dx=/\/acot2 (z) dz

[In] integrate((a*cot(x)**2)*x(1/2),x)
[Out] Integral(sqrt(axcot(x)**2), x)

Maxima [A] (verification not implemented)

none
Time = 0.42 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

/ \/acot?(x) dr = —% Valog (tan (z)° + 1) + v/alog (tan (z))

[In] integrate((a*cot(x)~2)~(1/2),x, algorithm="maxima")
[Out] -1/2%sqrt(a)*log(tan(x)~2 + 1) + sqrt(a)*log(tan(x))

Giac [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.25

/ \/acot?(z) dzr = % Valog (— cos (z)* + 1) sgn(cos (z)) sgn(sin (z))

[In] integrate((a*cot(x)~2)~(1/2),x, algorithm="giac")
[Out] 1/2*sqrt(a)*log(-cos(x)~2 + 1)*sgn(cos(x))*sgn(sin(x))
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Mupad [F(-1)]

Timed out.

/\/acot2(x)dz=/\/acot(a:)2dx

[In] int((a*cot(x)~2)~(1/2),x)
[Out] int((a*cot(x)~2)~(1/2), x)
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3.27 [——5—=dx

Optimal result . . . . . . . . . . . . e 194
Rubi [A] (verified) . . . . . . . . 194
Mathematica [A] (verified) . . . . . . . . . .. 1951
Maple [A] (verified) . . . . . . ... 195
Fricas [B] (verification not implemented) . . . . ... ... ... ... ........ 196!
Sympy [F] . . o 196
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... 196
Giac [A] (verification not implemented) . . . . . . . .. ... L 197
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 197

Optimal result

Integrand size = 10, antiderivative size = 17

1 _ cot(z) log(cos(z))

v acot?(x) v Vv acot?(x)

[Out] -cot(x)*1n(cos(x))/(a*xcot(x)~2)~(1/2)

Rubi [A] (verified)

Time = 0.01 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, number of rules _ 0.200, Rules used = {3739,
integrand size
3556}

1 __ cot(z) log(cos(z))

Vv acot?(x) v v acot?(x)

[In] Int[1/Sqrt[axCot[x]~2],x]
[Out] -((Cot[x]*Logl[Cos[x1])/Sqrt[a*Cot[x]~2])
Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, x]

Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Dist[(b*ff~n) IntPart[p]*((b*xTan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (n*FracPart[p])), Int[ActivateTrig[u]*(Tan
[e + £*x]1/£f£)"(n*p), x], x]1] /; FreeQ[{b, e, f, n, p}, x] && !'IntegerQ[p]
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&% IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_ )le + f*x])~"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps
cot(z) [ tan(z) dz
Vv acot?(x)

cot(x) log(cos(x))

integral =

a cot?(z)
Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

1 __ cot(z) log(cos(z))

v acot?(z) v v acot?(z)

[In] Integrate[1/Sqrt[axCot[x]~2],x]
[Out] -((Cot[x]*Logl[Cos[x]])/Sqrt[a*xCot[x]~2])

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.53

method result size
cot(z) (In(cot(z)?+1)—2In(cot(z
derivativedivides | <R (=@ +1) 2in(eot(a) 26
2\/acot(x)2
cot(z) (In(cot(z)?+1) —2In(cot(z
default o) (n(cote)" 1) 2n(ec) %
2\/0,t::ot(:1:)2
risch _ (e +1)x . i(e?*®41) In(e?*®+1) 94
iz 2 i 2
_a(eé +1)2 (e2iv—1) _a(eé +1)2 (e2iz—1)
(927,;5_1) (e2zw_1)

[In] int(1/(a*cot(x)~2)~(1/2),x,method=_RETURNVERBOSE)
[Out] 1/2*cot(x)*(1ln(cot(x)"2+1)-2*1n(cot(x)))/(a*xcot(x)"2)"(1/2)
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 45 vs. 2(15) = 30.
Time = 0.25 (sec) , antiderivative size = 45, normalized size of antiderivative = 2.65

—2205 1og (3 cos (24) + 1) sin (20)

1
/ \/acot?(x) do=- 2(acos(2z) +a)

[In] integrate(1/(a*cot(x)~2)~(1/2),x, algorithm="fricas")
[Out] -1/2*sqrt(-(a*cos(2*x) + a)/(cos(2*x) - 1))*log(1l/2*cos(2*x) + 1/2)*sin(2*x

)/ (axcos(2*x) + a)

Sympy [F]

/ﬁdmz/ﬁdm

[In] integrate(1/(a*cot(x)**2)**(1/2),x)
[Out] Integral(1/sqrt(axcot(x)**2), x)

Maxima [A] (verification not implemented)

none
Time = 0.43 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.71

_ log (tan (z)* + 1)

/ \/acc1)t2(w) o = 2+/a

[In] integrate(1/(a*cot(x)~2)~(1/2),x, algorithm="maxima")

[Out] 1/2*log(tan(x)~2 + 1)/sqrt(a)
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Giac [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

_ log(leos(@))
V/asgn (cos (z)) sgn (sin (z))

/\/ﬁdw

[In] integrate(1/(a*cot(x)~2)~(1/2),x, algorithm="giac")
[Out] -log(abs(cos(x)))/(sqrt(a)*sgn(cos(x))*sgn(sin(x)))

Mupad [B] (verification not implemented)

Time = 11.51 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.47

v/ —a cot(z)
atan| V———=
/ 1 < va 4/ cot(z)? )
- dr=— v
v acot?(z) v—a

[In] int(1/(a*cot(x)~2)~(1/2),x)
[Out] -atan(((-a)~(1/2)*cot(x))/(a~(1/2)*(cot(x)~2)~(1/2)))/(-a)~(1/2)
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3.28 f( L d

a cot?(z))
Optimal result . . . . . . . . . . . e 198]
Rubi [A] (verified) . . . . . . . . .. 198
Mathematica [A] (verified) . . . . . . . . . .. . 199
Maple [A] (verified) . . . . . . . . .. 1991
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... 200]
Sympy [F] . . o 200
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 2001
Giac [A] (verification not implemented) . . . . . . . ... ... L. 201]
Mupad [F(-1)] . . . o 201]

Optimal result

Integrand size = 10, antiderivative size = 39

/ 1 dp — cot(z) log(cos(x)) + tan(x)
(acot?(z))*? av/a cot?(z) 2a+/a cot?(z)

[Out] cot(x)*1n(cos(x))/a/(axcot(x)~2)~(1/2)+1/2xtan(x)/a/(a*cot(x)~2)~(1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ 0.300, Rules used = {3739,

’ integrand size
3554, 3556}

/ 1 dp — tan(zx) 4 cot(x) log(cos(x))
(acot?(z))*? 2a+/a cot?(x) a+/a cot?(x)

[In] Int[(a*Cot[x]~2)~(-3/2),x]
[Out] (Cot[x]*Logl[Cos[x]])/(a*Sqrt[axCot[x]~2]) + Tan[x]/(2*a*Sqrt[a*Cot [x]~2])
Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl[{c, d}, x]
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Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (f£_.)*(x_)1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Dist[(bxff~n) IntPart[p]*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~(n*xFracPart[p])), Int[ActivateTrig[ul*(Tan
[e + £xx]/£ff)~(n*p), x], x]1] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps
cot(z) [ tan®(z) dz

integral =
a+/a cot?(x)

__ tan(z)  cot(z) [ tan(z) dz
2a+/a cot?(x) a+/acot?(x)
_ cot(x) log(cos(z)) tan(zx)

a+/acot?(x) 2a+/a cot?(z)

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.69

/ 1 _ 2cot(x) log(cos(z)) + tan(z)
(

T =
acot?(z))*/? 2a+/a cot*(z)

[In] Integratel(axCot[x]~2)~(-3/2),x]
[Out] (2#Cot[x]*Logl[Cos[x]] + Tan[x])/(2*axSqrt[a*Cot[x]~2])

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.92

method result size
derivativedivides | — cot(x) (ln <cot(:c)2+1> cot(z)?—2 lgn(cot(z)) cot(z)2—1) 26
2 (a cot(z)2) 2
default _cot(x) (ln <cot(:c)2+1> cot(z)?—2 lgn(cot(z)) cot(z)2—1) 26
2 (a cot(z)2) 2
risch 1e%® In (e2®+1) +ei®z+2ie2'® In(e21*+1) + 22 +2 2%z +4 In (e +1) 42 114

1T ixT _ _ e (e2iz+1) ?
a(e?iw41)(e? 1)\j W
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[In] int(1/(a*cot(x)~2)~(3/2),x,method=_RETURNVERBOSE)

[Out] -1/2*cot(x)*(1n(cot(x) "2+1)*cot(x) ~2-2x1n(cot (x))*cot(x) ~2-1)/(a*xcot(x)~2)"
(3/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 74 vs. 2(33) = 66.

Time = 0.27 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.90

1 ((cos (2z) +1)log (% cos(2z) + 3) sin (2z) + 2 sin (2z)) —%
dr =
/ (acot?(z))*? 2 (a2 cos (22)* + 2 a2 cos (2z) + a?)

[In] integrate(1/(a*cot(x)~2)~(3/2),x, algorithm="fricas")

[Out] 1/2*((cos(2*x) + 1)*log(l/2xcos(2*x) + 1/2)*sin(2*x) + 2*sin(2*x))*sqrt(-(a
xcos (2*%x) + a)/(cos(2*x) - 1))/(a"2*cos(2*x)~2 + 2*a"~2*xcos(2*x) + a~2)

Sympy [F]

/ (a coth(alc))?’/2 do = / (a co’ci (x))g &

[In] integrate(1/(a*cot(x)**2)**(3/2),x)
[Out] Integral((axcot(x)**2)**x(-3/2), x)

Maxima [A] (verification not implemented)

none

Time = 0.44 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.56

dx =
(acot?(z))** 2a2 2a2

/ 1 _ tan (z)? _ log (tan (z)* + 1)

[In] integrate(1/(a*cot(x)~2)~(3/2),x, algorithm="maxima")
[Out] 1/2*tan(x)~2/a~(3/2) - 1/2xlog(tan(x)~2 + 1)/a~(3/2)
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Giac [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.18

sen(sin(z)) 2 Valog(leos@))+ %5
1 _ Vva " " asgn(cos(z))sgn(sin(z))
—— sz dr =
(acot?(z))” 2a

[In] integrate(1/(a*cot(x)~2)~(3/2),x, algorithm="giac")
[Out] -1/2*(sgn(sin(x))/sqrt(a) - (2xsqrt(a)*log(abs(cos(x))) + sqrt(a)/cos(x)~2)
/(a*sgn(cos(x))*sgn(sin(x))))/a

Mupad [F(-1)]

Timed out.

/ (a cotzl(w))3/2 = / (a, cot (115)2)3/2 &

[In] int(1/(a*cot(x)~2)~(3/2),x)
[Out] int(1/(a*xcot(x)~2)~(3/2), x)
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3.29 [ (a cot3(z))*? da

Optimal result . . . . . . . . . . . . e 202
Rubi [A] (verified) . . . . . . . . 203
Mathematica [A] (verified) . . . . . . . . . .. 2061
Maple [A] (verified) . . . . . . ... 207
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... . ..., 207
Sympy [F] . . o 208
Maxima [A] (verification not implemented) . . . . . . . ... ... ... . ... .. 208
Giac [F] . . . o o 208}
Mupad [F(-1)] . . . o 209

Optimal result

Integrand size = 10, antiderivative size = 200

aarctan (1 —+/2,/cot(z acot3(z
[ (aeot ) de = 2o 5 2222 (VD)) Vool

V2 cot? (z)
a arctan (1 + ﬁ\/cot(x)) v/ acot?(x)
- V2 cots ()
- ga cot?(z)1/a cot?(x) — @Vacota) log <1 ~ V2V/eot(e) + COt(x))
7 2v/2 cot ()
a\/acot®(z) log (1 +v/2/cot(z) + cot(x)>
- 2/2 cot2 (z)

[Out] 2/3*a*x(a*xcot(x)~3)~(1/2)-2/7*a*cot(x) "2*x(a*xcot(x)"3)"(1/2)-1/2*a*arctan(-1+
2~ (1/2)*cot (x)~(1/2) ) *(a*xcot (x)~3)~(1/2) /cot (x)~(3/2)*2~(1/2)-1/2*a*arctan(

1427 (1/2) *cot (x) ~(1/2) ) *(a*cot (x)~3) " (1/2) /cot (x) " (3/2)*2"(1/2)-1/4*ax1n(1+
cot(x)-2"(1/2)*cot (x)~(1/2))*(a*cot (x)~3)~(1/2) /cot(x)~(3/2)*2~(1/2)+1/4*ax
In(1+cot (x)+27(1/2) *cot (x) ~(1/2) ) *(a*xcot (x) ~3)~(1/2) /cot (x)~(3/2)*2~(1/2)
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Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.00,

number of steps used = 14, number of rules used = 10, number of rules _ 1.000, Rules
integrand size

used = {3739, 3554, 3557, 335, 303, 1176, 631, 210, 1179, 642}

B2 g ay/acot®(z) arctan <1 — ﬁW)
/ (acot’(z))”" dz = Jroot @

_ ay/acot’(z) arctan <\/§\/W+ 1) X m

+ -a
V2 cot? (z) 3

a+/acot3(z) log ( cot(z) — v/24/cot(z) + 1
— gacot2(zv)\/acot?’(ac) — g2<\/§ 3 )
cotz(x)
a+/acot3(z) log (cot(x) + v/2+/cot(z) + 1)
" 2v/2 cot2 ()

[In] Int[(a*Cot[x]~3)~(3/2),x]

[Out] (2%a*Sqrt[a*Cot[x]~3])/3 + (axArcTan[1 - Sqrt[2]*Sqrt[Cot[x]]]*Sqrt[a*Cot[x
1731)/(Sqrt[2]*Cot [x]1~(3/2)) - (a*ArcTan[1 + Sqrt[2]*Sqrt[Cot[x]]]*Sqrt[a*C

ot [x]73]1)/(Sqrt[2]*Cot [x]~(3/2)) - (2xa*Cot [x]~2*Sqrt[a*Cot[x]~3])/7 - (a*S

qrt [axCot [x] "3]*Log[1 - Sqrt[2]*Sqrt[Cot[x]] + Cot[x]])/(2*Sqrt[2]*Cot [x]~(

3/2)) + (axSqrt[axCot[x]~3]*Logl[l + Sqrt[2]*Sqrt[Cot[x]] + Cot[x]])/(2*Sqrt
[2]*Cot [x]1~(3/2))

Rule 210

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

Rule 303

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/D,
2]], s = Denominator[Rt[a/b, 2]1}, Dist[1/(2%s), Int[(r + s*x~2)/(a + b*x~4
), x], x] - Dist[1/(2%s), Int[(r - s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct[SumBaseQ, bl]))

Rule 335

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x"(k*x(m + 1) - 1)*(a + bx(x~(k*n)/c"n
))7p, x1, x, (c*xx)~(1/k)]1, x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && F
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ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*x(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xa*c])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 1176

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2*c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQ[c*d~™2 - axe”2, 0] && PosQ[dx*el

Rule 1179

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],
x] + Dist[e/(2*c*q), Int[(q + 2*x)/Simpl[d/e - gq*x - x~2, x], x], x]1] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d~2 - a*e™2, 0] && NegQ[dxel

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors([Tan[e + f*x], x]}, Dist[(b*ff~n) IntPart[p]*((b*xTan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (n*FracPart[p]l)), Int[ActivateTrig[u]l*(Tan
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[e + £*x]/£f£)"(n*p), x], x]1] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ([p]
&% IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig )le + fxx1)"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps

(a a cot3(x) ) [ cot (z
integral = Z
2

cotz (z)

2 - ay/acot3(z)) [ cot?(z)dx
= —?acot (xz)y/acot’(z) — < )

cot2 ()

3 2 3 av/acot®(z) ) [ /cot(z)dz
= gam— gacot (x)y/acot’(z) + < )

cot2 ()

3 ) ; av/acot?(z) ) Subst fl‘ﬁQ dz, z, cot(z)
=§a\/acot (x)—gacot (x)4/acot (33)—< ) ( >

cot2 (z)

5 PSERN

o _z® \/
:gam —gacot2(£l7) a cot3(z)— (2a a cot (x)> Subst| / 1o dz, 2, COt(w))
3 7

cotz(x)
= ga\/acotg’(m) — ga cot?(z)1/a cot?(z)
<a\/m3(x)> Subst <f }:in dz, z, cot(z))

+

cot2(z)
(a\ /a cot3(ac)) Subst( iiﬁi dz, z, cot(x))
- cot2 (z)

2 2
= 3¢ acot3(z) — -a cot?(z)4/a cot?(z)

( \/m) Subst( v 42,3, cot(a:))
2cot2(z)
 (av/acol’(@)) Subst(J s do 7, v/eot(@))
2 cot? (z)
( acot3( :1:)) Subst (f ‘[”"” > dz, T, cot(:c))
2v/2 cot2( )
( a cot3( x)) Subst ( i 1{\[2“" dz, x, cot(x))

2v/2 cot ()
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= ga\/acotg’(z) — ga cot?(z)1/a cot®(z)
a+\/a cot?(z) log (1 — v/2\/cot(z) + cot(w))
- 2/2 cot ()
a\/acot3(x ) log (1 + v/2y/cot(z) + cot(z) )

2v/2 cot2 ()

(aW)Subst(f ——dz, z, I—IW>
- V2 cot2 (z)

<aW>Subst<f —— dz, z, 1+\/_W>
+

V2 cot (z)
9 ; aarctan (1 —v/24/cot(z) ) \/acot?(z)
= ga\/acot () + ( Vacotd (z) )

a arctan V2+/cot(x a cot?

- : <1+\/;;/)tngv))> Vaeot'(z) 3acot2(x) a cot?(z)

2v/2 cot2 (z)
a\/acot:”(x )log <1+\/_\/cot ) + cot(z)
2v/2 cot 2 (z)

- a\/a cot?(z) log (1 — v/2\/cot(z) + cot( x))
)

Mathematica [A] (verified)

Time = 0.31 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.40

am(—ﬂ arctan (\/?) \/W+21arctanh(\/m> V-

21 cot 1 (z)

/(0,001:3(:1:))3/2 dr =

[In] Integrate[(a*Cot[x]~3)~(3/2),x]

[Out] (axSqrt[a*Cot[x]~3]*(-21*ArcTan[(-Cot[x]~2)~(1/4)]1*(-Cot[x])~(1/4) + 21xArc
Tanh [(-Cot [x]~2)~(1/4)1*(-Cot [x])~(1/4) + 2*Cot[x]~(7/4)*(7 - 3*Cot[x]72)))
/ (21%Cot [x]~(7/4))
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Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 189, normalized size of antiderivative = 0.94

method result
1
3 ) NE e 5 _VaZ Jaeot
(a cot(:z)3> 2 24(a COt(:E))% (a?)% +21a%v/2 In| — (a ) ¢ COt(:i) 2racot(s)=Va +42a*+/2 arctan V2 Vaeot
. . .« . a(:ot(z)<|—(a2)zI v acot(zx) \/54-\/0.72 (a
derivativedivides | — 5 .
84 cot(z)3(a cot(z)) 2 a2(a?) 2

1

(a2) 1./a cot(?) 2—a cot(.ﬂa‘)—\/af2 142043 arctan V2 \/acot

acot(z)+(a2) 4.\/a cot(x) V2+Va2 (a
84 cot(x)? (a cot(x)) 3a2 (a?) 1

(a cot(:c)3> : <24(a cot(z))% (a?) i+21a4\/§ In (—

default —

[In] int((a*cot(x)~3)~(3/2),x,method=_RETURNVERBOSE)

[Out] -1/84x*(a*cot(x)~3)~(3/2)*(24*(a*cot(x))~(7/2)*x(a~2)~(1/4)+21*xa~4*x2~(1/2)*1n
(-((@a"2)"(1/4)*x(axcot (%))~ (1/2)*2~(1/2) -a*cot (x)-(a~2)~(1/2) )/ (a*cot (x)+(a~
2)"(1/48) *x(axcot(x))~(1/2)*2~(1/2)+(a~2)~(1/2)))+42xa~4x2~ (1/2) *arctan((2~ (1
/2)*(axcot(x))~(1/2)+(a~2)"(1/4))/(a~2)~(1/4))+42xa~4x2~ (1/2) *arctan((2-(1/
2)x(a*xcot(x))~(1/2)-(a"2)~(1/4))/(a~2)~(1/4))-56%a"2* (axcot (x)) ~(3/2)*(a~2)
~(1/4))/cot(x)~3/(a*xcot(x))~(3/2)/a~2/(a~2)~(1/4)

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.26 (sec) , antiderivative size = 400, normalized size of antiderivative = 2.00

/ (a co1:‘°’(azc))3/2 dz =
__acos(2 2)24+2acos(2z)+a sin(2 :Z?)—l— (—aﬁ) % (COS(2 :L‘)~|—1)

a4 -
21(—a6)1<eos<2x)—1>log( / s )—21(—a6)i(cos<2m>—1)

[In] integrate((a*cot(x)~3)~(3/2),x, algorithm="fricas")

[Out] -1/42%(21%(-a"6)~(1/4)*(cos(2*x) - 1)*log((a~4*sqrt(-(a*cos(2*x)~2 + 2*a*co
s(2xx) + a)/((cos(2*x) - 1)*sin(2*x)))*sin(2xx) + (-a~6)~(3/4)*(cos(2*x) +
1))/ (cos(2%x) + 1)) - 21%(-a"6)~(1/4)*(cos(2*x) - 1)*log((a~4*sqrt(-(a*cos(
2xx) "2 + 2xa*xcos(2*x) + a)/((cos(2*x) - 1)*sin(2*x)))*sin(2*x) - (-a~6)~(3/
4)*(cos(2xx) + 1))/(cos(2*x) + 1)) + 21*x(-a"6)~(1/4)*(-I*cos(2*x) + I)*log(
(a~4xsqrt(-(a*cos(2xx) "2 + 2*a*cos(2*x) + a)/((cos(2*x) - 1)#*sin(2*x)))*sin
(2%x) + (-a"6)~(3/4)*(Ixcos(2*x) + I))/(cos(2*x) + 1)) + 21x(-a”"6)~(1/4)*(I
*cos(2*¥x) - I)*log((a~4*sqrt(-(a*xcos(2*x)~2 + 2xa*xcos(2*x) + a)/((cos(2*x)
- 1)*sin(2*x)))*sin(2*x) + (-a~6)~(3/4)*(-I*cos(2*x) - I))/(cos(2*x) + 1))
- 8x(b*xaxcos(2*x) - 2*a)*sqrt(-(axcos(2*x)~2 + 2*axcos(2*x) + a)/((cos(2*x)
- 1 *sin(2*x))))/(cos(2*x) - 1)
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Sympy [F]

(a 00‘53(33))3/2 dz = [ (acot® (x))% dz
/ /

[In] integrate((a*cot(x)**3)*x(3/2),x)
[Out] Integral((axcot(x)**3)**(3/2), x)

Maxima [A] (verification not implemented)

none
Time = 0.42 (sec) , antiderivative size = 113, normalized size of antiderivative = 0.56

/ (aco1:3(3c))3/2 dxzi (2 V2y/a arctan (% \/§<\/§+ 2 \/M)) +2v/2y/aarctan (—% \/§<\/§ — 2

3 3
2a2 2a2

3 tan (w)% 7 tan (z)

NI

[In] integrate((a*cot(x)~3)7(3/2),x, algorithm="maxima")

[Out] 1/4*%(2*sqrt(2)*sqrt(a)*arctan(1/2*sqrt(2)*(sqrt(2) + 2*sqrt(tan(x)))) + 2x*s
qrt (2)*sqrt(a)*arctan(-1/2*sqrt(2) *(sqrt(2) - 2xsqrt(tan(x)))) + sqrt(2)*sq
rt(a)*log(sqrt(2)*sqrt(tan(x)) + tan(x) + 1) - sqrt(2)*sqrt(a)*log(-sqrt(2)
xsqrt (tan(x)) + tan(x) + 1))*a + 2/3*a~(3/2)/tan(x)~(3/2) - 2/7*xa"~(3/2)/tan

(x)~(7/2)

Giac [F]
/(acot?’(.'lc))s/2 dx = / (acot (z)3)% dx

[In] integrate((a*cot(x)~3)~(3/2),x, algorithm="giac")

[Out] integrate((a*cot(x)~3)~(3/2), x)
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Mupad [F(-1)]
Timed out.

/(a<:ot3(x))3/2 dx=/(acot(x)3)3/2da:

[In] int((a*cot(x)~3)~(3/2),x)
[Out] int((a*cot(x)~3)~(3/2), x)
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3.30 [ acot’(z)dr

Optimal result . . . . . . . . . . . . e 210
Rubi [A] (verified) . . . . . . . . 211
Mathematica [A] (verified) . . . . . . . . . ... 214
Maple [A] (verified) . . . . . . ... 215
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... ..... 215
Sympy [F] . . o 210
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 216
Giac [F] . . . o o 276l
Mupad [F(-1)] . . . oo 217

Optimal result

Integrand size = 10, antiderivative size = 176

[ Jacos(@)do = - (1= vaveor(@)) Vacor'(s)

V2 cot? (z)
arctan (1 + ﬁ\/cot(.’li)> Vacot?(x)
V2 cot2 (z)
Vacot3(z)log (1 —V/2+/cot(z) + cot(x))
2v/2 cot ()
N Vacot?(z) log gi/—;—cfg\(/wfz)dcw + cot(x)) ~ 2Wtan(x)

+

[Out] 1/2*arctan(-1+2"(1/2)*cot(x)~(1/2))*(a*cot(x)~3)~(1/2)/cot(x)~(3/2)*2~(1/2)
+1/2*arctan(1+27(1/2) *cot (x) ~(1/2) ) *(a*xcot (x)~3)~(1/2) /cot (x) ~(3/2)*2~(1/2)
-1/4x1n(1+cot (x)-2"(1/2) *cot (x) " (1/2) ) *(a*xcot (x) ~3)~(1/2) /cot (x)~(3/2) %2~ (1
/2)+1/4x1n(1+cot (x)+27(1/2) *cot (x) ~(1/2) ) *(a*cot (x)~3) " (1/2) /cot (x) ~(3/2) *2
~(1/2)-2*(a*cot(x)~3) " (1/2)*tan(x)
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Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 176, normalized size of antiderivative = 1.00,

number of steps used = 13, number of rules used = 10, number of rules _ 1.000, Rules
integrand size

used = {3739, 3554, 3557, 335, 217, 1179, 642, 1176, 631, 210}

marctan 1- ﬁ\/m
/ \/acot3(z)dr = — \/ﬁcogg @ )
\/W‘Q‘(x)arctan (ﬁm + 1)
V2 cot2 (z)
Vacot3(z)log (cot(x) —V/2+/cot(z) + 1>
2v/2 cot ()
Vacot3(z) log (cot(x) + v/2+/cot(z) + 1)
" 2v/2 cot2 ()

+ — 2tan(z)4/acot3(x)

[In] Int[Sqrt[a*Cot[x]~3],x]

[Out] -((ArcTan[1 - Sqrt[2]*Sqrt[Cot[x]]]*Sqrt[a*Cot[x]~3])/(Sqrt[2]*Cot[x]~(3/2)
)) + (ArcTan[1 + Sqrt[2]*Sqrt[Cot[x]]]*Sqrt[a*Cot [x]~3])/(Sqrt[2]*Cot[x]~(3

/2)) - (Sqrt[axCot[x]~3]*Logl[1l - Sqrt[2]*Sqrt[Cot[x]] + Cot[x]1])/(2*Sqrt[2]

*Cot [x]~(3/2)) + (Sqrt[a*Cot[x]~3]*Logl[l + Sqrt[2]*Sqrt[Cot[x]] + Cot[x]1])/
(2+Sqrt [2] *Cot [x] ~(3/2)) - 2*Sqrt[axCot [x] ~3]*Tan [x]

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 01)

Rule 217

Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
], s = Denominator[Rt[a/b, 2]1}, Dist[1/(2*xr), Int[(r - s*x"2)/(a + b*xx"4),
x], x] + Dist[1/(2*r), Int[(r + s*x"2)/(a + b*x~4), x], x1] /; FreeQ[{a, b
}, x] & (GtQla/b, 0] || (PosQ[a/b]l && AtomQ[SplitProduct[SumBaseQ, all &&
AtomQ[SplitProduct [SumBaseQ, bl]))

Rule 335

Int[((c_.)*(x_))"(m_)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator [m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*(x~(k*n)/c"n
N7p, x1, x, (c*xx)~(1/k)], x]1] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]
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Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]1}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4*a*c])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4x*axc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 1176

Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2*%c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - a*e™2, 0] && PosQ[dxe]

Rule 1179

Int[((d)) + (e_.)*(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x~2, x], x],

x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQlcxd~2 - a*e”2, 0] && NegQ[dxe]

Rule 3554

Int [((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x°n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (f£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Dist[(b*ff~n) IntPart[p]*((b*xTan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (n*FracPart[p])), Int[ActivateTrig[u]*(Tan
[e + £xx]/£ff)~(n*p), x], x]1] /; FreeQl[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;



FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps

Vacot3(x) [ cot?(z)dx

integral =

cot2(z)
Vacotd(z) [ L —dx
= —24/acot®(z) tan(z) — J cote)

cot2 (z)

v acot®(z)Subst( [ —=t— dz, z, cot(x)
= —2/acot®(z) tan(z) + < VR )

cot2 (z)

_ —QWtan(x) N (2 acot3(x)> Subst(f#dx,x, cot(x))

cot2 ()

_ —QWtan(:c) N \/a cot3(z)Subst <f }+i4 dz, x, cot(x))

cot2(z)
\/acot?’ )Subst. ( i }:[;4 dz, z, cot(x))

cot2 (z)

v acot?(z)Subst( [ 5 dz, T, \/cot(z)
= —24/acot?(z) tan(z) + < = fﬁx )

2 cot (x)
\/acot?’ Subst( | ey e dx,x,dcot(ac))
2 cot? (z)

\/acot3(x Subst <f 1‘[\/%'2;2 dz,z, \/cot(z))
2v/2 cot2 ()

~ v/ a cot3(z)Subst <f % dz, z, \/cot(x)>
2v/2 cot 2 (z)

213
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Vacot?(z) log (1 —V/2+/cot(z) + cot(x))
- 2v/2 cot ()
Wlog (1+\f¢coT+cot x)) . Wtw

2v/2 cot s (z)
WSubst(f G dr,z,1 - m)
\/ﬁco’m( )
Vacot(@)Subst( [ —ls de,w,1+ v2y/cot(7))
- \/_cotz (x)
arctan ( V/2/cot(x > )) Vacot}(z) arctan (1 +v/24/ cot(x)) v/ acot?(x)
- V2 cot? (z) - V2 cots ()
Vacot?(z)log (1 —V/2+/cot(z) + cot(x))
2v/2 cot (z)
W ) log gi/;\;: 2\(/:)0T + cot(z ) , mt&m(x)

Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.69

/\/acot?’(a:) dr =
a cot3(x) (2\/§arctan (1 — ﬂ\/M) — 2v/2arctan <1 + \/ﬁ@) + 8/cot(z) + v2log <1 -

- 4 cot2 (z)

[In] Integrate[Sqrt[a*Cot[x]~3],x]

[Out] -1/4%(Sqrt[axCot[x]~3]*(2*Sqrt[2]*ArcTan[1 - Sqrt[2]*Sqrt[Cot[x]]] - 2*Sqrt
[2]*ArcTan[1 + Sqrt[2]*Sqrt[Cot[x]]] + 8xSqrt[Cot[x]] + Sqrt[2]*Logl[l - Sqr
t[2]*Sqrt[Cot [x]] + Cot[x]] - Sqrt[2]*Logl[l + Sqrt[2]*Sqrt[Cot[x]] + Cot[x]

1))/Cot [x]17(3/2)
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 165, normalized size of antiderivative = 0.94

method result

1 1
_ aCOt(x)+(a2) * Vacot(@) ﬁ+m> +2(a2)ZII 2 arctan (ﬂ aCOt(zH(az) : ) +2(a2)211

acot(z)3 (a?) I V2 In T 1
(2) % Vacot(@) v2—a cot(z)— Va2 (2)

derivativedivides

4 cot(z)+/acot(z)
2\ % !
W <(a2)%f\/§ In <— acot(::)-k(a ) ! mﬁ+m> +2(a2)%f\/§ arctan (ﬁa—m;ﬂ) +2(a?) 1
defauls (a2)* Vacoi(@) vE-acot(a) - Va? (a2)1
: 4 cot(z)+/a cot(x)

[In] int((a*cot(x)~3)~(1/2),x,method=_RETURNVERBOSE)

[Out] 1/4*(a*cot(x)~3)~(1/2)*((a~2)~(1/4)*2~(1/2)*1n(-(a*xcot(x)+(a~2)~(1/4)*(a*co
t(x))~(1/2)*27(1/2)+(a~2)~(1/2))/((a~2)~(1/4)*(a*xcot (x) )~ (1/2)*2~(1/2) -a*co
t(x)-(a"2)"(1/2)))+2x(a"2)~(1/4)*2~(1/2) *arctan( (27 (1/2) * (a*cot (x) ) ~(1/2) +(
a~2)~(1/4))/(a~2)~(1/4))+2x(a~2)~(1/4)*2~ (1/2) *arctan (2~ (1/2) * (a*cot (x) ) ~(
1/2)-(a~2)~(1/4))/(a~2)~(1/4))-8*(a*cot (x))~(1/2)) /cot (x)/(a*xcot (x))~(1/2)

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.27 (sec) , antiderivative size = 378, normalized size of antiderivative = 2.15

/ \/acot3(z) dz
_acosa)?42acosm)ta i o z)+(—a?) i (cos(2z)+1)

(—a?)* (cos (22) + 1) log (V e e ) — (~a?)* (cos (22) + 1) log (5

[In] integrate((a*cot(x)~3)~(1/2),x, algorithm="fricas")

[Out] 1/2%((-a"2)~(1/4)*(cos(2*x) + 1)*log((sqrt(-(a*xcos(2*x)~2 + 2xa*xcos(2*x) +
a)/((cos(2*x) - 1)*sin(2#*x)))*sin(2*x) + (-a~2)~(1/4)*(cos(2*x) + 1))/(cos(

2%x) + 1)) - (-a”2)"(1/4)*(cos(2*x) + 1)*log((sqrt(-(a*xcos(2xx)~2 + 2*a*cos
(2%x) + a)/((cos(2*x) - 1)*sin(2*x)))*sin(2*x) - (-a~2)~(1/4)*(cos(2*x) + 1
))/(cos(2xx) + 1)) + (-a"2)~(1/4)*(I*cos(2*x) + I)*log((sqrt(-(a*xcos(2*x)~2

+ 2¥axcos(2*x) + a)/((cos(2*x) - 1)*sin(2*x)))*sin(2*x) + (-a~2)~(1/4)*(I*
cos(2xx) + I))/(cos(2*x) + 1)) + (-a~2)~(1/4)*(-Ixcos(2*x) - I)*log((sqrt(-
(a*xcos(2*x) "2 + 2*a*cos(2*x) + a)/((cos(2*x) - 1)*sin(2*x)))*sin(2*x) + (-a
~2)7(1/4)*(~I*cos(2*x) - I))/(cos(2*x) + 1)) - 4*sqrt(-(a*xcos(2*x)~2 + 2*ax
cos(2*x) + a)/((cos(2*x) - 1)*sin(2*x)))*sin(2*x))/(cos(2*x) + 1)
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Sympy [F]
/\/acot:‘(x)dx:/\/acot:” (z)dz

[In] integrate((a*cot(x)**3)**(1/2),x)
[Out] Integral(sqrt(a*cot(x)**3), x)

Maxima [A] (verification not implemented)

none
Time = 0.35 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.53

/ \/acot®(z) dr =

1 (2\/§arctan (% \/5(\/5+2\/M)) + 2+/2arctan <—% ﬁ(ﬁ—Q\/’M)) —V2log (\/
2ya

tan (x)

[In] integrate((a*cot(x)~3)~(1/2),x, algorithm="maxima")

[Out] -1/4%(2xsqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) + 2xsqrt(tan(x)))) + 2*sqrt(2)*
arctan(-1/2*sqrt(2) *(sqrt(2) - 2xsqrt(tan(x)))) - sqrt(2)*log(sqrt(2)*sqrt(
tan(x)) + tan(x) + 1) + sqrt(2)*log(-sqrt(2)*sqrt(tan(x)) + tan(x) + 1))*sq

rt(a) - 2xsqrt(a)/sqrt(tan(x))

Giac [F]
/\/acot‘g(x)dw:/\/acot(z)3dz

[In] integrate((a*cot(x)~3)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(a*cot(x)~3), x)
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Mupad [F(-1)]

Timed out.

/\/acotg’(x)dz:/\/acot(a:)?’dx

[In] int((a*cot(x)~3)~(1/2),x)
[Out] int((a*cot(x)~3)~(1/2), x)
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3.31 [———=dx

Optimal result . . . . . . . . . . . . e e 218
Rubi [A] (verified) . . . . . . . .. 219
Mathematica [A] (verified) . . . . . . . . . ... 222
Maple [A] (verified) . . . . . . . . . . 222
Fricas [C] (verification not implemented) . . . . . . . ... .. ... ... ......
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . .. ... ... 2241
Giac [F] . . 224
Mupad [F(-1)] . . . o 224

Optimal result

Integrand size = 10, antiderivative size = 176

1 i 2 cot(z) arctan (1 — ﬁ\/cot(x)) cot%(x)

Jacot (@) | Jacot(@) V2\/acot*(z)
. arctan (1 + \/ﬁ\/m) cot2 ()
cot2 () log <1 — v/2\/cot(z) + cot(x))
- 22 /a oot (z)
cot2 () log (1 +v/2+/cot(z) + cot(z))
- 2v/2/a cot?(z)

[Out] 2*cot(x)/(a*xcot(x)~3)~(1/2)+1/2*arctan(-1+2"(1/2)*cot (x)~(1/2))*cot(x)~(3/2
)*x27(1/2) / (a*cot (x) ~3)~(1/2)+1/2*arctan(1+2~ (1/2) *cot (x) ~(1/2) ) *cot (x) ~(3/2
)*x27(1/2) / (axcot (x)~3) ~(1/2)+1/4*cot (x) ~(3/2)*1n(1+cot (x)-2"(1/2) *cot (x)~ (1
/2))*27(1/2) / (a*xcot (x) "3)~(1/2)-1/4*cot (x) " (3/2)*1n(1+cot (x)+2~(1/2) *cot (x)
~(1/2))*27(1/2) /(a*cot (x)~3)~(1/2)
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Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 176, normalized size of antiderivative = 1.00,

number of steps used = 13, number of rules used = 10, number of rules _ 1.000, Rules
integrand size

used = {3739, 3555, 3557, 335, 303, 1176, 631, 210, 1179, 642}

/ 1 o _cot%(x) arctan (1 - \/ﬁ\/W)
Vacot’(z) V2\/acot’(z)
cot2(z) arctan (ﬁ\/m + 1> 2 cot ()
cot2(z) log <cot(x) —V2+/cot(z) + 1)
22 Jacol @)
cot2(z) log (cot(a:) +v/2+/cot(z) + 1)
- 22 oot (@)

[In] Int[1/Sqrt[a*Cot[x]~3],x]

[Out] (2xCot[x])/Sqrt[axCot[x]~3] - (ArcTan[1 - Sqrt[2]*Sqrt[Cot[x]]]*Cot[x]~(3/2
))/(Sqrt [2] *Sqrt [a*Cot [x]~3]) + (ArcTan[1 + Sqrt[2]*Sqrt[Cot[x]]]*Cot[x]~(3
/2))/(8qrt[2]*Sqrt [a*xCot [x]~3]) + (Cot[x]~(3/2)*Logl[l - Sqrt[2]*Sqrt[Cot [x]

1 + Cot[x]])/(2xSqrt[2]*Sqrt [a*xCot[x]~3]) - (Cot[x]~(3/2)*Logl[l + Sqrt[2]*S
qrt[Cot [x]] + Cot[x]])/(2*Sqrt [2]*Sqrt [a*Cot [x]~3])

Rule 210

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

+

+

Rule 303

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/D,
2]], s = Denominator[Rt[a/b, 2]1}, Dist[1/(2xs), Int[(r + s*x~2)/(a + b*x"4
), x], x] - Dist[1/(2%s), Int[(r - s*x"2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct[SumBaseQ, bl]))

Rule 335

Int[((c_.)*(x_))"(m_)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator [m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*(x~(k*n)/c"n
N7p, x1, x, (c*xx)~(1/k)], x]1] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]
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Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]1}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4*a*c])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4x*axc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 1176

Int[((d_) + (e_.)*(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2*%c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - a*e™2, 0] && PosQ[dxe]

Rule 1179

Int[((d)) + (e_.)*(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x~2, x], x],

x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQlcxd~2 - a*e”2, 0] && NegQ[dxe]

Rule 3555

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[(b*Tan[c + d*x]
)"(m + 1)/(bxd*(n + 1)), x] - Dist[1/b~2, Int[(b*Tan[c + d*x])~(n + 2), x],
x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x°n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (f£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Dist[(b*ff~n) IntPart[p]*((b*xTan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (n*FracPart[p])), Int[ActivateTrig[u]*(Tan
[e + £xx]/£ff)~(n*p), x], x]1] /; FreeQl[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
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FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps

cot?(z) [ —i— da

cot3 (z)
v acot3(x)
2cot(z) cot? () [ \/cot(x) dx

~ /a cot3(x) acot?(z)

2 cot(z) cot2 (z)Subst (f vz dx,x,cot(x))

integral =

1+x2

- v acot3(z) - v acot3(x)

2 cot(z) (2 cot (x)) Subst <f 11% dz, z, cot(:z:))

N Vacot3(z) " Vacot?(z)

2 cot(z) cot2 (z)Subst (f i;ﬁi dz, x, cot(x)) cot%(x)Subst( }iﬁi dz, x, cot(x))

- Vacot?(z) - Vacot?(z) * Vacot?(z)

2 cot(z) . cot (z)Subst (f m dz,z, \/cot(m)>
~ Vacot’(z) 2+/a cot3(x)
cot2 (z)Subst (f m dz,z, \/cot(x))
2+/a cot3(z)

cot2 (z)Subst (f%dx,z, cot(a:))

2v/2+/a cot3(z)

cot2 (z)Subst (fﬂda:,x, cot(w))

+

+

—1+v2z—z?
2v/2/a cot?(z)
2 cot(z) N cot? () log (1 — V2\/cot(z) + COt(@)
Vacot?(z) 2v2\/acot’(z)
cot2(z) log (1 +v/2/cot(z) + cot(x)>
2v/2+/a cot?(z)
cot2 (z)Subst (f —dz,z,1— ﬂ@)
V2+/a cot?(x)
cot2 (z)Subst (f ——dz,z,1+ \/ﬁ@)
V2+/a cot?(x)

+

+




222

_ 2cot(z) rctan (1 - V2y COt(fC)> cot (z) Jrarctan <1 + ﬁm) cot? ()
~ Vacot3(z) V2+/acot’(z) V2 /acot’(z)

+cotg($) log (1 —v2y/cot(z) + cot(z)) - cot2 () log (1 + v/2/cot(z) + cot(x))
2v/2+/a cot3(z) 2v/2+/a cot3(z)

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.34

/ \/ﬁ dz
cot() (2 + arctan <\/ _ cotz(x)) i/~ cot?(x) - arctanh(f/ _ cot2(x)) i/- cotz(x))

N Vacot?(z)

[In] Integrate[1/Sqrt[axCot[x]~3],x]
[Out] (Cot[x]*(2 + ArcTan[(-Cot([x]~2)~(1/4)]1*(-Cot[x]"2)~(1/4) - ArcTanh[(-Cot [x]
~2)~(1/4)1*(-Cot [x]~2)~(1/4)))/Sqrt [axCot [x] ~3]

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 164, normalized size of antiderivative = 0.93

method result

1 1
a2 Z\/(ICO x —a cot(xr)— a2 y/ acot(x a2 4
cot(z) <\/§ vacot(z) In (— ( ) t(l) v =) \/7) +2v/2 \/a cot(x) arctan (W) +2v/2 4,
derivativedivides @cot(@)+(2) 1 Vacoiz) V3t Va2 («2)*
1
4y/acot()? (a2)
1 1
(12 Z«/aco x —a cot(x)— a2 4/ acot(x a2 4
cot(z) (\/5 vacot(z) In (— ( ) t(l) v 4@ \/7) +2v/2 y/a cot(z) arctan (%) +2v2 y,
d f acot(m)+(a2) 4\ /acot(z) V2+Va2 (az) 4
efault -
4\/(1 cot(z)® (a2)4

[In] int(1/(a*cot(x)~3)~(1/2),x,method=_RETURNVERBOSE)

[Out] 1/4*cot(x)*(27(1/2)*(a*xcot(x))~(1/2)*1n(-((a~2)~(1/4)*(a*cot(x))~(1/2)*2~(1
/2)-a*xcot (x)-(a~2)~(1/2))/(a*cot (x)+(a~2) ~(1/4) *(a*cot (x))~(1/2)*27(1/2)+(a
~2)7(1/2)))+2x27(1/2) * (a*xcot (x)) ~(1/2)*arctan((2~(1/2) *(a*cot (x)) ~(1/2)+(a~
2)7(1/4))/(a"2)"(1/4))+2%2~(1/2) *(a*cot (x)) " (1/2)*arctan((2~(1/2) *(a*cot (x)
)" (1/2)-(a"2)"(1/4))/(a~2)~(1/4))+8*(a~2)~(1/4)) / (axcot (x)~3)~(1/2)/(a~2)~(

1/4)
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Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.27 (sec) , antiderivative size = 423, normalized size of antiderivative = 2.40

1
| e
a cot’(z)
__acos(2 m)2+2 acos(2z)+a

1 a2 cos(2z)+a?) (-2 i - sin(2z
(acos (2z) +a)(—L)* log (( (22)+a2) (%) +\/ Ccos@a)—Tsin(za)  Sin(2 )) _(acos(2w)+a)(—l)%

a? cos(2z)+1 a?

[In] integrate(1/(a*cot(x)~3)~(1/2),x, algorithm="fricas")

[Out] 1/2*%((a*cos(2*x) + a)*(-1/a"2)"(1/4)*1log(((a~2xcos(2*x) + a~2)*(-1/a"2)~(3/
4) + sqrt(-(a*cos(2*x)~2 + 2*a*xcos(2*x) + a)/((cos(2*x) - 1)*sin(2+*x)))*sin
(2%x))/(cos(2%x) + 1)) - (axcos(2*x) + a)*(-1/a72)7(1/4)*log(-((a"2*cos(2*x
) + a”2)*(-1/a"2)"(3/4) - sqrt(-(a*cos(2*x)~2 + 2*axcos(2*x) + a)/((cos(2*x
) - 1)*sin(2*x)))*sin(2*x))/(cos(2*x) + 1)) + (I*a*cos(2*x) + I*a)*(-1/a~2)
~(1/4)*log(-((I*a~2*cos(2*x) + I*a~2)*(-1/a"2)"(3/4) - sqrt(-(axcos(2*x)~2
+ 2xaxcos(2*x) + a)/((cos(2*x) - 1)*sin(2*x)))*sin(2*x))/(cos(2*x) + 1)) +
(-I*a*xcos(2*x) - I*a)*x(-1/a"2)"(1/4)*log(-((-I*a"2*cos(2*x) - I*a~2)*(-1/a"
2)~(3/4) - sqrt(-(a*cos(2xx)~2 + 2%a*cos(2xx) + a)/((cos(2*x) - 1)*sin(2*x)
))*sin(2*x))/(cos(2*x) + 1)) - 4*xsqrt(-(axcos(2*x)~2 + 2xaxcos(2*x) + a)/((
cos(2%x) - 1)*sin(2+*x)))*(cos(2*x) - 1))/(axcos(2*x) + a)

Sympy [F]

/\/ﬁdx:/\/ﬁdx

[In] integrate(1/(a*cot(x)**3)**(1/2),x)
[Out] Integral(1l/sqrt(axcot(x)**3), x)
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Maxima [A] (verification not implemented)

none
Time = 0.41 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.53

1 —
/_md“
24/2 arctan (% \/§<\/§+2\/W>) + 2+/2arctan (—%ﬁ(x/ﬁ—Q\/m» +\/§10g (ﬁ\/g
4+/a

2 \/tan (z)

Va

[In] integrate(1/(a*cot(x)~3)~(1/2),x, algorithm="maxima")

[Out] -1/4%(2xsqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) + 2xsqrt(tan(x)))) + 2*sqrt(2)*
arctan(-1/2*sqrt(2) *(sqrt(2) - 2*sqrt(tan(x)))) + sqrt(2)*log(sqrt(2)*sqrt(
tan(x)) + tan(x) + 1) - sqrt(2)*log(-sqrt(2)*sqrt(tan(x)) + tan(x) + 1))/sq

rt(a) + 2*xsqrt(tan(x))/sqrt(a)

Giac [F]

/—de=/—mdm

[In] integrate(1/(a*cot(x)~3)~(1/2),x, algorithm="giac")

[Out] integrate(1/sqrt(a*cot(x)~3), x)

Mupad [F(-1)]

Timed out.

/—de=/—mdx

[In] int(1/(a*cot(x)~3)~(1/2),x)
[Out] int(1/(a*cot(x)~3)~(1/2), x)
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3.32 f( L dr

Optimal result . . . . . . . . . . 225
Rubi [A] (verified) . . . . . . .. ...
Mathematica [A] (verified) . . . . . . . . ... L 229
Maple [A] (verified) . . . . . . ... 229
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... ..... 230
Sympy [F] . . o o 23]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... L. 2311
Giac [F] . . . o o e 231
Mupad [F(-1)] . . . oo 232

Optimal result

Integrand size = 10, antiderivative size = 212

/ 1 . 9 . arctan <1 - \/EM) cot2 (z)
(acot3(x))** 3a\/acot?(z) V2a\/a cot?(x)
arctan (1 + \/E\/m> cotz(z) cotz(z)log (1 — v/2\/cot(z) + cot(m))
B Vaar/a oot (z) " 2v/3ar/acot(z)
cot2 (z) log (1 +v/2+/cot(z) + cot(x)) 2 tan?(z)
B 2v/Zay/acot’ (@) T o Jacot (@)

[Out] -2/3/a/(a*cot(x)~3)~(1/2)-1/2*arctan(-1+2"(1/2)*cot (x)~(1/2))*cot(x)~(3/2)/
a*2~(1/2)/(axcot (x)~3)~(1/2)-1/2*arctan(1+2~(1/2) *cot (x) ~(1/2) ) *cot (x) ~(3/2
)/ax2~(1/2) / (a*cot (x) ~3) " (1/2)+1/4*cot (x) " (3/2) *1n(1+cot (x)-2"(1/2) *cot (x)~
(1/2))/a*2~(1/2) /(a*cot(x)~3)~(1/2)-1/4*cot (x)~(3/2) *1n(1+cot (x)+2~(1/2) *co
t(x)~(1/2))/a*2~(1/2)/ (a*cot (x)~3) " (1/2)+2/7*tan(x) ~2/a/(a*xcot (x)~3)~(1/2)

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 212, normalized size of antiderivative = 1.00,

number of steps used = 14, number of rules used = 10, Rumber of rules _ 4 459 Ryles
integrand size
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used = {3739, 3555, 3557, 335, 217, 1179, 642, 1176, 631, 210}

/ 1 o cot2 () arctan (1 - ﬂM)
(acot3(x))** V2a\/a cot?(x)
cot2 () arctan <\/§ cot(z) + 1> 9 2 tan?(z)
B Vaar/a oot (z) " 3av/acol(@) | Tav/acoti (@)
. cot2 () log (cot(x) —v/24/cot(z) + 1) ~ cot2 (z) log (cot(z) +v/2/cot(z) + 1)
2van/acot (z) 2van/acot (z)

[In] Int[(a*Cot[x]~3)~(-3/2),x]

[Out] -2/(3*a*Sqrt[a*Cot[x]~3]) + (ArcTan[1 - Sqrt[2]*Sqrt[Cot[x]]]*Cot[x]~(3/2))
/ (Sqrt [2] *a*Sqrt [a*Cot [x] ~3]) - (ArcTan[1 + Sqrt[2]*Sqrt[Cot[x]]]*Cot[x]~(3
/2))/(Sqrt [2] *axSqrt [a*xCot [x]~3]) + (Cot[x]~(3/2)*Logl[l - Sqrt[2]*Sqrt[Cot[

x]] + Cot[x]])/(2%Sqrt[2]*a*Sqrt[a*Cot [x]~3]) - (Cot([x]~(3/2)*Logl[l + Sqrtl[

2] *#Sqrt [Cot [x]] + Cot[x]])/(2+Sqrt[2]*a*Sqrt[a*Cot[x]~3]) + (2*Tan[x]1"2)/(7
*xa*xSqrt [a*Cot [x] ~3])

Rule 210

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]1*(x/Rt[-a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

Rule 217

Int[((a)) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
], s = Denominator[Rt[a/b, 2]]1}, Dist[1/(2*r), Int[(r - s*x~2)/(a + b*x~4),
x], x] + Dist[1/(2*r), Int[(r + s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a, b
}, x] & (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &&
AtomQ[SplitProduct [SumBaseQ, bl]))

Rule 335

Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x"(kx(m + 1) - 1)*(a + bx(x~(k*n)/c"n
))7p, x1, x, (c*xx)~(1/k)]1, x]1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4xa*c])] /; Free
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Ql{a, b, c}, x] & NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 1176

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2*c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Distle
/(2%c), Int[1/Simp[d/e - g*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQ[c*d~™2 - axe”2, 0] && PosQ[dx*el

Rule 1179

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x~2, x], x],

x] + Dist[e/(2*c*q), Int[(q + 2*x)/Simpl[d/e - gq*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d"2 - a*e™2, 0] && NegQ[dxel

Rule 3555

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(b*Tan[c + d*x]
)" + 1)/(bxd*x(n + 1)), x] - Dist[1/b"2, Int[(b*Tan[c + d*x])"(n + 2), x],
x] /; FreeQ[{b, c, d}, x] &% LtQ[n, -1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Dist[(b*ff~n) IntPart[p]*((b*xTan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (n*FracPart[p]l)), Int[ActivateTrig[u]*(Tan
[e + £*x]/£f£)"(n*p), x], x]1] /; FreeQ[{b, e, f, n, p}, x] && !'IntegerQ([p]
&& IntegerQ[n] && (EqQ[u, 11 || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)
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Rubi steps
cot?(z) [ ?() dz
integral = i
& av/acot?(x)
3 1
. 2 tan2 (.’E) _ cot (CL’) f cot2 (z) dz
7a\/acot?(x) ay/a cot?(x)
3
o 9 s 2 tan?(z) N cot2(z) [ mdx
3ay/acot3(x)  Ta\/acot®(z) a+/a cot®(x)
3
9 2 tan2(x) cot2 (x)Subst (f Zeatan 4%, T, cot(x))

T 3ayacol(@) | Tay/acot (@) 2 /asor ()
2 2 tan?(z) (2 cot%(x)> Subst (f ﬁ dz, z, \/M)

B _3a\/acot3(x) " Tav/a cot’(z) a+/acot3(x)

9 2 tan?(z) cot2 (z)Subst (f ;zi dz, z, cot(a:))

= — + _
3ay/acot’(z)  Ta\/acot?(z) ay/acot3(z)
cot 2 (ac)Subst( }iﬁj dz, T, | /cot(x))
ay/acot?(x)

9 2 tan2(z) cot2 (z)Subst (f e 4%, T, \/cot(x)>

=- +
3ay/acot’(x)  Tar/acot®(z) 2a+/a cot3(z)
cot2 (z)Subst <f o 4%, T, cot(m))

2a+/a cot?(x)

cot2 ()Subst <f%dx,z, cot(x))

2v/2a+/a cot?(z)

cot%(a:)Subst (f%dx,z, cot(a:))

2v/2a+/a cot?(z)

+

+
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9 cot2 () log <1 —V2+/cot(z) + cot(z))

~ “savacot@) | 2v2a\/acotd(a)
cot2 () log <1 +/24/cot(z) + COt(CE)> 2 tan?(z)
- 2v/Zar/acot’ (@) T a/acot (@)
cot%(x)Subst (f — 5 dz,z,1— \/Z/W)
- v2a/acot?(z)
cot2 (z)Subst (f ——dz,z,1+ ﬂW)
* VZa\/acot®(z)

~ 9 . arctan <1 - ﬁW) cot2 ()
3a\/acot®(z) V2a+/acot®(z)
~ arctan (1 + ﬁW) cot2(z)  cot2(x)log <1 —V2+/cot(z) + cot(x))

v2a+/a cot?(x) * 2v/2a+/a cot?(z)
- cot2 () log <1 + v/24/cot(z) + cot(:c)) N 2 tan?(z)
2v/2a+/a cot? () Ta+/a cot®(z)

Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.33

—14 + 21 arctan ( \/ — cotz(z)> (— cot?(z))** + 21arctanh< \/ — cotQ(x)) (— cot?(

1
dr =
/ (acot3(z))*? 21a+/a cot®(z)

[In] Integratel[(axCot[x]~3)~(-3/2),x]

[Out] (-14 + 21*ArcTan[(-Cot[x]~2)~(1/4)]1*(-Cot[x]~2)"(3/4) + 21xArcTanh[(-Cot [x]
~2)~(1/4)1*(-Cot [x]"2)~(3/4) + 6*Tan[x]"2)/(21*a*Sqrt[a*Cot[x]~3])

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 185, normalized size of antiderivative = 0.87
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method result

acot(z)+(a2) 211 mﬁ+\/ﬁ
(ﬂ)‘if Jacot(z) vV2—a cot(z)— Va2

V3 J/a oot
G

cot(x) (21 (a?) i V2(a cot(m))% In (— ) +42(a?) i V2(a cot(a:))% arctan (

derivativedivides | — 3
84a* (a cot(zx) 3) 2

1
acot(z)+(a2) 4./a cot(x) V2+Va2

cot(z) 21(a2)%\f2(acot(x))%ln — T +42(a2)%\/§(acot(ac))%arctan
(a2)1\/mt(z)\/§—acot(z)—\/a72

default — .
84at (a cot(zx) 3) 2

\/E\/a cot(
(=

[In] int(1/(a*cot(x)~3)~(3/2),x,method=_RETURNVERBOSE)

[Out] -1/84*cot(x)/a~4*(21*%(a~2) " (1/4)*2~(1/2)*(a*xcot (%))~ (7/2)*1n(-(a*cot (x)+(a~
2)~(1/4)*(axcot(x))~(1/2)*2~(1/2)+(a~2)~(1/2))/((a~2)~(1/4) * (a*cot (x) ) ~(1/2
)*x27(1/2)—axcot (x)-(a~2)~(1/2)))+42x(a~2) " (1/4)*2~(1/2) * (a*xcot (x) ) ~(7/2) *xar
ctan((27(1/2)*(a*xcot (x))~(1/2)+(a~2)~(1/4))/(a~2)~(1/4))+42*x(a~2) "~ (1/4) %2~ (
1/2)*(a*xcot (x) )~ (7/2)*arctan((27(1/2) *(a*xcot(x))~(1/2)-(a~2)~(1/4))/(a~2)~(
1/4))+56%a~4*cot (x) ~2-24*a~4)/(axcot (x)~3)~(3/2)

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.27 (sec) , antiderivative size = 567, normalized size of antiderivative = 2.67

8 (5 cos (22)* — 3 cos (22) — 2) \/—acos(“)z“acos(sz“ sin (22) — 21 (a?cos (22)° +

(cos(2z)—1)sin(2 )

/ (a co’c?’l(ﬂn))?’/2 o=

[In] integrate(1/(a*cot(x)~3)~(3/2),x, algorithm="fricas")

[Out] 1/42%(8*(5*cos(2*x)~2 - 3*cos(2*x) - 2)*sqrt(-(a*cos(2*x)~2 + 2¥a*xcos(2*x)
+ a)/((cos(2*x) - 1)*sin(2*x)))*sin(2*x) - 21*(a~2*cos(2*x)~3 + 3*a~2*cos(2
*X) "2 + 3%a”2%cos(2*x) + a~2)*(-1/a"6)"(1/4)*1log((sqrt(-(a*xcos(2*x)~2 + 2xa
*cos(2*x) + a)/((cos(2*x) - 1)*sin(2*x)))*sin(2*x) + (a"2*cos(2*x) + a~2)*(
-1/a"6)"(1/4))/(cos(2*x) + 1)) + 21*x(a"2*cos(2*x)"3 + 3*a~2*cos(2*x) "2 + 3%
a"2xcos(2*x) + a”"2)*(-1/a"6)~(1/4)*1log((sqrt(-(a*cos(2*x)~2 + 2*a*xcos(2*x)
+ a)/((cos(2*x) - 1)*sin(2*x)))*sin(2*x) - (a~2*cos(2*x) + a~2)*(-1/a"6)"(1
/4))/(cos(2xx) + 1)) - 21*%(-I*a"2*cos(2*x)~3 - 3*xI*xa~2*cos(2*x) "2 - 3*xI*xa~2
xcos (2*%x) - I*a~2)*(-1/a"6)~(1/4)*log((sqrt(-(a*cos(2*x)~2 + 2*axcos(2*x) +
a)/((cos(2*x) - 1)*sin(2#*x)))*sin(2*x) - (I*a"2*cos(2*x) + I*a~2)*(-1/a"6)
~(1/4))/(cos(2*x) + 1)) - 21*(I*a"2*cos(2xx)~3 + 3*I*a~2xcos(2*x)~2 + 3*Ixa
~2*%cos (2xx) + I*a"2)*(-1/a"6)"(1/4)*log((sqrt(-(a*xcos(2*x)~2 + 2*axcos(2*x)
+ a)/((cos(2*x) - 1)*sin(2+*x)))*sin(2*x) - (-I*a~2*cos(2%x) - I*a~2)*(-1/a
~6)~(1/4))/(cos(2*x) + 1)))/(a"2*cos(2*x)~3 + 3*a~2*cos(2*x) "2 + 3*a~2*cos(
2%x) + a”2)
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Sympy [F]

/ (acot31(x))3/2 dm:/ (acot;l o

[In] integrate(1/(a*cot(x)**3)**(3/2),x)
[Out] Integral((axcot(x)**3)**x(-3/2), x)

Maxima [A] (verification not implemented)

none
Time = 0.37 (sec) , antiderivative size = 109, normalized size of antiderivative = 0.51

2+/2 arctan (% ﬁ(ﬂ+2m>) + 2+/2arctan (—%ﬂ(ﬁ—2m)
4

3
az2

/) 1 373 de =
(acot?(z))¥

2 (3 Vatan (x)% — 7+/atan (x)%>
+ 21 a?

[In] integrate(1/(a*cot(x)~3)~(3/2),x, algorithm="maxima")

[Out] 1/4*%(2*sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) + 2*sqrt(tan(x)))) + 2*sqrt(2)*a
rctan(-1/2*sqrt(2)*(sqrt(2) - 2*sqrt(tan(x)))) - sqrt(2)*log(sqrt(2)*sqrt(t
an(x)) + tan(x) + 1) + sqrt(2)*log(-sqrt(2)*sqrt(tan(x)) + tan(x) + 1))/a~(

3/2) + 2/21*%(3*sqrt(a)*tan(x)~(7/2) - 7*sqrt(a)*tan(x)~(3/2))/a"2

Giac [F]
1 1
———dr= [ ——————dz
/ (acot?(z))*? / (acot (2)))?

[In] integrate(1/(a*cot(x)~3)~(3/2),x, algorithm="giac")
[Out] integrate((a*cot(x)~3)~(-3/2), x)



Mupad [F(-1)]

Timed out.

/ (a cot31(x))3/ 74 = / (acot (1.’16')3)3/2 @

[In] int(1/(a*cot(x)~3)~(3/2),x)
[Out] int(1/(a*cot(x)~3)~(3/2), x)

232
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3.33 [ (a cotd(z))*? da

Optimal result . . . . . . . . . . . . . e 233]
Rubi [A] (verified) . . . . . . . . . . 233
Mathematica [C] (verified) . . . . . . . . . .. L 234
Maple [A] (verified) . . . . . . . . .. 2351
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 230
Sympy [F] . . o 235
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 230
Giac [A] (verification not implemented) . . . . . . .. ... .. L oL
Mupad [F(-1)] . . . . o

Optimal result

Integrand size = 10, antiderivative size = 70

/ (a co’c‘l(ar:))‘g/2 dx = %a cot(z)/acot?(z) — %a cot®(z)1/a cot?(z)

— ay/acot(z) tan(z) — azy/a cot*(x) tan’(x)

[Out] 1/3%a*cot(x)*(a*cot(x)~4)~(1/2)-1/5%a*cot (x) " 3*(axcot(x)~4)~(1/2)-a*(axcot(
x)"4)~(1/2)*tan(x)-a*x* (a*cot (x) ~4) " (1/2)*tan(x) "2

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.00, number

of steps used = 5, number of rules used = 3, Iﬁ%ﬁ%ﬁ;ﬁé 1;i1zlgs = 0.300, Rules used = {3739,
3554, 8}

/ (a cot4(x))3/2 dx = %a cot(z)4/acot?(z) — %a cot®(z)1/a cot?(z)

— az tan®(z)y/a cot*(z) — atan(z)y/a cot*(x)

[In] Int[(a*Cot[x]~4)~(3/2),x]

[Out] (axCot[x]*Sqrt[a*Cot[x]~4])/3 - (axCot[x]~3*Sqrt[a*Cot[x]~4])/5 - a*Sqrt[ax
Cot [x] "4]*Tan[x] - axx*Sqrt[a*Cot [x]~4]+*Tan[x] "2

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3554
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Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*x((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (£f_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff

= FreeFactors[Tan[e + f*x], x]}, Dist[(b*ff~n) IntPart[p]*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (n*FracPart[p])), Int[ActivateTrig[u]*(Tan
[e + £xx]/£ff)"(n*p), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !'IntegerQ[p]

&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps

integral = (a\ /a cot?(z) tan® (x)) / cot®(z) dz
= —%a cot?(x)1/a cot*(x) — (a\/acot‘*(x) tanQ(x)) /cot4(x) dx
= %a cot(z)y/a cot?(z)— éa cot®(z)4/acot?(z)+ <a\ [ acot*(z) tan2(x)) / cot®(z) dz

= %a cot(x)/acot?(z) — %a cot®(z)1/a cot?(x)
— ay/acot*(z) tan(z) — (a\/acot“(x) tanz(:c)) /1 dz

= %a cot(z)y/a cot?(z) — %a cot?(z) \/a cot?(x) —a\/a cot?(z) tan(z) —azx/a cot(z) tan®(z)

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.03 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.43

5. 3 ,
2 1, oL — tan (x)) tan(x)

/ (acot?(z)) 82y = —% (acot (x))g/ ? Hypergeometric2F1 (—
[In] Integrate[(a*Cot[x]~4)~(3/2),x]

[Out] -1/5%((a*Cot[x]~4)~(3/2)*Hypergeometric2F1[-5/2, 1, -3/2, -Tan[x]~2]*Tan[x]
)



Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.57
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method result size
3
. acot(z)*)? (-3 cot(x)5+5 cot(z)3+13T —15 arccot(cot(x))—15 cot(z)
derivativedivides (2eot=)') *( o (56 ) 40
3
(a cot(x)4) 2 (—3 cot(z)5+5 cot(w)3+1577r —15 arccot(cot(z))—15 cot(m))
default 15 cot(@)® 40
[ o0 4 YR
a(e?®—1)? | ) ((e; +1>) %ia,| - ((e; +11))4 (45 ¢87% 90 €617 4140 e4% 70 £2i74-23)
e2ix 1 o2t _
risch ey + 5@ D2 (1) 119

[In] int((a*cot(x)~4)~(3/2),x,method=_ RETURNVERBOSE)

[Out] 1/15%(a*xcot(x)~4)~(3/2)*(-3*cot(x) ~5+b*xcot (x) ~3+15/2*%Pi-15*%arccot (cot(x))-1

5%cot(x))/cot(x)”6

Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.57

(23 acos (2 z)® —acos(2z)® —1lacos (2z) + 15 (az cos (2 z)? — 2azcos (2z) + ax

4 3/2 5 _
/ (acot’(a))™" do = 15 (cos (2 o 1) sin (2z)

[In] integrate((a*cot(x)~4)~(3/2),x, algorithm="fricas")

[Out] 1/15%(23*%axcos(2*x)~3 - a*cos(2*x)~2 - 1lxaxcos(2*x) + 15x(a*xx*cos(2*x)"2 -

2%a*x*cos (2*x) + axx)*sin(2*x) + 13%a)*sqrt((a*cos(2*x)~2 + 2xaxcos(2*x) +

a)/(cos(2*xx)"2 - 2xcos(2xx) + 1))/((cos(2*x)~2 - 1)*sin(2*x))
Sympy [F]
/((1001;4(110))3/2 dx = / (acot* (x))% dx

[In] integrate((axcot(x)**4)**x(3/2),x)
[Out] Integral((axcot(x)**4)**x(3/2), x)
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Maxima [A] (verification not implemented)
none

Time = 0.40 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.53

/ (a cot4(a:))3/2 d — —abz — 15a2 tan (z)* — 5a2 tan (z)® + 3a2
15 tan (z)°

[In] integrate((a*cot(x)~4)~(3/2),x, algorithm="maxima")

[Out] -a~(3/2)*x - 1/15x(15%a~(3/2)*tan(x) "4 - 5*a”~(3/2)*tan(x)~2 + 3*a~(3/2))/ta
n(x)"5

Giac [A] (verification not implemented)
none

Time = 0.26 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.81

4 1 2
432 5 1 1 5_ 1 3_ _330tan(%x) —35tan(3z)" +3
/ (acot*(z))”” dz= 120 <3 tan (2 x) 35 tan (2 x) 480 x o (%x)5 +

[In] integrate((a*cot(x)~4)~(3/2),x, algorithm="giac")

[Out] 1/480*%(3*tan(1/2*x)"5 - 35%tan(1/2*x)~3 - 480*x - (330%tan(1/2*x)~4 - 3b*xta
n(1/2*x)"2 + 3)/tan(1/2*x)"5 + 330*tan(1/2*x))*a~(3/2)

Mupad [F(-1)]
Timed out.

/(acot‘l(av))‘g/2 dx=/(acot(m)4)3/2dz

[In] int((a*cot(x)~4)~(3/2),x)
[Out] int((a*cot(x)~4)~(3/2), x)
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3.34 [ acoti(z)dr

Optimal result . . . . . . . . . . . e 237
Rubi [A] (verified) . . . . . . . . 237
Mathematica [C] (verified) . . . . . . . . . ... 238]
Maple [A] (verified) . . . . . . ... 238
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ....... 239
Sympy [F] . . o 239
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... 239
Giac [A] (verification not implemented) . . . . . . . ... ... .. L. 240]
Mupad [F(-1)] . . . . 240)

Optimal result

Integrand size = 10, antiderivative size = 32

/ \/acot*(z) dr = —\/acot?(z) tan(z) — x4/ a cot*(x) tan’(x)

[Out] -(axcot(x)~4)~(1/2)*tan(x)-x*(a*xcot(x)~4) " (1/2)*tan(x) "2

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.00, number

_ __ o number of rules _ _
of steps used = 3, number of rules used = 3, integrand size 0.300, Rules used = {3739,
3554, 8}

/ \/acot*(z) dz = —ztan®(z)4/acot?(z) — tan(z)4/a cot?(x)

[In] Int[Sqrt[axCot[x]~4],x]

[Out] -(Sqrt[a*Cot[x]~4]*Tan[x]) - x*Sqrt[a*Cot[x]~4]*Tan[x]"2
Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*x((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] & GtQ[n, 1]

Rule 3739
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Int[(u_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Dist[(b*ff~n) IntPart[p]*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (n*FracPart[pl)), Int[ActivateTrig[u]l*(Tan
[e + £xx]/ff) " (n*p), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&% IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps

integral = <\ /a cot?(z) tan® (a:)) / cot?(z) dz
= —1/acot(z) tan(z) — (\/acot‘l(x) tan2(:c)) /1 dz
= —/acot*(x) tan(z) — z4/a cot?(z) tan®(z)

Mathematica [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.02 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.88

1 1
/ \/acott(z) dr = —/a cot?(z) Hypergeometric2F1 (—5, 1, 3 tan2(x)) tan(z)

[In] Integrate[Sqrt[a*Cot[x]~4],x]
[Out] -(Sqrt[a*Cot[x]~4]+*Hypergeometric2F1[-1/2, 1, 1/2, -Tan[x]~2]*Tan[x])

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.84

method result Size
4 ( cot(z)+4 T —ar .

derivativedivides Yacotla)" ( Coiit)(:)g arccot(cot(x))) o7
4 (= cot(z)+ T —arccot(cot(z

default \/‘m( Zit)(:)g t(cot(z))) o7

a(eziz+1)4
(eZiw _1)4

(e2iz +1)2

a (e2iz+1)4
(ein _1)4

(e2iz _;’_1)2

(e*=—-1)%c 2

+

(e2iw_1)

85

risch

[In] int((a*xcot(x)~4)~(1/2),x,method=_RETURNVERBOSE)
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[Out] (axcot(x)~4)~(1/2)/cot(x) "2*(-cot(x)+1/2*xPi-arccot(cot(x)))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 61 vs. 2(28) = 56.

Time = 0.28 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.91

. acos(2z)?+2acos(2z)+a
—Z s (2 .’E))\/ cos(2x)%—2 cos(2z)+1

. (xcos(2x)
/\/acot (x)dz = cos (22) + 1

[In] integrate((a*cot(x)~4)~(1/2),x, algorithm="fricas")
[Out] (x*cos(2*x) - x - sin(2*x))*sqrt((a*cos(2*x)~2 + 2*axcos(2*x) + a)/(cos(2*x
)72 - 2xcos(2xx) + 1))/(cos(2*x) + 1)

Sympy [F]
/\/acot“(x)dz:/\/acot‘l(x)dz

[In] integrate((axcot(x)**4)**x(1/2),x)
[Out] Integral(sqrt(axcot(x)**4), x)

Maxima [A] (verification not implemented)

none
Time = 0.39 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.50

/ \/acot*(z) de = —/ax — ta\n/(ax)

[In] integrate((a*cot(x)~4)~(1/2),x, algorithm="maxima")

[Out] -sqrt(a)*x - sqrt(a)/tan(x)



240

Giac [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.66

/\/acot‘*(x)dm: —%ﬁ(%c—l-m — tan (%x))

[In] integrate((a*xcot(x)~4)~(1/2),x, algorithm="giac")
[Out] -1/2*sqrt(a)*(2*x + 1/tan(1/2*x) - tan(1/2%x))

Mupad [F(-1)]

Timed out.

/\/acot“(x)dx:/\/acot(x)‘ldx

[In] int((a*cot(x)~4)~(1/2),x)
[Out] int((a*cot(x)~4)~(1/2), x)
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3.35 [~ —=dx

Optimal result . . . . . . . . . . e 24T]
Rubi [A] (verified) . . . . . . . . 24Tl
Mathematica [A] (verified) . . . . . . . . ... L L 242
Maple [A] (verified) . . . . . . . . . . 242
Fricas [B| (verification not implemented) . . . . . .. ... ... ... ........ 243
Sympy [F] . . . 243
Maxima [A] (verification not implemented) . . . . . . . ... ... ... L. 243]
Giac [F(-2)] . . . o o 247
Mupad [F(-1)] . . . o o 244

Optimal result

Integrand size = 10, antiderivative size = 31

cot(x) z cot?(x)

1
- dr= _
/ Vacott(z) Vacoti(z) /acoti(z)

[Out] cot(x)/(axcot(x)~4)~(1/2)-x*cot(x) "2/ (axcot(x)~4)~(1/2)

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, number of rules _ 0.300, Rules used = {3739,
integrand size
3554, 8}

cot(x) z cot?(x)

1
s dr= _
/ v acot*(x) Vacoti(z) /acoti(z)

[In] Int([1/Sqrtl[a*Cot[x]~4],x]

[Out] Cot[x]/Sqrt[a*Cot[x]~4] - (x*Cot[x]~2)/Sqrt[a*Cot[x]~4]
Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b"2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3739



242

Int[(u_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Dist[(b*ff~n) IntPart[p]*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (n*FracPart[pl)), Int[ActivateTrig[u]l*(Tan
[e + £xx]/ff) " (n*p), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&% IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps
cot?(z) [ tan?(z) dz
a cot?(z)
_cot(z) cot’(z) [1dz
Vacoti(z)  /acot(z)
cot(z) z cot?(x)

N Vacot?(z) - Vacot?(z)

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.74

integral =

__ cot(x) — arctan(tan(z)) cot?(z)

1
——dz
/ Vacott(z) a cot*(z)

[In] Integrate[1/Sqrt[a*xCot[x]~4],x]
[Out] (Cot[x] - ArcTan[Tan[x]]*Cot[x]~2)/Sqrt[a*xCot [x]~4]

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.84

method result size
derivativedivides | 2@(G —3752222(;))) cot(z)+1) 26
default cot(x) (5 —arccot(cot(x))) cot(x)+1) 2
\/ a cot(xz)*
risch (o +1)" - 2i( 1) 85
a(e2iz+1)4 _ ) a(e2iz+1)4 ) )
W (62“”—1) W (e2zx_1)

[In] int(1/(a*cot(x)~4)~(1/2),x,method=_RETURNVERBOSE)
[Out] cot(x)*((1/2*Pi-arccot(cot(x)))*cot(x)+1)/(a*xcot(x)"4)"(1/2)
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 80 vs. 2(27) = 54.

Time = 0.25 (sec) , antiderivative size = 80, normalized size of antiderivative = 2.58

2
(z cos (2z)% — (cos (22) — 1) sin (2x) — x) \/aﬁifzgi))f; iss(séi;cﬁa

[ 2
Vacot*(z) acos(2z)"+2acos(2z) +a

[In] integrate(1/(a*cot(x)~4)~(1/2),x, algorithm="fricas")

[Out] (x*cos(2*x)"2 - (cos(2*x) - 1)*sin(2*x) - x)*sqrt((a*cos(2*x)~2 + 2xa*cos(2
*x) + a)/(cos(2*x)72 - 2*cos(2*x) + 1))/(axcos(2*x)~2 + 2*axcos(2*x) + a)

Sympy [F]

/ﬁdmz/ﬁdm

[In] integrate(1/(a*cot(x)**4)**(1/2),x)
[Out] Integral(1l/sqrt(axcot(x)**4), x)

Maxima [A] (verification not implemented)

none
Time = 0.43 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.42

_z  tan(x)

1
/—\m‘“—‘%+7

[In] integrate(1/(a*cot(x)~4)~(1/2),x, algorithm="maxima")

[Out] -x/sqrt(a) + tan(x)/sqrt(a)
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Giac [F(-2)]

Exception generated.

dxr = Exception raised: TypeError

[In] integrate(1/(a*cot(x)~4)~(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> an error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ; OUTPUT: sym2poly/r2sym(const gen & e,const in
dex_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

/ﬁdmz/ﬁdm

[In] int(1/(a*cot(x)~4)~(1/2),x)
[Out] int(1/(a*cot(x)~4)~(1/2), x)
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3.36 f( L d

acot?(z))
Optimal result . . . . . . . . .. . 245
Rubi [A] (verified) . . . . . . . . . 2451
Mathematica [A] (verified) . . . . . . . . ... . L 246
Maple [A] (verified) . . . . . . . .. 247
Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ....... 247
Sympy [F] . o o o 247
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... .. 248]
Giac [F(-2)] . . . o o 248
Mupad [F(-1)] . . . o 248

Optimal result

Integrand size = 10, antiderivative size = 77

/ 1 i — cot(z)  weot’(®)  tan() N tan?(x)
(acott(z))*? av/acot*(z) ay/acot(z) 3ar/acot*(z) 5ay/acot(z)

[Out] cot(x)/a/(axcot(x)~4)~(1/2)-x*cot(x)~2/a/(axcot(x)"4)~(1/2)-1/3*tan(x)/a/(a
*cot (x)~4) " (1/2)+1/5*tan(x) ~3/a/(a*cot (x) ~4)~(1/2)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 5, number of rules used = 3, integrand size 0.300, Rules used = {3739,

3554, 8}
/ 1 i — cot(z)  wcot’(z) N tan’(z)  tan(w)
(acotd(z))*? av/acot*(z) av/acot(z) Bar/acot*(z) 3ay/acott(z)

[In] Int[(a*xCot[x]~4)~(-3/2),x]

[Out] Cot[x]/(a*Sqrt[a*Cot[x]~4]) - (x*Cot[x]~2)/(a*Sqrt[a*Cot[x]~4]) - Tan[x]/(3
*xaxSqrt [a*Cot [x] "4]) + Tan[x]~3/(5xa*xSqrt[a*Cot [x]~4])

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*x((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
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x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1"(n))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Dist[(b*ff~n) IntPart[p]*((b*xTan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (nxFracPart[p])), Int[ActivateTrig[ul*(Tan
[e + £xx]/£ff)~(n*p), x], x]1] /; FreeQl[{b, e, f, n, p}, x] & !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps
integral = cot?*(z) [ tan®(z) dz
ay/a cot*(x)

_ tan’(z)  cot?(z) [ tan'(z) dw
5a+/a cot*(z) a+/acot(x)

__ tan(z) N tan?(x) N cot?(z) [ tan?(z) dz

3ay/acot*(z)  Bay/acoti(z) ay/acot*(x)

__cot(z)  tan(z) N tan’(z)  cot’(z) [1dw

av/acoti(z) 3ay/acot*(z) Bay/acoti(z) av/acott(x)
cot(x) z cot?(x) tan(z) tan3(z)

ay/a cot?(z) - ay/a cott(z) - 3a+\/a cot(x) - 5a\/a cot*(x)

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.53

/ 1 dp — 15 cot(z) — 15 arctan(tan(z)) cot?(xz) — 5 tan(z) + 3 tan3(z)
(acot?(z))*? 15a+/a cot*(z)

[In] Integratel[(a*Cot[x]~4)~(-3/2),x]

[Out] (15%Cot[x] - 15%ArcTan[Tan[x]]*Cot[x]~2 - 5%Tan[x] + 3xTan[x]~3)/(15%a*Sqrt
[axCot [x]~4])
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.55

method result size
derivativedivides cot(z) (15 (£ —arccot(cot(x))) cot (x)5—|;15 cot(z)*—5 cot (ac)2+3) 42
15 (a cot(:z:)4) 2
default cot(z) (15(g—arccot(cot(x))) cot(x)5—|;15 cot(z)*—5 cot(x)2+3) 42
15 (a cot(:z:)4) 2
risch (e2“5+1)(2z - _ 2i(45e%7490 5% 4140 e4”+(70 e2iwj)uf3) 123
. a e2iz+1 . ) a 82i1:+1
a(ee=1)” J (e2iz _1)4 15a(e2iw+1)* (e2i® —I)Q\J (e2i-1) :

[In] int(1/(a*cot(x)~4)~(3/2),x,method=_RETURNVERBOSE)

[Out] 1/15*%cot(x)*(15*(1/2*Pi-arccot(cot(x)))*cot(x) "5+15*cot (x) ~4-5*cot(x)~2+3)/
(axcot(x)~4)~(3/2)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 142 vs. 2(65) = 130.

Time = 0.27 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.84

1 (152 cos (22)* + 30z cos (2x)* — 30z cos (2) — (23 cos (22)* + cos (22)? — 11 cos
dr =
/ (acotd(z))*? 15 (a2 cos (2x)* + 4a2cos (22)° + 6 a2 cos (21) + ¢

[In] integrate(1/(a*cot(x)~4)~(3/2),x, algorithm="fricas")

[Out] 1/15%(15*x*cos(2*x) "4 + 30*x*cos(2*x)~3 - 30*x*cos(2*x) - (23*cos(2*x)~3 +
cos(2#x)7"2 - 11*cos(2*x) - 13)*sin(2*x) - 15%x)*sqrt((axcos(2*x)~2 + 2*a*co
s(2*x) + a)/(cos(2*xx)”"2 - 2xcos(2*x) + 1))/(a"2*cos(2*x)~4 + 4*a~2*cos(2*x)

~3 + 6*a"2*cos(2*x) "2 + 4*a~2xcos(2*x) + a”~2)

Sympy [F]

| i o™

[In] integrate(1/(axcot(x)**4)**(3/2),x)
[Out] Integral((a*cot(x)**4)*x(-3/2), x)



248

Maxima [A] (verification not implemented)

none
Time = 0.43 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.38

Sl 8

/ 1 dp — 3 tan (z)° — 5 tan (z)° + 15 tan (z)
(a cot“(:c))?’/2 1545

[In] integrate(1/(a*cot(x)~4)~(3/2),x, algorithm="maxima")
[Out] 1/15%(3*tan(x)~5 - 5%tan(x)~3 + 16xtan(x))/a~(3/2) - x/a~(3/2)

Giac [F(-2)]

Exception generated.

1 . .
/ W dr = Exception raised: TypeError

[In] integrate(1/(a*cot(x)~4)~(3/2),x, algorithm="giac")

[Out] Exception raised: TypeError >> an error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ; OUTPUT: sym2poly/r2sym(const gen & e,const in
dex_ m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

/ (a 00t41($))3/2 dr= / (acot (1ac)4)3/2 &

[In] int(1/(a*cot(x)~4)~(3/2),x)
[Out] int(1/(a*cot(x)~4)~(3/2), x)
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3.37 [ (beot?(c + dx))" dx

Optimal result . . . . . . . . . . . . e 249
Rubi [A] (verified) . . . . . . . . 249
Mathematica [A] (verified) . . . . . . . . . .. 2501
Maple [F] . . . . 251]
Fricas [F] . . . . . o e 251]
Sympy [F] . o o o 251]
Maxima [F] . . . . . o 251]
Giac [F] . . . o o 2521
Mupad [F(-1)] . . . oo 252

Optimal result

Integrand size = 12, antiderivative size = 60

/ (beot?(c + do))" dz =

cot(c + dz) (bcotP(c + dz))" Hypergeometric2F1 (1, 3 (1 + np), 5(3 + np), — cot*(c + dz))
B d(1+ np)

[Out] -cot(d*x+c)*(b*cot(d*x+c) p) “n*hypergeom([1, 1/2#n*p+1/2],[1/2*n*p+3/2],-co
t (d*x+c)~2)/d/ (n*xp+1)

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ 0.250, Rules used = {3740,
integrand size
3557, 371}

/ (boot?(c + dz))" dz =

cot(c + dz) (bcotP(c + dz))" Hypergeometric2F1 (1, 3 (np + 1), 3 (np + 3), — cot*(c + dz))
B d(np+1)

[In] Int[(b*Cot[c + d*x]~p) n,x]

[Out] -((Cot[c + d*x]*(b*Cot[c + d*x] p) “n*Hypergeometric2F1[1, (1 + n*p)/2, (3 +
nxp) /2, -Cotl[c + d*x]~2]1)/(d*(1 + n*p)))

Rule 371

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(c*(m + 1)))*Hypergeometric2Fi[-p, (m + 1)/n, (m + 1)/n + 1
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, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 0] Il GtQla, 01)

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x~2), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rule 3740

Int[(u_.)*((b_.)*((c_.)*tan[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :> D
ist [b"IntPart [p]*((b*(c*Tan[e + f*x]) n) FracPart[p]/(c*Tan[e + f*x])~ (n*Fr
acPart[p]l)), Int[ActivateTrigl[ul*(c*Tan[e + f*x])~(n*p), x], x] /; FreeQ[{b
, C, e, £, n, p}, x] && !IntegerQ[p] && !'IntegerQ[n] && (EqQ[u, 1] || Mat
chQ[u, ((d_.)*(trig_)[e + fxx])"(m_.) /; FreeQ[{d, m}, x] && MemberQ[{sin,
cos, tan, cot, sec, csc}, trigll)

Rubi steps

integral = (cot™™(c + dz) (bcot?(c + dz))") / cot™(c + dz) dx

(cot™(c + dz) (bcotP(c + dzx))™) Subst( % dz, z, cot(c + dz))
o d
cot(c + dz) (beotP(c + dz))" Hypergeometric2F1 (1, 3 (1 + np), 3(3 + np), — cot*(c + dz))

d(1+ np)

Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.00

/ (beotP(c+ dx))" dz =

cot(c + dz) (bcot?(c + dx))" Hypergeometric2F1 (1, 1 (1 + np), 3(3 + np), — cot?(c + dz))
a d(1 + np)

[In] Integrate[(b*Cot[c + d*x]~p)~n,x]

[Out] -((Cot[c + d*x]*(b*Cot[c + d*x] p) “nxHypergeometric2F1[1, (1 + n*p)/2, (3 +
n*p)/2, -Cotlc + d*x]~2])/(d*(1 + n*p)))
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Maple [F]
/ (bcot (dx + ¢)P)" dx

[In] int((b*cot(d*x+c) p) n,x)
[Out] int((b*cot(d*x+c)~p) n,x)

Fricas [F|
/ (bcot?(c+ dx))" dx = / (bcot (dx + c)P)" dz

[In] integrate((b*cot(d*x+c)”~p) n,x, algorithm="fricas")
[Out] integral((b*cot(d*x + c)~p)~n, x)

Sympy [F]
/ (beot?(c+ dx))" dz = / (beot? (¢ + dz))" dx

[In] integrate((b*cot (d*x+c)**p)**n,x)

[Out] Integral((b*cot(c + d*x)**p)**n, x)

Maxima [F]

/ (beot?(c+ dx))" dz = / (beot (dz + ¢)*)" dx

[In] integrate((b*cot(d*x+c)”~p) n,x, algorithm="maxima")

[Out] integrate((bxcot(d*x + c)~p)~n, x)



Giac [F]

/ (beotP(c+dx))" dz = / (beot (dz + ¢)*)" dz

[In] integrate((b*cot(d*x+c)~p) n,x, algorithm="giac")

[Out] integrate((b*cot(d*x + c)”p)~n, x)

Mupad [F(-1)]
Timed out.
/ (beot?(c+ dx))" dz = / (beot(c+ dx)P)" dz

[In] int((b*cot(c + d*x)~p) n,x)
[Out] int((b*cot(c + d*x)~p)~n, x)

252
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3.38 [ (a(bcot(c+ dx))P)" dx

Optimal result . . . . . . . . . . e 253]
Rubi [A] (verified) . . . . . . . . 253
Mathematica [A] (verified) . . . . . . . . . ... 2541
Maple [F] . . . . 255
Fricas [F] . . . . . o 255
Sympy [F] . . o 255
Maxima [F] . . . . . o 255
Giac [F] . . . o o 2561
Mupad [F(-1)] . . . oo 250

Optimal result

Integrand size = 14, antiderivative size = 62

/ (a(beot(c + dz))?)" da =
cot(c + dz) (a(bcot(c + dz))?P)" Hypergeometric2F1 (1, 3 (1 + np), (3 + np), — cot*(c + dz))
B d(1+ np)

[Out] -cot(d*x+c)*(a*x(bxcot(d*x+c)) “p) “nxhypergeom([1, 1/2*nxp+1/2],[1/2*n*p+3/2]
,—cot (d*x+c)~2)/d/ (n*xp+1)

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ 0.214, Rules used = {3740,
integrand size
3557, 371}

/ (a(boot(c+ dz))P)" dz =
cot(c + dz) Hypergeometric2F1 (1, 3 (np + 1), 3 (np + 3), — cot?(c + dz)) (a(bcot(c + dz))P)"
B d(np+1)

[In] Int[(a*(b*Cot[c + d*x])~p) n,x]

[Out] -((Cot[c + d*x]*(a*x(b*Cot[c + d*x]) p) “n*Hypergeometric2F1[1, (1 + nxp)/2,
(3 + n*p)/2, -Cotl[c + d*x]~2])/(d*(1 + n*p)))

Rule 371

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(c*(m + 1)))*Hypergeometric2Fi[-p, (m + 1)/n, (m + 1)/n + 1
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, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 0] Il GtQla, 01)

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x~2), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rule 3740

Int[(u_.)*((b_.)*((c_.)*tan[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :> D
ist [b"IntPart [p]*((b*(c*Tan[e + f*x]) n) FracPart[p]/(c*Tan[e + f*x])~ (n*Fr
acPart[p]l)), Int[ActivateTrigl[ul*(c*Tan[e + f*x])~(n*p), x], x] /; FreeQ[{b
, C, e, £, n, p}, x] && !IntegerQ[p] && !'IntegerQ[n] && (EqQ[u, 1] || Mat
chQ[u, ((d_.)*(trig_)[e + fxx])"(m_.) /; FreeQ[{d, m}, x] && MemberQ[{sin,
cos, tan, cot, sec, csc}, trigll)

Rubi steps

integral = ((bcot(c + dz)) ™™ (a(bcot(c + dz))?)") /(b cot(c + dz))™ dx

(b(beot(c + dz)) ™ (a(beot(c + dz))P)™) Subst ( [ Iﬁﬁ% dz, z,bcot(c + dz))
o d

cot(c + dz) (a(bcot(c + dz))P)" Hypergeometric2F1 (1, (1 + np), 2(3 + np), — cot*(c + dz))
B d(1 4+ np)

Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.00

/ (a(bcot(c + dz))P)" dz =

cot(c + dz) (a(bcot(c + dz))?)" Hypergeometric2F1 (1, 2(1 + np), 3(3 + np), — cot*(c + dz))
- d(1+ np)

[In] Integrate[(a*(b*Cot[c + d*x])~p) n,x]

[Out] -((Cotlc + d*x]*(ax(b*Cot[c + d*x]) p) “nxHypergeometric2F1i[1, (1 + n*p)/2,
(3 + n*p)/2, -Cotlc + d*x]~2])/(d*(1 + n*p)))
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Maple [F]

/ (a(bcot (dz + ¢))P)" dz

[In] int((a*x(b*cot(d*x+c)) p) n,x)
[Out] int((a*(b*cot(d*x+c)) p) n,x)

Fricas [F|
/ (a(bcot(c+ dx))?)" dx = / ((beot (dx + ¢))! a)" dz

[In] integrate((a*(b*cot(d*x+c)) p) "n,x, algorithm="fricas")
[Out] integral(((b*cot(d*x + c)) p*a)~n, x)

Sympy [F]
/ (a(beot(c + dz))?)" dz = / (a(beot (¢ + dz))?)" dx

[In] integrate((a*(b*cot(d*x+c))**p)**n,x)
[Out] Integral((a*(b*cot(c + d*x))*xp)**n, x)

Maxima [F]

/(a(bcot(c+ dz))P)" dx = / ((beot (dz + ¢))! a)" dz

[In] integrate((a*(b*cot(d*x+c)) p)~n,x, algorithm="maxima")

[Out] integrate(((b*cot(d*x + c))~p*a)~n, x)



Giac [F]
/(a(bcot(c+ dz))P)" dz = / ((beot (dz + ¢))P a)" dz

[In] integrate((a*(b*cot(d*x+c))~p) n,x, algorithm="giac")

[Out] integrate(((b*cot(d*x + c))~p*a)~n, x)

Mupad [F(-1)]
Timed out.
/ (a(bcot(c+ dz))?)" dx = / (a(bcot(c+ dx))P)" dz

[In] int((a*x(b*cot(c + d*x))~p) n,x)
[Out] int((a*(b*cot(c + d*x))~p)~n, x)

256
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3.39 [(beot(e + fx))™(asin(e + fz))™ dx

Optimal result . . . . . . . . . . e 257
Rubi [A] (verified) . . . . . . . . 257
Mathematica [C] (warning: unable to verify) . . . . . . ... ... ... ... .. .. 258
Maple [F] . . . . o 259
Fricas [F] . . . . . . 2591
Sympy [F] . . o o 259
Maxima [F] . . . . . .o 259
Giac [F] . . . o o e 260
Mupad [F(-1)] . . . 260

Optimal result

Integrand size = 21, antiderivative size = 87

/(bcot(e + fz))*(asin(e + fz))" dz =

(beot(e + fz))' ™ Hypergeometric2F1 (12, 1(1 — m + n), 222 cos?(e + fz)) (asin(e + fz))™ sin?(e
bf(1+n)

[Out] -(b*cot(f*x+e))” (1+n)*hypergeom([1/2+1/2*n, 1/2-1/2*m+1/2%n], [3/2+1/2%n],co
s(fxx+e) "2) *(a*sin(f*x+e)) “m* (sin(f*x+e)~2)~(1/2-1/2*m+1/2+*n) /b/f/(1+n)

Rubi [A] (verified)

Time = 0.11 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 495 Ryles used = {2683,
integrand size
2697}

/(bcot(e + fz))"(asin(e + fx))" dz =

(asin(e + fz))™(beot(e + fz))* ' sin?(e + fz)2(-™++D Hypergeometric2F1 (%4, L(—m + n + 1),
bf(n+1)

[In] Int[(b*Cot[e + f*x]) n*(a*Sin[e + f*x]) m,x]

[Out] -(((bxCot[e + f*x])~(1 + n)*Hypergeometric2F1[(1 + n)/2, (1 - m + n)/2, (3
+ n)/2, Cosl[e + f*x]~2]*(a*Sin[e + f*x]) m*x(Sin[e + f*x]°2)"((1 - m + n)/2)
)/ (b*fx(1 + n)))

Rule 2683

Int[(cosl(e_.) + (£_.)*(x_)]1*(a_.)) (@ )*((b_.)*tan[(e_.) + (£_.)*(x_)])"(n
_), x_Symbol] :> Dist[(a*Cos[e + f*x]) FracPart[m]*(Sec[e + f*x]/a) FracPar
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t[m], Int[(b*Tan[e + f*x])"n/(Sec[e + f*x]/a)"m, x], x] /; FreeQ[{a, b, e,
f, m, n}, x] & !'IntegerQ[m] &% !IntegerQ[n]

Rule 2697

Int[((a_.)*secl(e_.) + (£_)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)])"(

n_), x_Symbol] :> Simp[(a*Sec[e + f*x]) m*(b*Tan[e + f*x])~(n + 1)*((Cos[e

+ £xx]72)"((m + n + 1)/2)/(bxfx(n + 1)))*Hypergeometric2F1[(n + 1)/2, (m +

n+ 1)/2, (n + 3)/2, Sin[e + f*x]~2], x] /; FreeQ[{a, b, e, f, m, n}, x] &&
IIntegerQ[(n - 1)/2] && !IntegerQ[m/2]

Rubi steps

integral = ((M>m(asin(e+ fx))m) / (boot(e + fz))" (M) s

a a

(beot(e + fz))'+™ Hypergeometric2F1 (22, 1(1 — m + n), 3£, cos®(e + fz)) (asin(e + fz))™:

bf(1+n)

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 2.69 (sec) , antiderivative size = 289, normalized size of antiderivative = 3.32

/(bcot(e—l—fx))"(asin(e—l— fx)™dx
(3+m—:
f@+m—n)((3+m —n)AppellF1 (3(1+m —n),—n,1+m, (3 +m —n),tan? ((e + fz)) , — tan® (

[In] Integrate[(b*Cot[e + f*x]) n*(a*Sin[e + f*x]) m,x]

[Out] ((3 + m - n)*AppellF1[(1 + m - n)/2, -n, 1 + m, (3 + m - n)/2, Tan[(e + f*x
)/2]1°2, -Tan[(e + f*x)/2] 2] *(b*Cot[e + f*x]) n*Sin[e + f*x]*(a*xSin[e + f*x
D°m)/(fx(1 + m - n)*((3 + m - n)*AppellF1[(1 + m - n)/2, -n, 1 + m, (3 + m

- n)/2, Tan[(e + £*x)/2]72, -Tan[(e + f*x)/2]72] - 2*(n*AppellF1[(3 + m -
n)/2, 1 -n, 1 +m, (6+m-n)/2, Tan[(e + £xx)/2]"2, -Tan[(e + f*x)/2] 2]

+ (1 + m)*AppellF1[(83 + m - n)/2, -n, 2 + m, (6 + m - n)/2, Tan[(e + f*x)/

2172, -Tan[(e + fxx)/2]1"2])*Tan[(e + f*x)/2]172))
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Maple [F]

/ (beot (fz +€))" (asin (fz + €)™ dz

[In] int((b*cot(f*x+e)) "n*(a*sin(f*x+e)) m,x)

[Out] int((b*cot(f*x+e)) n*(a*sin(f*x+e)) "m,x)
Fricas [F|
/(b cot(e + fz))"(asin(e + fz))™ dx = / (beot (fz +€))" (asin (fz +e))™ dx

[In] integrate((b*cot(f*x+e)) n*(a*sin(f*x+e)) m,x, algorithm="fricas")

[Out] integral((b*cot(f*x + e)) n*(axsin(f*x + e)) m, x)
Sympy [F]
/(bcot(e + fz))*(asin(e + fz))" dz = / (asin (e + fz))™ (beot (e + fz))" dx

[In] integrate((b*cot(f*x+e))**n*(a*xsin(f*x+e))**m,x)

[Out] Integral((a*sin(e + f#*x))**m*(b*cot(e + f*x))**n, x)

Maxima [F]

/ (beot(e + fz))"(asin(e + fz))™ dz = / (beot (fz + €))" (asin (fz + €)™ dz

[In] integrate((b*cot(f*x+e)) n*(a*sin(f*x+e)) m,x, algorithm="maxima")

[Out] integrate((bxcot(f*x + e)) n*(a*sin(f*x + e))"m, x)
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Giac [F]
/(b cot(e + fz))*(asin(e + fx))" dx = / (beot (fx +e))” (asin (fz +e))™ dzx

[In] integrate((b*cot(f*x+e)) n*(a*sin(f*x+e)) m,x, algorithm="giac")

[Out] integrate((bxcot(f*x + e)) n*(a*sin(f*x + e))"m, x)

Mupad [F(-1)]

Timed out.

/(b cot(e + fz))"(asin(e + fx))™ dx = / (beot(e + fx))" (a sin(e+ fz))" dz

[In] int((b*cot(e + f*x)) n*(a*sin(e + f*x)) "m,x)

[Out] int((b*cot(e + f*x)) n*x(a*xsin(e + f*x))“m, x)
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3.40 [(acos(e + fx))™(bcot(e + fz))" dx

Optimal result . . . . . . . . . . e 2611
Rubi [A] (verified) . . . . . . . . . 261]
Mathematica [A] (verified) . . . . . . . . . ... 262
Maple [F] . . . . o 262
Fricas [F] . . . . . . 2631
Sympy [F] . . o o 263
Maxima [F] . . . . . . 263
Giac [F] . . . o o e 263
Mupad [F(-1)] . . o o 264

Optimal result

Integrand size = 21, antiderivative size = 84

/(a cos(e + fz))™(beot(e + fx))" dx =

(acos(e + fz))™(beot(e + fz))' ™" Hypergeometric2F1 (2, 1(1 4+ m + n), 3(3 + m + n), cos?(e + f:
bf(l+m+n)

[Out] -(a*cos(f*x+e)) “m*(bxcot(f*x+e))”~ (1+n)*hypergeom([1/2+1/2%n, 1/2+1/2*m+1/2%
n], [3/2+1/2*m+1/2*n] ,cos (f*x+e) ~2) * (sin(f*x+e) ~2)~(1/2+1/2*n) /b/f/(1+m+n)

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ , 495 Ryjles used = {2682,
integrand size
2656}

/(acos(e+fx))m beot(e + fx))"dr =

n+1

2 (acos(e + fz))™(bcot(e + fz))"* Hypergeometric2F1 (%2, 2(m +n + 1), 3(m + n -
bf(m+n+1)

sin?(e + fx)

[In] Int[(a*xCos[e + f*x]) m*(b*Cot[e + f*x]) n,x]

[Out] -(((a*Cos[e + f*x]) m*(b*Cot[e + f*x])~(1 + n)*Hypergeometric2F1[(1 + n)/2,
(1 +m+n)/2, (3+m+ n)/2, Cosle + f*x]~2]*(Sinl[e + f*x]1~2)~((1 + n)/2)
)/ (bxf*(1 + m + n)))

Rule 2656

Int[(cos[(e_.) + (£_.)*(x_)1*(a_.)) " (m_)*((b_.)*sin[(e_.) + (£_.)*(x_)]1)"(n
_), x_Symbol] :> Simp[(-b~(2*IntPart[(n - 1)/2] + 1))*(b*Sin[e + fx*x])~(24F
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racPart[(n - 1)/2])*((a*Cos[e + f*x])~(m + 1)/(a*xf*x(m + 1)*(Sin[e + f*xx]~2)
“FracPart[(n - 1)/2]))*Hypergeometric2F1[(1 + m)/2, (1 - n)/2, (3 + m)/2, C
osle + £*x]°2], x] /; FreeQ[{a, b, e, f, m, n}, x] && SimplerQ[n, m]

Rule 2682

Int[((a_.)*sin[(e_.) + (£_.)*(x_)]1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(
n_), x_Symbol] :> Dist[a*Cos[e + f*x]~(n + 1)*((b*Tan[e + f*x])~(n + 1)/ (b*
(a*xSin[e + f*x])~(n + 1))), Int[(a*Sin[e + f*x])~(m + n)/Cos[e + f*x]"n, x]
, Xx] /; FreeQ[{a, b, e, f, m, n}, x] & !IntegerQ[n]

Rubi steps

integral =
_ (a(acos(e + fx)) "' "(beot(e + fx))'*"(=sin(e + fz))'*") [(acos(e + fz))™ " (=sin(e + fz)) " dz
b

acos(e + fx))™(bcot(e + fx))*" Hypergeometric2F1 (127, 1(1 4+ m +n), 1 (3 + m + n), cos?|
2 02 2

bf(1+m+n)

Mathematica [A] (verified)

Time = 0.93 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.99

/(a cos(e + fz))™(beot(e + fx))" dx =

b(acos(e + fz))™(beot(e + fz)) ™" Hypergeometric2F1 (2t 1-n 3-n _ tan?(e + fx)) sec’(e + fz)

f(=14n)

[In] Integrate[(a*Cos[e + f*x]) m*(b*Cot[e + f*x]) n,x]

[Out] -((b*(axCos[e + f*x]) m*(b*Cot[e + f*x])~ (-1 + n)*Hypergeometric2F1[(2 + m)
/2, (1 - n)/2, (3 -n)/2, -Tan[e + f*x]~2]*(Sec[e + f*x]~2)"(m/2))/(f*(-1 +
n)))

Maple [F]

/ (acos (fz+e))™ (beot (fz +e))" dzx

[In] int((a*cos(f*x+e)) “m*(b*cot (f*x+e)) "n,x)

[Out] int((a*cos(f*x+e)) m*(b*cot(f*x+e)) "n,x)
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Fricas [F]
/(a cos(e + fx))"(beot(e + fx))" dx = / (acos (fr+e))™ (beot (fzx +e))" dx

[In] integrate((a*cos(f*x+e)) m*(b*cot(f*x+e)) n,x, algorithm="fricas")

[Out] integral((a*cos(f*x + e)) mx(b*cot(f*x + e))"n, x)
Sympy [F]
/(a cos(e + fxz))"(beot(e + fx))" dz = / (acos(e+ fz))™ (beot (e + fz))" dx

[In] integrate((a*cos(f*x+e))**m*(b*xcot (f*x+e))**n,x)

[Out] Integral((a*cos(e + f*x))*xm*(b*cot(e + f*x))**n, x)
Maxima [F]
/(a cos(e + fz))™(beot(e + fx))" dx = / (acos(fz+ €)™ (beot (fz +e))" dx

[In] integrate((a*cos(f*x+e)) m*(b*cot(f*x+e)) n,x, algorithm="maxima")

[Out] integrate((a*cos(f*x + e)) “m*x(b*cot(f*x + e))"n, x)

Giac [F]

/(a cos(e + fz))™(beot(e + fx))" dx = / (acos (fz+e))™ (beot (fz +e))" dz

[In] integrate((a*cos(f*x+e)) m*(b*cot(f*x+e)) n,x, algorithm="giac")

[Out] integrate((axcos(f*x + e)) m*(b*cot(f*x + e))"n, x)
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Mupad [F(-1)]

Timed out.

/(a cos(e + fx))"(beot(e + fx))" dx = / (a cos(e+ fz))" (beot(e + fz))" dx

[In] int((a*cos(e + f*x)) m*x(b*cot(e + f*x)) n,x)

[Out] int((a*xcos(e + f*x)) m*(b*cot(e + f*x))"n, x)
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3.41 [(acot(e + fx))™(bcot(e + fz))"dx

Optimal result . . . . . . . . . . . . e 265
Rubi [A] (verified) . . . . . . . . 265
Mathematica [A] (verified) . . . . . . . . . .. 2661
Maple [F] . . . . 267
Fricas [F] . . . . . o e 267
Sympy [F] . o o o 267
Maxima [F] . . . . . o 267
Giac [F] . . . o o 268]
Mupad [F(-1)] . . . oo 268

Optimal result

Integrand size = 21, antiderivative size = 64

/(a cot(e + fx))"(beot(e + fx))" dx =

(acot(e + fz))*™(beot(e + fz))" Hypergeometric2F1 (1, (1 4+ m + n), 1(3 + m + n), — cot?(e + fa
af(l+m+n)

[Out] -(a*xcot(f*x+e))” (1+m)*(b*xcot(f*x+e)) “n¥hypergeom([1, 1/2+1/2*m+1/2*n], [3/2+
1/2*m+1/2*n] ,-cot (f*x+e) ~2) /a/f/(1+m+n)

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ 0.143, Rules used = {20,
integrand size
3557, 371}

/(a cot(e + fx))"(beot(e + fx))" dx =

(acot(e + fz))™(beot(e + fz))" Hypergeometric2F1 (1, :(m + n+ 1), 1(m + n + 3), — cot?(e + fa
af(m+n+1)

[In] Int[(a*Cotl[e + fx*xx]) m*(b*Cotl[e + f*x]) n,x]

[Out] -(((axCot[e + f*x])~(1 + m)*(b*Cot[e + f*x]) n*xHypergeometric2F1[1, (1 + m
+n)/2, (3+m+ n)/2, -Cotl[e + f*x]172])/(a*xf*x(1 + m + n)))

Rule 20

Int[(u_.)*((a_.)*(v_)) " (m_)*((b_.)*(v_))"(n_), x_Symbol] :> Dist[b~IntPart[
n] * ((b*v) “FracPart [n]/(a~IntPart[n]*(a*v) “FracPart[n])), Int[ux(a*v) " (m + n
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), x], x]1 /; FreeQ[{a, b, m, n}, x] & !IntegerQ[m] && !IntegerQ[n] && !
IntegerQ[m + n]

Rule 371

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & 'IGtQ[p, 0] && (ILt
Qlp, 0] |l GtQla, 01)

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps

integral = ((acot(e + fz)) " (beot(e + fz))") /(acot(e + fx))" " dx

(a(acot(e + fx)) ™(bcot(e + fx))™) Subst (f % dz,z,acot(e + fx))
f

(acot(e + fz))'*™(beot(e + fz))™ Hypergeometric2F1 (1, 3(1 + m + n), 1(3 + m + n), — cot?(
af(l+m+n)

Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.02

/(a cot(e + fz))™(beot(e + fx))" dx =

cot(e + fz)(acot(e + fz))™(beot(e + fz))™ Hypergeometric2F1 (1, 3(1 +m + n), 3(3 + m + n), — cot
fl+m+n)

[In] Integrate[(a*Cot[e + f*x]) m*(bxCot[e + f*x]) n,x]

[Out] -((Cotl[e + f*x]*(a*xCot[e + f*x]) “m*(b*Cot[e + f*x]) n*Hypergeometric2F1i[1,
(1 +m+n)/2, (3+m+ n)/2, -Cotle + f*xx]~2])/(f*x(1 + m + n)))
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Maple [F]

/ (acot (fx +e))™ (beot (fz +e))" dx

[In] int((a*cot(f*x+e)) “m*(b*cot (f*x+e)) n,x)

[Out] int((a*cot(f*x+e)) m*(b*cot(f*x+e)) "n,x)
Fricas [F|
/(a cot(e + fz))™(beot(e + fx))" dx = / (acot (fx +e))™ (beot (fz +e))" dx

[In] integrate((a*cot(f*x+e)) m*(b*cot(f*x+e)) n,x, algorithm="fricas")

[Out] integral((axcot(f*x + e)) m*(bxcot(f*x + e))”n, x)
Sympy [F]
/(a cot(e + fz))™(beot(e + fx))" dx = / (acot (e+ fz))™ (beot (e + fz))" dz

[In] integrate((a*cot(f*x+e))**m* (bxcot (f*x+e))**n,x)

[Out] Integral((a*cot(e + f*x))**m*(b*cot(e + f*x))**n, x)

Maxima [F]

/(a cot(e + fz))™(beot(e + fx))" dx = / (acot (fz +e€))™ (beot (fz +e))" dz

[In] integrate((a*cot(f*x+e)) “m*(b*cot(f*x+e)) n,x, algorithm="maxima")

[Out] integrate((axcot(f*x + e)) m*(b*cot(f*x + e))"n, x)
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Giac [F]
/(a cot(e + fz))™(beot(e + fx))"dzx = / (acot (fr+e€))™ (beot (fz +e))" dx

[In] integrate((a*cot(f*x+e)) m*(b*cot(f*x+e)) n,x, algorithm="giac")

[Out] integrate((axcot(f*x + e)) m*(b*cot(f*x + e))"n, x)

Mupad [F(-1)]

Timed out.

/(acot(e + fz))™(bcot(e + fz))" dx = / (acot(e + fx))™ (beot(e + f z))" dx

[In] int((a*cot(e + f*x)) m*(b*cot(e + f*x)) n,x)

[Out] int((a*cot(e + f*x)) m*x(b*cot(e + f*x))“n, x)
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3.42 [(beot(e + fx))™(asec(e + fx))™dx

Optimal result . . . . . . . . . . . e 269
Rubi [A] (verified) . . . . . . .. . 269
Mathematica [A] (verified) . . . . . . . . . ... 270
Maple [F] . . . . o 2711
Fricas [F] . . . . . .
Sympy [F] . . o o 2711
Maxima [F] . . . . . . o 271]
Giac [F] . . . o o e 272
Mupad [F(-1)] . . . 272

Optimal result

Integrand size = 21, antiderivative size = 90

/(bcot(e + fz))"(asec(e + fz))"dx =

(beot(e + fz))'+™ Hypergeometric2F1 (142, 2(1 — m + n), (3 — m + n), cos’(e + fz)) (asec(e + fz
bf(1—m+n)

[Out] -(b*cot(f*x+e))” (1+n)*hypergeom([1/2+1/2*n, 1/2-1/2*m+1/2%n], [3/2-1/2*m+1/2
*n] ,cos (fxx+e) ~2) x(a*sec(f*x+e)) "m*(sin(f*x+e)~2)~(1/2+1/2%*n) /b/f/(1-m+n)

Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, umber of rules _ , 143 Ryjeg used = {2698,
integrand size
2682, 2656}

/(bcot(e + fz))"(asec(e + fz))" dx =

sin?(e + fx)"3 (asec(e + fz))™(beot(e + fz))* ! Hypergeometric2F1 ("L, L (—m 4 n + 1), L (—m +
bf(—m+n+1)

[In] Int[(b*Cot[e + f*x]) n*(a*Secl[e + f*x]) m,x]

[Out] -(((b*Cot[e + f*x])~(1 + n)*Hypergeometric2F1[(1 + n)/2, (1 - m + n)/2, (3
- m+ n)/2, Cosle + fxx] 2]*(a*Sec[e + f*x]) m*x(Sin[e + f*x]~2)"((1 + n)/2)
)/ (bxf*(1 - m + n)))

Rule 2656

Int[(cos[(e_.) + (£_.)*(x_)1*(a_.)) " (m_)*((b_.)*sin[(e_.) + (£_.)*(x_)]1)"(n
_), x_Symbol] :> Simp[(-b~(2*IntPart[(n - 1)/2] + 1))*(b*Sin[e + fx*x])~(24F
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racPart[(n - 1)/2])*((a*Cos[e + f*x])~(m + 1)/(a*xf*x(m + 1)*(Sin[e + f*xx]~2)
“FracPart[(n - 1)/2]))*Hypergeometric2F1[(1 + m)/2, (1 - n)/2, (3 + m)/2, C
osle + £*x]°2], x] /; FreeQ[{a, b, e, f, m, n}, x] && SimplerQ[n, m]

Rule 2682

Int[((a_.)*sin[(e_.) + (£_.)*(x_)]1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(
n_), x_Symbol] :> Dist[a*Cos[e + f*x]~(n + 1)*((b*Tan[e + f*x])~(n + 1)/(b*
(axSin[e + f*x])~(n + 1))), Int[(a*Sin[e + f*x])~"(m + n)/Cos[e + f*x]"n, x]
, x] /; FreeQ[{a, b, e, £, m, n}, x] & !IntegerQ[n]

Rule 2698

Int[(cscl(e_.) + (f_.)*(x_)]*(a_.)) " (m_)*((b_.)*tan[(e_.) + (f_.)*(x_)])"(n
_), x_Symbol] :> Dist[(a*Csc[e + f*x]) FracPart[m]*(Sin[e + fx*x]/a) FracPar
t[m], Int[(b*Tan[e + f*x])"n/(Sin[e + f*x]/a)"m, x], x] /; FreeQ[{a, b, e,

f, m, n}, x] & !IntegerQ[m] &% !IntegerQ[n]

Rubi steps

integral = ((M>m(asec(e+ fx))m) / (M)_m (beot(e + fx))" do

a a

((cos(e:fm)>_1+m_n (bcot(e + fx)) " (asec(e + fz))™(—sin(e + fx))l-‘rn) | <cos(ea+fm))—m+n(
ab

(beot(e + fz))'+™ Hypergeometric2F1 (2, 1(1 — m + n), (3 — m + n), cos?(e + fz)) (asec(e
bf(1—m+n)

Mathematica [A] (verified)

Time = 0.81 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.92

/(bcot(e + fx))"(asec(e + fz))™ dx =

b(bcot(e + fz))~+" Hypergeometric2F1 (1 — 2,152 3-% tan?(e + fx)) (asec(e + fx))™ sec’(e + f:
f(=14+n)

[In] Integrate[(b*Cot[e + f*x]) n*(a*Sec[e + f*x]) m,x]

[Out] -((b*(b*Cot[e + f*x])~(-1 + n)*Hypergeometric2Fi[1 - m/2, (1 - n)/2, (3 - n
)/2, -Tan[e + fxx] 2]*(axSec[e + f*x])"m)/(f*(-1 + n)*(Sec[e + f*x]~2)~(m/2
)))
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Maple [F]

/ (beot (fz +e))" (asec(fr+e€))" dz

[In] int((b*cot(f*x+e)) "n*(axsec(f*x+e)) m,x)

[Out] int((b*cot(f*x+e)) n*(a*sec(f*x+e)) "m,x)
Fricas [F|
/(b cot(e + fz))"(asec(e + fz))™dx = / (beot (fz +e))" (asec(fr+e))™ dz

[In] integrate((b*cot(f*x+e)) n*(a*sec(f*x+e)) m,x, algorithm="fricas")

[Out] integral((b*cot(f*x + e)) n*(axsec(f*x + e)) m, x)
Sympy [F]
/(bcot(e—i— fz))"(asec(e + fz))" dz = / (asec(e+ fz))™ (beot (e + fz))" dx

[In] integrate((b*cot(f*x+e))**n*(axsec(f*x+e))**m,x)

[Out] Integral((a*sec(e + f*x))x**m*(b*cot(e + f*x))**n, x)

Maxima [F]

/(bcot(e+ fz))"(asec(e + fz))" dz = / (beot (fz +€))” (asec(fzr+e€))™ dz

[In] integrate((b*cot(f*x+e)) n*(a*sec(f*x+e)) m,x, algorithm="maxima")

[Out] integrate((bxcot(f*x + e)) n*(a*sec(f*x + e))"m, x)



272

Giac [F]
/(b cot(e + fx))"(asec(e + fz))™ dx = / (beot (fz +€))” (asec(fz+e€))™ dz

[In] integrate((b*cot(f*x+e)) n*(a*sec(f*x+e)) m,x, algorithm="giac")

[Out] integrate((bxcot(f*x + e)) n*(a*sec(f*x + e))"m, x)

Mupad [F(-1)]

Timed out.

/(bcot(e—l— fz))"(asec(e + fz))" dz = / (beot(e + fx))" (m)mdx

[In] int((b*cot(e + f*x)) n*(a/cos(e + f*x))"m,x)

[Out] int((b*cot(e + f*x)) n*x(a/cos(e + f*x))"m, x)
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3.43 [(dcot(e+ fz))"cscb(e + fz) dx

Optimal result . . . . . . . . . . e 2773
Rubi [A] (verified) . . . . . . . . 273
Mathematica [A] (verified) . . . . . . . . . ... 274
Maple [A] (verified) . . . . . . ... 274
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .... 2775
Sympy [F(-1)] . . o o 275
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 275
Giac [F] . . . o o 276l
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 276

Optimal result

Integrand size = 19, antiderivative size = 76

n b _ (dcot(e+ fz))*™  2(dcot(e + fz))**"
[ deotte + faesete + fa)do = —SEEGAESE - SEEET
_ (dcot(e + fx))>*t"

df(5+n)

[Out] -(d*cot(f*x+e))”(1+n)/d/f/(1+n)-2*x(d*cot (f*x+e))~(3+n)/d"3/f/(3+n)-(d*cot (f
*xx+e))~(5+n)/d"5/f/(5+n)

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 2, Bumber of rules _ , 145 Ryjles used = {2687,
integrand size

276}
" ogcd _ (dcot(e+ fz))"*®  2(dcot(e + fz))"+®
/(dCOt(e + fe))" esc(e + fo) do =~ dfn+5)  df(n+3)
_ (dcot(e + fz))™*!
df(n+1)

[In] Int[(d*Cotl[e + f*x]) n*Cscle + f*x] 6,x]

[Out] -((d*Cot[e + f*x])~(1 + n)/(d*f*x(1 + n))) - (2*x(d*Cot[e + f*x])~(3 + n))/(d
~3*%f*(3 + n)) - (dxCotl[e + f*x])~(5 + n)/(d"5*f*(5 + n))

Rule 276

Int[((c_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(m))"(p_.), x_Symbol] :> Int[Exp
andIntegrand[(c*x) “m*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, ¢, m, n}, x] &&
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IGtQ[p, 0]

Rule 2687

Int[sec[(e_.) + (£_)*x )1 (@ )*((b_.)*tan[(e_.) + (f_)*(x)])"(n_.), x_S
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*(1 + x"2)"(m/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[0, n, m - 1])

Rubi steps
Subst <f(—dx)" (1+ 22)* dz, z, — cot(e + fx))
integral =
f

Subst (f ((—dx)" + 2(_'?2)2% + (—d224+n> dx,z, — cot(e + fx))
- f
__(dcot(e+ fx))'*™  2(dcot(e+ fx))**™  (dcot(e+ fz))**"
B df(1+n) Bf(3+n) &f(5+n)

Mathematica [A] (verified)

Time = 0.65 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.96

/(dcot(e + fz))"csc(e + fx)dzr =

(8 4+ 6n +n? — 2(3+ n) cos(2(e + fx)) + cos(4(e + fz))) cot(e + fz)(dcot(e + fz))" csct(e + fz)
fA+n)3+n)(5+n)

[In] Integrate[(d*Cot[e + f*x]) n*Cscle + f*x]~6,x]

[Out] -(((8 + 6%n + n~2 - 2*(3 + n)*Cos[2*(e + f*x)] + Cos[4*x(e + f*xx)])*Cot[e +
fxx]*(d*Cot[e + f*x]) n*Cscle + f*xx]~4)/(f*x(1 + n)*(3 + n)*(5 + n)))

Maple [A] (verified)

Time = 23.14 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.18

method result size
. . .. _cot(fw—i—e)e" In(d cot(fz+e)) . 200t(fa:+e)3e” In(d cot(fz+e)) . cot(fa:—}-e)se” In(d cot(fz+e))
derivativedivides FiTn) e 76 90
_cot(fx+e)en1n(dcot(fa:+e)) - 2Cot(f$+e)3en1n(dcot(f.7:+e)) . Cot(f$+e)5en1n(dcot(f.7:+e))
default F+n) FG+n) 7(5+n) 90
risch Expression too large to display 10532
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[In] int((d*cot(f*x+e)) n*csc(f*x+e) 6,x,method=_RETURNVERBOSE)

[Out] -1/f/(1+n)*cot (f*x+e)*exp(n*ln(d*cot(f*x+e)))-2/£f/(3+n)*cot (f*x+e) ~3*exp (nx*
1n(d*cot (f*x+e)))-1/f/(5+n)*cot (f*x+e) ~5*exp(n*1n(d*cot (f*x+e)))

Fricas [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.91

/(dcot(e+ fz))"csc®(e + fz)dz =
(8 cos(fm—|—e)5—4(n+5)cos(fa:+e)3+(n2+8n+15)cos(fm+e)) (%
((fn3+9 fn?+23 fn+ 15 f) cos (fz +e)* + fn3+9 fn2 — 2 (fn3 + 9 fn2 + 23 fn + 15 f) cos (fz +

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e)”~6,x, algorithm="fricas")

[Out] -(8*cos(f*x + €)°5 - 4x(n + 5)*cos(f*x + e)~3 + (n~2 + 8*n + 15)*cos(f*x +
e))*(d*cos(f*x + e)/sin(f*x + e))"n/(((f*n~3 + 9xf*n~2 + 23*xfxn + 15%f)*cos
(f*x + e)”4 + f*n~3 + 9*f*xn"2 - 2x(£*n~3 + 9kf*n"2 + 23*f*n + 15%f)*cos(f*x

+ e)72 + 23xf*xn + 16*f)*sin(f*x + e))

Sympy [F(-1)]
Timed out.
/(d cot(e + fx))" csc®(e + fz) dz = Timed out

[In] integrate((d*cot(f*x+e))**n*csc(f*x+e)**6,x)

[Out] Timed out

Maxima [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.11

n+1
(m) + 2d" tan(fz+e)™ " d™ tan(fz+e)™"
d(n+1) (n4+3) tan(fz+e)® (n+5) tan(fz+e)®

/(dcot(e—l— fx))*cscb(e + fz)dr = — 7

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e) 6,x, algorithm="maxima")

[Out] -((d/tan(f*x + e))"(n + 1)/(d*(n + 1)) + 2*xd"n*tan(f*x + e)~(-n)/((n + 3)*t
an(f*x + e)~3) + d"n*xtan(f*x + e)~(-n)/((n + 5)*tan(f*x + e)~5))/f
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Giac [F]
/(dcot(e + fx))"csc®(e + fz)dz = / (dcot (fz +e))"csc(fz +e)® do

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e)~6,x, algorithm="giac")

[Out] integrate((d*cot(f*x + e)) n*csc(f*x + e)~6, x)

Mupad [B] (verification not implemented)

Time = 13.36 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.62

/(dcot(e + fx))"cscb(e + fz)dz =
> (5 cos(e+ fa)—2 COS(3;+3”) + COS(5€2+5”) +5ncos(e+ fz) —n cos(3e-

d cos(e+f )
el ) ()

fsin(e+ fz)® (n+1) (n+3) (n+5)

[In] int((d*cot(e + f*x)) n/sin(e + f*x)~6,x)

[Out] -(((d*cos(e + f*x))/(2*cos(e/2 + (f*x)/2)*sin(e/2 + (£f*x)/2))) n*(5*xcos(e +
f*xx) - (5xcos(3*e + 3*f*x))/2 + cos(bxe + bxfxx)/2 + 5*n*cos(e + f*x) - nx*
cos(3xe + 3xfxx) + n"2*cos(e + f*x)))/(f*sin(e + f*x)~5¢(n + 1)*x(n + 3)*(n

+ 5))
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3.44 [(dcot(e+ fz))"csc*(e + fz)dx

Optimal result . . . . . . . . . . . e A
Rubi [A] (verified) . . . . . . . . 27T
Mathematica [A] (verified) . . . . . . . . . ... 278
Maple [A] (verified) . . . . . . . . . . 278
Fricas [A] (verification not implemented) . . . . . . . . .. .. ... ... ... ... 2791
Sympy [F] . . oo 279
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 2791
Giac [F] . . . o o e 230
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 280

Optimal result

Integrand size = 19, antiderivative size = 51

R el _ (dcot(e+ fx))*"  (deot(e + fz))*"
[ ottt g s goyas =~ FiB+n)

[Out] -(d*cot(f*x+e))~(1+n)/d/f/(1+n)-(d*cot (f*x+e))~(3+n)/d"3/f/(3+n)

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00, number

_ __ o number of rules _ _
of steps used = 3, number of rules used = 2, integrand size 0.105, Rules used = {2687,
14}

S _ (dcot(e+ fz))"*?*  (dcot(e + fz))*!
/(dCOt(e o) esce+ fo)do = = Bfn+3)  df(n+1)

[In] Int[(d*Cot[e + f*x]) n*Cscle + f*xx]~4,x]

[Out] -((d*Cot[e + f*x])~(1 + n)/(d*f*(1 + n))) - (d*Cot[e + f*x])~(3 + n)/(d"3*f
*(3 + n))

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, Xx] /; FreeQ[{c, m}, x] && SumQ[u] &% !'LinearQ[u, x] && !'MatchQ[u, (a.)
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 2687

Int[sec[(e_.) + (£_.)*(x_)]1 " (m_)*((b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.), x_S
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*(1 + x"2)"(w/2 - 1), x], x, Tan[e + £
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*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[0, n, m - 1])

Rubi steps
Subst (f ((—da:)" T Hﬁ#) dz,z, — cot(e + fx)>
) f
_(dcot(e + f.’v))1+n B (dcot(e—i— fx))3+n
df(1+n) $fB+n)

Mathematica [A] (verified)

Time = 0.44 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.88

_cot(e + fz)(dcot(e + fz))" (24 (1 +n) csc(e + fr))
f(1+n)(3+n)

/(d cot(e+ fz))" csct(e+ fx) dr =

[In] Integrate[(d*Cot[e + f*x]) n*Cscle + f*x]~4,x]

[Out] -((Cot[e + fxx]*(d*Cot[e + f*x]) n*(2 + (1 + n)*Cscle + f*x]~2))/(£f*(1 + n)
*(3 + n)))

Maple [A] (verified)

Time = 3.50 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.18

method result size
. . - n In(d cot(fz+e)) 3,nln(dcot(fz+e))
derivativedivides | — %V z+e);(1+n) tFote)  cot fm+e)ft(e3+n) i 60
. cot(fa:—}-e)e" In(d cot(fz+e)) . cot(fw+e)3e" In(d cot(fz+e))
default FiTn) G 60
risch Expression too large to display 5257

[In] int((d*cot(f*x+e)) n*csc(f*x+e) 4,x,method=_RETURNVERBOSE)

[Out] -1/f/(1+n)*cot(f*x+e)*exp(n*1n(d*cot (f*x+e)))-1/£f/(3+n)*cot (f*x+e) ~3*exp(n*
1n(d*cot (f*xx+e)))
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Fricas [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.71

/(dcot(e—l— fz))"csct(e + fz)dzx
dcos(fz+e) > "

(2 cos(fw+e)3—(n+3)cos(fx+e))<sin(f—w+e)
(fn2—(fn2+4fn+3f)cos(fr+e)’+4fn+3f)sin(fr+e)

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e) 4,x, algorithm="fricas")

[Out] (2*cos(f*x + €)”3 - (n + 3)*cos(f*x + e))*(d*cos(f*x + e)/sin(f*x + e))"n/(
(f*n"2 - (f*n~2 + 4%fxn + 3*xf)*cos(f*x + e)72 + 4xf*xn + 3*f)*xsin(f*x + e))

Sympy [F]
/(dcot(e + fz))"csct(e + fx)dz = / (dcot (e + fz))" csc (e + fz) dx
[In] integrate((d*cot(f*x+e))**n*csc(f*x+e)**4,x)

[Out] Integral((d*cot(e + f*x))*xnxcsc(e + f*x)**x4, x)

Maxima [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.10

d n+1
(tan(fa:+e)) d™ tan(fz+e)™"
d(n+1) (n+3) tan(fz+e)®

/(d cot(e + fx))"csc*(e + fz)dx = — ;

[In] integrate((d*cot(f*x+e)) n*xcsc(f*x+e)~4,x, algorithm="maxima")
[Out] -((d/tan(f*x + e))"(n + 1)/(d*(n + 1)) + d"n*tan(f*x + e)"(-n)/((n + 3)*tan
(fxx + e)73))/f
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Giac [F]

/(dcot(e + fx))" csct(e + fz) dx = / (dcot (fz +e))"csc(fz +e)* do
[In] integrate((dxcot(f*x+e)) n*csc(f*x+e)~4,x, algorithm="giac")
[Out] integrate((d*cot(f*x + e)) n*csc(f*x + e)~4, x)

Mupad [B] (verification not implemented)

Time = 12.66 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.65

/(d cot(e + fx))"csc*(e + fz)dx

n
3 cos(e+fx cos(3e+3 fx d cos(e x
( (2 = B : 2 = +n cos (6+fl')> (2 Cos(g+f290(>:£l<)e+1°2“”)>

2

T fsin(e+ fz)® (n+1) (n+3)

[In] int((d*cot(e + f*x)) n/sin(e + f*x)~4,x)
[Out] -(((3*cos(e + f*x))/2 - cos(3%e + 3xf*xx)/2 + n*xcos(e + f*xx))*((d*cos(e + fx*
x))/(2%cos(e/2 + (f*x)/2)*sin(e/2 + (£%*x)/2))) "n)/(f*sin(e + f*x) " 3x(n + 1)

*(n + 3))
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3.45 [(dcot(e+ fz))"csc(e + fz) dx

Optimal result . . . . . . . . .. 28T
Rubi [A] (verified) . . . . . . . . . 28Tl
Mathematica [A] (verified) . . . . . . .. ... L L 282
Maple [A] (verified) . . . . . . . .. 282
Fricas [A] (verification not implemented) . . . . . . . ... ... ... .. ...... 282
Sympy [F] . . o 283
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... .. 2831
Giac [A] (verification not implemented) . . . . . . . .. ... ... 283
Mupad [B] (verification not implemented) . . .. .. ... .. ... ... ....... 284

Optimal result

Integrand size = 19, antiderivative size = 25

(dcot(e + fz))t*™
df(1+n)

[@eotte+ gy esce + f)ds = -
[Out] -(d*cot(fxx+e))~(1+n)/d/f/(1+n)

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00, number

_ _ o number of rules _ _
of steps used = 2, number of rules used = 2, integrand size 0.105, Rules used = {2687,
32}

(dcot(e + fxz))"*
df(n+1)

[(deotle+ fo)y esci(e + ) do = -

[In] Int[(d*Cot[e + f*x]) n*Cscle + f*x]~2,x]
[Out] -((d*Cot[e + f*x])~(1 + n)/(d*fx(1 + n)))
Rule 32

Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x)"(m + 1)/(b*x(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 2687

Int[sec[(e_.) + (£_)*(x_)]1"(m_)*((b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.), x_S
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*(1 + x"2)"(m/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[0, n, m - 1])
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Rubi steps

integral = SubSt(f(_dw) da}a x,— cot(e + fz))

(dcot(e + fz))*™
df(1+n)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.04

o, __cot(e+ fz)(dcot(e + fx))"
/ (dcot(e + fz))" escX(e + fz) dz = ftn)

[In] Integrate[(d*Cot[e + f*x]) n*Cscle + f*x]~2,x]
[Out] -((Cot[e + fxx]*(d*xCot[e + f*x])"n)/(fx(1 + n)))

Maple [A] (verified)

Time = 0.49 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.04

method result size
. . . . (d cot(fz+e))l
derivativedivides | — B (e 26
(d cot(fz+e))l Tt
default — W 26
risch Expression too large to display | 1742

[In] int((d*cot(f*x+e)) n*csc(f*x+e) 2,x,method=_RETURNVERBOSE)
[Out] -(d*cot(f*x+e))~(1+n)/d/f/(1+n)

Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.64

<%> cos (fx + e)

/(dcot(e + fz))"csc?(e + fz)dx = — (ot fsin(fz £ 0)

[In] integrate((d*cot(f*x+e)) n*xcsc(f*x+e) 2,x, algorithm="fricas")

[Out] -(d*cos(f*x + e)/sin(f*x + e)) nxcos(f*x + e)/((f*n + f)*sin(f*x + e))
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Sympy [F]

/(dcot(e + fx))"csc’(e + fx)dz = / (dcot (e + fz))" csc® (e + fz) dx

[In] integrate((d*cot(f*x+e))**n*csc(f*x+e)**2,x)
[Out] Integral((d*cot(e + f*x))*xnxcsc(e + f*x)**2, x)

Maxima [A] (verification not implemented)

none
Time = 0.23 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00

o __(dcot (fz + e)""
/(dcot(e + fz))" esc’(e + fz) dz = df(n+1)

[In] integrate((d*cot(f*x+e)) n*xcsc(f*x+e) 2,x, algorithm="maxima")

[Out] -(d*cot(f*x + e))"(n + 1)/(d*fx(n + 1))

Giac [A] (verification not implemented)

none
Time = 0.46 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.88

2 tan(% fx—l—% e)

9 n+1
(_dtan(é f.'c—i—%e) —d)
/(dcot(e + fxz))"csc’(e + fz)dz = — CESY

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e) 2,x, algorithm="giac")
[Out] -(-1/2%(d*tan(1/2*%f*x + 1/2%e)"2 - d)/tan(1/2*f*x + 1/2%e)) " (n + 1)/(d*f*(n
+ 1))
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Mupad [B] (verification not implemented)

Time = 12.41 (sec) , antiderivative size = 73, normalized size of antiderivative = 2.92

wn(5+22)° ) (_d(tan(;+g)2l)>n

2n+2 T 2n+2

/(dcot(e + fz))" esc*(e + fz) dz = ftan (€ + 12)

[In] int((d*cot(e + f*x)) n/sin(e + f*x)~2,x)

[Out] ((tan(e/2 + (£fxx)/2)72/(2*%n + 2) - 1/(2*n + 2))*(-(d*(tan(e/2 + (£*x)/2)"2
- 1))/(2+tan(e/2 + (£*x)/2)))"n)/(f*tan(e/2 + (£*x)/2))
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3.46 [(dcot(e + fz))"sin’(e + fz)dx

Optimal result . . . . . . . . . . . . e 285
Rubi [A] (verified) . . . . . . . . 285
Mathematica [A] (verified) . . . . . . . . . .. 2861
Maple [F] . . . . 280
Fricas [F] . . . . . o e 287
Sympy [F] . o o o 281
Maxima [F] . . . . . o 287
Giac [F] . . o o 287l
Mupad [F(-1)] . . . oo

Optimal result

Integrand size = 19, antiderivative size = 51

/(d cot(e + fz))"sin®(e + fz)dx
(dcot(e + fz))'*™ Hypergeometric2F1 (2, 12, 342 — cot?(e + fz))
df(1+n)

[Out] -(d*cot(f*x+e))” (1+n)*hypergeom([2, 1/2+1/2*n], [3/2+1/2%n],-cot(f*x+e)~2)/d
/£/(1+n)

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ 0.105, Rules used = {2687,
integrand size
371}

/(dcot(e + fz))"sin?(e + fz) dzx
(dcot(e + fz))"™ Hypergeometric2F1 (2, 2%, %3 — cot?(e + fz))
df(n+1)

[In] Int[(d*Cotl[e + fx*x]) n*Sin[e + f*x]~2,x]

[Out] -(((d*Cot[e + f*x])~(1 + n)*Hypergeometric2F1[2, (1 + n)/2, (3 + n)/2, -Cot
[e + £xx]72])/(d*fx(1 + n)))

Rule 371

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(c*(m + 1)))*Hypergeometric2Fi[-p, (m + 1)/n, (m + 1)/n + 1
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, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 0] Il GtQla, 01)

Rule 2687

Int[sec[(e_.) + (£_.)*(x_ )] (m_ )*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.), x_S
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*(1 + x"2)"(m/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !'(IntegerQ[(n - 1)/
2] && LtQ[0, n, m - 1])

Rubi steps
Subst (f ((1::1;2);2 dz,z,— cot(e + fx))
integral =
f
(dcot(e + fxz))'*™ Hypergeometric2F1 (2, 12, 242 — cot?(e + fz))

df(1+mn)

Mathematica [A] (verified)

Time = 0.48 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.16

/(d cot(e + fz))"sin’(e + fz) dx
,2— 2 —tan?(e + fz)) tan3(e + fz)

[In] Integrate[(d*Cot[e + f*x]) n*Sin[e + f*x]~2,x]
[Out] ((d*Cot[e + f*x]) n*Hypergeometric2F1[2, 3/2 - n/2, 5/2 - n/2, -Tan[e + f*x

172]*Tan[e + f*x]73)/(£f*(3 - n))
Maple [F]
/ (dcot (fz +€))"sin (fz + e)’ dx

[In] int((d*cot(f*x+e)) n*sin(f*x+e)~2,x)

[Out] int((d*cot(f*x+e)) "n*sin(f*x+e) 2,x)
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Fricas [F]
/(dcot(e + fz))"sin®*(e + fz)dz = / (dcot (fz + €))"sin (fz +e)® dz

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e)~2,x, algorithm="fricas")

[Out] integral(-(cos(f*x + e)~2 - 1)*(d*cot(f*x + e))"n, x)
Sympy [F]
/(dcot(e+ fx))"sin*(e + fz)dxr = / (dcot (e + fx))"sin® (e + fz) dx

[In] integrate((d*cot(f*x+e))**n*sin(f*x+e)**2,x)

[Out] Integral((d*cot(e + f*x))**n*sin(e + f*x)**2, x)
Maxima [F]
/(d cot(e + fz))"sin’(e + fz)dx = / (dcot (fz +€))"sin (fz + €)® dz

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e) 2,x, algorithm="maxima")

[Out] integrate((d*cot(f*x + e)) n*sin(f*x + e)~2, x)

Giac [F]

/(dcot(e + fx))"sin®(e + fz) dx = / (dcot (fz + €))"sin (fz +e)® dz

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e)~2,x, algorithm="giac")

[Out] integrate((dxcot(f*x + e)) n*sin(f*x + e)~2, x)
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Mupad [F(-1)]

Timed out.

/(dcot(e + fz))"sin®*(e + fz)dx = /sin (e+ fz)* (dcot(e + fz))" dx

[In] int(sin(e + f*x)~2x(d*cot(e + f*x)) n,x)

[Out] int(sin(e + f*x)~2*%(d*cot(e + f*x))“"n, x)
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3.47 [(dcot(e + fz))"sin*(e + fz)dx

Optimal result . . . . . . . . . . e 289
Rubi [A] (verified) . . . . . . . . 289
Mathematica [A] (verified) . . . . . . . . . .. 2901
Maple [F] . . . . 290
Fricas [F] . . . . . o e 291]
Sympy [F] . o o o 291]
Maxima [F] . . . . . o 291]
Giac [F] . . o o 2971
Mupad [F(-1)] . . . oo

Optimal result

Integrand size = 19, antiderivative size = 51

/(d cot(e + fz))"sin*(e + fz) dx
(dcot(e + fxz))'*™ Hypergeometric2F1 (3, 132, 342 — cot?(e + fz))
df(1+n)

[Out] -(d*cot(f*x+e))” (1+n)*hypergeom([3, 1/2+1/2*n], [3/2+1/2%n],-cot(f*x+e)~2)/d
/£/(1+n)

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 2, Bumber of rules _ 0.105, Rules used = {2687,
integrand size
371}

/(dcot(e + fz))"sin*(e + fz) dzx
(dcot(e + fz))™™ Hypergeometric2F1 (3, 242, %3 — cot?(e + fz))
df(n+1)

[In] Int[(d*Cotl[e + fx*xx]) n*Sin[e + f*x]~4,x]

[Out] -(((d*Cot[e + f*x])~(1 + n)*Hypergeometric2F1[3, (1 + n)/2, (3 + n)/2, -Cot
[e + £xx]72])/(d*fx(1 + n)))

Rule 371

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(c*(m + 1)))*Hypergeometric2Fi[-p, (m + 1)/n, (m + 1)/n + 1
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, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 0] Il GtQla, 01)

Rule 2687

Int[sec[(e_.) + (£_.)*(x_ )] (m_ )*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.), x_S
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*(1 + x"2)"(m/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !'(IntegerQ[(n - 1)/
2] && LtQ[0, n, m - 1])

Rubi steps
Subst (f (1jz2))3 dz,z, — cot(e + fx))
integral =
f
(dcot(e + fxz))'*™ Hypergeometric2F1 (3,12 242 cot?(e + fz))

df(1+mn)

Mathematica [A] (verified)

Time = 0.54 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.16

/(d cot(e + fx))"sin*(e + fz) dz

_ (dcot(e + fz))" Hypergeometric2F1 ( 2 - % — 2 —tan’(e + fz)) tan®(e + fz)

[In] Integrate[(d*Cot[e + f*x]) n*Sin[e + f*x]~4,x]
[Out] ((d*Cot[e + f*x]) n*Hypergeometric2F1[3, 5/2 - n/2, 7/2 - n/2, -Tan[e + f*x

172]*Tan[e + f*x]75)/(f*(5 - n))
Maple [F]
/ (dcot (fz +€))"sin (fz + €)' dz

[In] int((d*cot(f*x+e)) n*sin(f*x+e)~4,x)
[Out] int((d*cot(f*x+e)) “n*sin(f*x+e)"4,x)
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Fricas [F]
/(dcot(e + fz))"sin(e + fz)dx = / (dcot (fz + €))"sin (fz +e)* dx

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e) 4,x, algorithm="fricas")

[Out] integral((cos(f*x + e)~4 - 2xcos(f*x + e)”2 + 1)*(d*cot(f*x + e))"n, x)
Sympy [F]
/(dcot(e+ fx))"sin*(e + fz)dz = / (dcot (e + fx))" sin* (e + fx)dz

[In] integrate((d*cot(f*x+e))**n*sin(f*x+e)**4,x)

[Out] Integral((d*cot(e + f*x))**n*sin(e + f*x)**4, x)
Maxima [F]
/(d cot(e + fz))"sin*(e + fz)dr = / (dcot (fz + €))"sin (fz +e)* dz

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e) 4,x, algorithm="maxima")

[Out] integrate((d*cot(f*x + e)) n*sin(f*x + e)~4, x)

Giac [F]

/(dcot(e + fx))"sin*(e + fz) dx = / (dcot (fz +€))"sin (fz + €)* dz

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e) 4,x, algorithm="giac")

[Out] integrate((dxcot(f*x + e)) n*sin(f*x + e)~4, x)
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Mupad [F(-1)]

Timed out.

/(dcot(e + fx))"sin*(e + fz) dx = /sin (e+ fz)* (dcot(e + fz))" dx

[In] int(sin(e + f*x)~4x(d*cot(e + f*x)) n,x)

[Out] int(sin(e + f*x)~4*(d*cot(e + f*x))“"n, x)
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3.48 [(dcot(e+ fz))"csc(e + fz)dx

Optimal result . . . . . . . . . . e 293
Rubi [A] (verified) . . . . . . . . . 293
Mathematica [C] (warning: unable to verify) . . . . . .. ... ... ... ... ... 294
Maple [F] . . . . 295
Fricas [F] . . . . o . o 295
Sympy [F] . . o 295
Maxima [F] . . . . . . 295
Giac [F] . . . o o 2961
Mupad [F(-1)] . . . oo 296

Optimal result

Integrand size = 19, antiderivative size = 79

/(dcot(e + fz))"csc*(e + fxr)dz =

(dcot(e + fz))*" csc(e + fx) Hypergeometric2F1 (152, 442 330 cog?(e + fx)) sin’(e + fz) 2

df(1+n)

[Out] -(d*cot(f*x+e))” (1+n)*csc(f*x+e) "3xhypergeom([2+1/2%n, 1/2+1/2*n], [3/2+1/2%
n] ,cos(f*x+e) ~2) *(sin(f*x+e)~2)~(2+1/2%*n)/d/f/(1+n)

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, number of rules _ 0.053, Rules used = {2697}
integrand size

/(dcot(e + fz))"esc’(e + fz)dz =

_csc’(e + fx)sin’(e + fz)"% (dcot(e + fz))"+! Hypergeometric2F1 (ndd, nd 283 cos?(e + f))
df(n+1)

[In] Int[(d*Cotl[e + f*x]) n*Cscle + f*x]~3,x]

[Out] -(((d*Cot[e + f*x])~(1 + n)*Csc[e + f*x] 3*xHypergeometric2F1[(1 + n)/2, (4
+ n)/2, (83 + n)/2, Cosl[e + fxx]~2]*(Sinl[e + £*x]72)~((4 + n)/2))/(d*fx(1 +
n)))

Rule 2697

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)])"(
n_), x_Symbol] :> Simp[(a*Sec[e + f#*x]) m*(b*Tan[e + f*x])~(n + 1)*((Cos[e
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+ £xx]72)"((m + n + 1)/2)/(bxf*x(n + 1)))*Hypergeometric2F1[(n + 1)/2, (m +
n+ 1)/2, (n + 3)/2, Sin[e + f*x]~2], x] /; FreeQ[{a, b, e, f, m, n}, x] &&
IIntegerQ[(n - 1)/2] && !IntegerQ[m/2]

Rubi steps

integral =
(dcot(e + fz))*™ csc®(e + fx) Hypergeometric2F1 (142, 441 340 co2(e 4 f1)) sin(e + fz) 5"
df(1+n)

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 12.60 (sec) , antiderivative size = 784, normalized size of antiderivative = 9.92

/(dcot(e + fx))"csc*(e + fz)dz =

cot? (3(e + fz)) (dcot(e + fz))" Hypergeometric2F1 (—1 — %, —n, — %, tan® ((e + fx))) (cos(e + fz)
B f(8+4n)

8(—4 +n)cos® (3(e + fz)) (dcot(e + fz))"c

f(=2+n)n (—8nAppellF1 (2— 2,1 —n,1,3 — 2, tan? (3(e + fz)), — tan® ((e + fz))) sin* (3(e + f:

(dcot(e + fz))" Hypergeometric2F1 (1 — 2, —n,2 — 2,tan? (1 (e + fz))) (cos(e + fz)sec® (L(e + fz))
f(8—4n)

_|_

_|_

(—4+ n) AppellF1 (1 — 2, —
7@ 2m) (~4+ ) AppellF1 (1 - 3, —n, 1,2~ §, an? (3(e + 72)), — @’ (5(c + /2))) + 2 (o Appe

+

[In] Integrate[(d*Cot[e + f*x]) nxCscle + f*x]~3,x]

[Out] -((Cot[(e + f*xx)/2]"2*%(d*Cot[e + f*x]) nxHypergeometric2Fi[-1 - n/2, -n, -1
/2*%n, Tan[(e + f*x)/2]72])/(£*(8 + 4*n)*(Cos[e + f*x]*Sec[(e + f*x)/2]°2)"n
)) + (8%(-4 + n)*Cos[(e + f*x)/2] 6+(d*Cot[e + f*x]) n*Cscle + fxx] 2% (n*Ap
pellF1[1 - n/2, -n, 1, 2 - n/2, Tan[(e + f*x)/2]72, -Tan[(e + f*x)/2]72] -
(-2 + n)*Cot[(e + fxx)/2] "2*Hypergeometric2F1[-n, -1/2*%n, 1 - n/2, Tan[(e +
fxx)/2]172])*Sin[(e + £*x)/2]174)/(£f*(-2 + n)*n*(-8*n*AppellF1[2 - n/2, 1 -
n, 1, 3 - n/2, Tan[(e + f*x)/2]"2, -Tan[(e + £*x)/2]"2]*Sin[(e + f*x)/2]"4
- 8%AppellF1[2 - n/2, -n, 2, 3 - n/2, Tan[(e + f*x)/2]72, -Tan[(e + f*x)/2]
~2]*Sin[(e + f*x)/2]74 + (-4 + n)*(4*Cos[(e + f*x)/2]"4*(Cos[e + f*x]*Sec[(
e + £xx)/2]°2)"n - AppellF1[1 - n/2, -n, 1, 2 - n/2, Tan[(e + f*x)/2]72, -T
an[(e + f*x)/2]"2]*Sin[e + f*x]~2))) + ((d*Cot[e + f*x]) n*Hypergeometric2F
1[1 - n/2, -n, 2 - n/2, Tan[(e + f*x)/2]"2]*Tan[(e + f*x)/2]°2)/(£f*x(8 - 4x*n
)*x(Cos[e + f*x]*Sec[(e + f*x)/2172)"n) + ((-4 + n)*AppellFi[1 - n/2, -n, 1,
2 - n/2, Tan[(e + f*x)/2]"2, -Tan[(e + f*x)/2]"2]*(d*Cot[e + f*x]) n*Sin[(



295

e + £xx)/2]°2)/(f*(4 - 2#n)*((-4 + n)*AppellF1[1 - n/2, -n, 1, 2 - n/2, Tan
[(e + £*x)/2]72, -Tan[(e + f*x)/2]°2] + 2*(n*AppellF1[2 - n/2, 1 - n, 1, 3
- n/2, Tan[(e + f*x)/2]°2, -Tan[(e + f*x)/2]"2] + AppellF1[2 - n/2, -n, 2,
3 - n/2, Tan[(e + f*x)/2]"2, -Tan[(e + fxx)/2]"2])*Tan[(e + f*x)/2]°2))

Maple [F]
/ (dcot (fz +e))"csc(fz +e)’d

[In] int((d*cot(f*x+e)) n*csc(f*x+e)”3,x)

[Out] int((d*cot(f*x+e)) n*csc(f*x+e)”3,x)
Fricas [F]
/(dcot(e + fx))"csc*(e + fz)dz = / (dcot (fz +e))"csc(fz +e)® do

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e) 3,x, algorithm="fricas")

[Out] integral((d*cot(f*x + e)) n*csc(f*x + e)~3, x)
Sympy [F]
/(dcot(e + fx))"csc*(e + fx)dz = / (dcot (e + fz))" csc® (e + fz) dx

[In] integrate((d*cot(f*x+e))**nxcsc(frx+e)**3,x)

[Out] Integral((d*cot(e + f#*x))**n*csc(e + f*x)**3, x)

Maxima [F]

/(dcot(e + fz))"csc(e + fx) dzx = / (dcot (fz +e€))"csc(fz +e)® dx

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e)~3,x, algorithm="maxima")

[Out] integrate((d*cot(f*x + e)) n*csc(f*x + e)73, x)
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Giac [F]
/(dcot(e + fx))"csc*(e + fz)dz = / (dcot (fz +e))"csc(fz +e)® do

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e)~3,x, algorithm="giac")

[Out] integrate((d*cot(f*x + e)) n*csc(f*x + e)~3, x)

Mupad [F(-1)]
Timed out.

/ (dcot(e + fx))"csc*(e + fz)dz = / (dszt((::fj))?,) dz

[In] int((d*cot(e + f*x)) n/sin(e + f*x)~3,x)

[Out] int((d*cot(e + f*x)) n/sin(e + f*x)~3, x)



297

3.49 [(dcot(e + fx))™csc(e + fz)dzx

Optimal result . . . . . . . . . . e 297
Rubi [A] (verified) . . . . . . . . 297
Mathematica [A] (verified) . . . . . . . . . .. 298]
Maple [F] . . . . 298
Fricas [F] . . . . o . o 298
Sympy [F] . . o 299
Maxima [F] . . . . . . 299
Giac [F] . . . o o 2991
Mupad [F(-1)] . . . oo 299

Optimal result

Integrand size = 17, antiderivative size = 77

/(dcot(e + fx))"cscle + fx)dx =
(dcot(e + fx))"*" csc(e + fz) Hypergeometric2F1 (141, 2tn 340 co82(e 4 f1)) sin?(e + fz) 3"

2
df(1+n)

[Out] -(d*cot(f*x+e))” (1+n)*csc(f*x+e)*hypergeom([1+1/2*n, 1/2+1/2%n], [3/2+1/2%n]
,cos(fxx+e) ~2)*(sin(f*x+e)~2)~(1+1/2%n)/d/f/(1+n)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, number of rules _ 0.059, Rules used = {2697}
integrand size

/(dcot(e + fz))" csc(e + fz)dz =

_csc(e + fz)sin®(e + fz)"%" (dcot(e + fz))"+! Hypergeometric2F1 (nft, nd2 283 Jcos?(e + f))
df(n+1)

[In] Int[(d*Cot[e + f*x]) n*Cscle + f*x],x]

[Out] -(((d*Cot[e + f*x])~(1 + n)*Cscl[e + f*x]*Hypergeometric2F1[(1 + n)/2, (2 +
n)/2, (3 + n)/2, Cosl[e + f*x]~2]*(Sinle + £*x]~2)7((2 + n)/2))/(d*f*(1 + n)
))

Rule 2697

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)])"(
n_), x_Symbol] :> Simp[(a*Sec[e + f#*x]) m*(b*Tan[e + f*x])~(n + 1)*((Cos[e
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+ £xx]72)"((m + n + 1)/2)/(bxf*x(n + 1)))*Hypergeometric2F1[(n + 1)/2, (m +
n+ 1)/2, (n + 3)/2, Sin[e + f*x]~2], x] /; FreeQ[{a, b, e, f, m, n}, x] &&
IIntegerQ[(n - 1)/2] && !IntegerQ[m/2]

Rubi steps

integral =
(dcot(e + fx))"*" csc(e + fz) Hypergeometric2F1 (141, 2tn 340 cos2(e 4 f1)) sin?(e + fz) 3"
(L +n)

Mathematica [A] (verified)

Time = 0.40 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.90

/(dcot(e + fz))" csc(e + fzr)dz =

(dcot(e + fz))" Hypergeometric2F1 (—n, —%,1 — %, tan? (3 (e + fz))) (cos(e + fz)sec? (3(e + fz)))
fn

[In] Integrate[(d*Cot[e + f*x]) n*Cscle + f*xx],x]
[Out] -(((d*Cot[e + f*x]) n*Hypergeometric2F1[-n, -1/2#n, 1 - n/2, Tan[(e + f*x)/
2]72])/(f*n*(Cos[e + f*x]*Sec[(e + f*x)/2]72)"n))
Maple [F]
/ (dcot (fz +e€))" csc(fr +e)dz

[In] int((d*cot(f*x+e)) n*csc(f*x+e) ,x)

[Out] int((d*cot(f*x+e)) n*xcsc(f*xx+e) ,x)

Fricas [F]

/(d cot(e + fx))" csc(e + fz)dx = / (deot (fz +e))"csc(fzx+e) dx

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e),x, algorithm="fricas")

[Out] integral((d*cot(f*x + e)) nxcsc(f*x + e), x)
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Sympy [F]

/(dcot(e + fz))" csc(e + fzr)dz = / (dcot (e+ fz))" csc (e + fz)dx

[In] integrate((d*cot(f*x+e))**n*csc(f*x+e),x)

[Out] Integral((d*cot(e + f*x))**n*xcsc(e + f*x), x)

Maxima [F]
/(dcot(e + fz))" csc(e + fz)dz = / (decot (fz +e))"csc(fz+e) dx

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e),x, algorithm="maxima")

[Out] integrate((d*cot(f*x + e)) n*csc(f*x + e), x)

Giac [F]
/(dcot(e + fx))"cscle + fx)dx = / (dcot (fx +e))"csc(fz+e) dx

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e),x, algorithm="giac")

[Out] integrate((d*cot(f*x + e)) nxcsc(f*x + e), x)

Mupad [F(-1)]

Timed out.
(dcot(e+ fz)) i

/(dcot(e+fx))" csc(e + fz) dr = sin (e + f z)

[In] int((d*cot(e + f*x)) n/sin(e + f*x),x)

[Out] int((d*cot(e + f*x)) n/sin(e + f*x), x)
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3.50 [(dcot(e + fx))"sin(e + fz)dz

Optimal result . . . . . . . . . . . . e 300
Rubi [A] (verified) . . . . . . . . 300
Mathematica [C] (warning: unable to verify) . . . . . .. ... ... ... ... ... 3011
Maple [F] . . . .
Fricas [F] . . . . . . o
Sympy [F] . . o
Maxima [F] . . . . . o
Giac [F] . . . o o 3021
Mupad [F(-1)] . . . o

Optimal result

Integrand size = 17, antiderivative size = 73

/(dcot(e + fz))"sin(e + fz)dx =

(dcot(e + fz))'+" Hypergeometric2F1 (%, 17 3t cos?(e + fz)) sin(e + fz)sin®(e + fz)™/?

df(1+n)

[Out] -(d*cot(f*x+e))” (1+n)*hypergeom([1/2*n, 1/2+1/2*n], [3/2+1/2*n],cos(f*x+e) "2
)*sin(f*x+e)*(sin(f*x+e)~2)~(1/2%n)/d/f/(1+n)

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ _
of steps used = 1, number of rules used = 1, integrand size 0.059, Rules used = {2697}

/(dcot(e + fx))"sin(e + fz)dz =

sin(e + fz)sin®(e + fz)"%(dcot(e + fz))"+! Hypergeometric2F1 (2, = 3 cos?(e + fz))
B df(n+1)

[In] Int[(d*Cot[e + f*x]) n*Sin[e + fx*x],x]

[Out] -(((d*Cot[e + f*x])~(1 + n)*Hypergeometric2F1[n/2, (1 + n)/2, (3 + n)/2, Co
sle + f*x]~2]*Sin[e + f*x]*(Sin[e + £*x]72)~(n/2))/(d*f*(1 + n)))

Rule 2697

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(
n_), x_Symbol] :> Simp[(a*Sec[e + f*x]) m*(b*Tan[e + f*x])~(n + 1)*((Cos[e
+ £xx]72)"((m + n + 1)/2)/(bxf*x(n + 1)))*Hypergeometric2F1[(n + 1)/2, (m +
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n+1)/2, (n + 3)/2, Sin[e + f*x]~2], x] /; FreeQ[{a, b, e, £, m, n}, x] &&
IIntegerQL(n - 1)/2] && !IntegerQ[m/2]

Rubi steps
integral =
(dcot(e + fz))'+" Hypergeometric2F1 (%, 1%, 3t cos?(e + fz)) sin(e + fz)sin®(e + fz)™/?
df(1+n)

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 1.43 (sec) , antiderivative size = 264, normalized size of antiderivative = 3.62

/(dcot(e + fz))"sin(e + fx)dz =
8(—4 + n) AppellF1 (1 —
f(=2+n) (2(—4+ n) AppellF1 (1 — 2, —n,2,2 — 2, tan® ((e + fz)) , —tan® (3 (e + fx))) cos? (3 (e

[In] Integrate[(d*Cot[e + f#*x]) n*Sin[e + f*x],x]

[Out] (-8%(-4 + n)*AppellF1[1 - n/2, -n, 2, 2 - n/2, Tan[(e + £*x)/2]"2, -Tan[(e
+ fxx)/2]"2]*Cos[(e + f*x)/2] "4*(d*Cot[e + f*x]) n*Sin[(e + f*x)/2]72)/(£*(

-2 + n)*(2*(-4 + n)*AppellF1[1 - n/2, -n, 2, 2 - n/2, Tan[(e + f*x)/2]72, -
Tan[(e + f*x)/2]1"2]*Cos[(e + f*x)/2]"2 - 2*(n*AppellF1[2 - n/2, 1 - n, 2, 3

- n/2, Tan[(e + f*x)/2]°2, -Tan[(e + f*x)/2]"2] + 2%AppellF1[2 - n/2, -n,

3, 3 - n/2, Tan[(e + f*x)/2]°2, -Tan[(e + f*x)/2]72])*(-1 + Cosl[e + f*x])))

Maple [F]
/ (dcot (fx +e))"sin(fz + €)dx

[In] int((d*cot(f*x+e)) n*sin(f*x+e),x)

[Out] int((d*cot(f*x+e)) n*sin(f*x+e),x)
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Fricas [F]
/(dcot(e + fz))"sin(e + fz)dx = / (dcot (fx +e))"sin(fz +e€) dz

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e),x, algorithm="fricas")

[Out] integral((d*cot(f*x + e)) nxsin(f*x + e), x)
Sympy [F]
/(dcot(e—l—fx))" sin(e + fz)dx = / (dcot (e + fx))"sin (e + fz)dx

[In] integrate((d*cot(f*x+e))**n*sin(f*x+e),x)

[Out] Integral((dxcot(e + f*x))**n*sin(e + f*x), x)
Maxima [F]
/(dcot(e + fx))"sin(e + fx)dz = / (dcot (fx +e))"sin(fz +€) dz

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e),x, algorithm="maxima")

[Out] integrate((d*cot(f*x + e)) n*sin(f*x + e), x)

Giac [F]

/(dcot(e + fz))"sin(e + fz)dx = / (decot (fz +e))"sin(fz+e) dz

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e),x, algorithm="giac")

[Out] integrate((dxcot(f*x + e)) n*sin(f*x + e), x)
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Mupad [F(-1)]

Timed out.

/(dcot(e + fz))"sin(e + fz)dx = /sin (e+ fz) (deot(e+ fz))" dzx

[In] int(sin(e + f*x)*(d*cot(e + f*x)) n,x)

[Out] int(sin(e + f*x)*(d*cot(e + f*x))“n, x)
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3.51 [(dcot(e + fz))"sin’(e + fz)dz

Optimal result . . . . . . . . . . . . e 304
Rubi [A] (verified) . . . . . . . . 304
Mathematica [C] (warning: unable to verify) . . . . . . ... ... ... ... ... .
Maple [F] . . . .
Fricas [F] . . . . . . o 306
Sympy [F(-1)] . . o
Maxima [F] . . . . . .
Giac [F] . . . o o 3061
Mupad [F(-1)] . . . o o

Optimal result

Integrand size = 19, antiderivative size = 79

/(dcot(e + fz))"sin®(e + fz)dx =

(dcot(e + fz))'+" Hypergeometric2F1 (1(—2 4 n), 122, 341 cos?(e + fx)) sin’(e + fz) sin®(e + fx)2C

df(1+n)

[Out] -(d*cot(f*x+e))” (1+n)*hypergeom([-1+1/2*n, 1/2+1/2*n], [3/2+1/2*n],cos(f*x+e
)~2)*sin(f*x+e) “3*(sin(f*x+e)~2) ~(-1+1/2%n)/d/f/(1+n)

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ , 453 Ryjeg yused = {2697}
integrand size

/(dcot(e + fz))"sin’(e + fz)dr =

_sin’(e + fz) sin’(e + fz)"z" (dcot(e + fz))"! Hypergeometric2F1 (252, 2, 288 cos?(e + fx))
df(n+1)

[In] Int[(d*Cotl[e + f*x]) n*Sin[e + f*x]~3,x]

[Out] -(((d*Cot[e + f*x])~(1 + n)*Hypergeometric2F1[(-2 + n)/2, (1 + n)/2, (3 + n
)/2, Cos[e + f*x]~2]*Sinl[e + f*x]~3*(Sin[e + £*x]~2)"((-2 + n)/2))/(dxf*x(1
+1n)))

Rule 2697

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)])"(
n_), x_Symbol] :> Simp[(a*Sec[e + f#*x]) m*(b*Tan[e + f*x])~(n + 1)*((Cos[e
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+ £xx]72)"((m + n + 1)/2)/(bxf*x(n + 1)))*Hypergeometric2F1[(n + 1)/2, (m +
n+ 1)/2, (n + 3)/2, Sin[e + f*x]~2], x] /; FreeQ[{a, b, e, f, m, n}, x] &&
IIntegerQ[(n - 1)/2] && !IntegerQ[m/2]

Rubi steps

integral =
(dcot(e + fz))'*" Hypergeometric2F1 (3(—2 + n), 122, 342 cos?(e + fz)) sin®(e + fz) sin?(e + fz)z
df(1+n)

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 3.10 (sec) , antiderivative size = 477, normalized size of antiderivative = 6.04

/(dcot(e + fz))"sin®(e + fz)dx =

f(=2+n) (2(—4+ n) AppellF1 (1 — 2,—n,3,2 — 2,tan? (3 (e + fz)) , —tan® (3 (e + fx))) cos® (1(e

[In] Integrate[(d*Cot[e + f*x]) n*Sin[e + f*x]~3,x]

[Out] (-4*(-4 + n)*(AppellF1i[1 - n/2, -n, 3, 2 - n/2, Tan[(e + £f*x)/2]"2, -Tan[(e
+ f*x)/2]1°2] - AppellFi[1 - n/2, -n, 4, 2 - n/2, Tan[(e + f*x)/2]172, -Tanl[
(e + £*x)/2]"2])*Cos[(e + f*xx)/2] "3*(d*Cot[e + f*x]) n*Sin[(e + f*x)/2]*Sin
[e + £xx]73)/(f*(-2 + n)*(2*%(-4 + n)*AppellF1[1 - n/2, -n, 3, 2 - n/2, Tanl[
(e + £f*x)/2]72, -Tan[(e + f*x)/2]1"2]*Cos[(e + £*x)/2]"2 - 2x(-4 + n)*Appell
Fi[1 - n/2, -n, 4, 2 - n/2, Tan[(e + f*x)/2]°2, -Tan[(e + f*x)/2]"2]*Cos[(e
+ f*x)/2]1°2 - 2% (n*AppellF1[2 - n/2, 1 - n, 3, 3 - n/2, Tan[(e + fx*x)/2]"2
, ~Tan[(e + f*x)/2]72] - nxAppellF1[2 - n/2, 1 - n, 4, 3 - n/2, Tan[(e + f*
x)/2]172, -Tan[(e + fx*x)/2]°2] + 3*AppellF1[2 - n/2, -n, 4, 3 - n/2, Tan[(e
+ fxx)/2]°2, -Tan[(e + f*x)/2]72] - 4*AppellF1[2 - n/2, -n, 5, 3 - n/2, Tan
[(e + fxx)/2]"2, -Tan[(e + f*x)/2]1°2]1)*(-1 + Cos[e + f*x])))

Maple [F]
/ (dcot (fz + €))"sin (fz + €)* dz

[In] int((d*cot(f*x+e)) n*sin(f*x+e)"3,x)

[Out] int((d*cot(f*x+e)) n*sin(f*x+e)~3,x)
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Fricas [F]
/(d cot(e + fz))"sin®(e + fz)dr = / (dcot (fz + €))"sin (fz + e)® dx

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e)~3,x, algorithm="fricas")

[Out] integral(-(cos(f*x + e)~2 - 1)*(d*cot(f*x + e)) nxsin(f*x + e), x)

Sympy [F(-1)]
Timed out.
/(d cot(e + fz))"sin’*(e + fz) dr = Timed out

[In] integrate((d*cot (f*x+e))**n*sin(f*x+e)**3,x)

[Out] Timed out

Maxima [F]
/(d cot(e + fz))"sin®(e + fz)dr = / (dcot (fz +€))"sin (fz + €)® dz

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e)~3,x, algorithm="maxima")
g g

[Out] integrate((d*cot(f*x + e)) n*sin(f*x + e)~3, x)
Giac [F]

/(dcot(e + fx))"sin’(e + fz) dx = / (dcot (fz + €))"sin (fz +€)® dz

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e) 3,x, algorithm="giac")

[Out] integrate((dxcot(f*x + e)) n*sin(f*x + e)~3, x)
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Mupad [F(-1)]

Timed out.

/(dcot(e + fz))"sin®(e + fz)dx = /sin (e+ fz)® (dcot(e + fz))" dx

[In] int(sin(e + f*x)~3*(d*cot(e + f*x))“n,x)

[Out] int(sin(e + f*x)~3*(d*cot(e + f*x))“"n, x)
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3.52 [(beot(e + fx))"(acsc(e + fx))™dx

Optimal result . . . . . . . . . . . .
Rubi [A] (verified) . . . . . . . . 308
Mathematica [C] (warning: unable to verify) . . . . . . ... ... ... ... .. 3091
Maple [F] . . . . 309
Fricas [F] . . . . . o o 3101
Sympy [F] . . o 3100
Maxima [F] . . . . . o 310
Giac [F] . . . o o 3101
Mupad [F(-1)] . . . oo B1T1]

Optimal result

Integrand size = 21, antiderivative size = 83

/(bcot(e + fz))"(acsc(e + fz))™dx =

(beot(e + fxz))*™(acsc(e + fz))™ Hypergeometric2F1 (112, 2 (1 + m + n), 31, cos?(e + fz)) sin?(e +

bf(1+mn)

[Out] -(b*cot(f*x+e))” (1+n)*(a*xcsc(f*x+e)) “m*hypergeom([1/2+1/2*n, 1/2+1/2*m+1/2%
n], [3/2+1/2*n] ,cos (f*x+e) ~2) *(sin(f*x+e) ~2) ~(1/2+1/2*m+1/2*n) /b/f/(1+n)

Rubi [A] (verified)

Time = 0.05 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.00, number

of steps used = 1, number of rules used = 1, dumber of rules _ , 448 Ryles used = {2697}
integrand size

/(bcot(e + fz))"(acsc(e + fz))"dx =

(acsc(e + fx))™(bcot(e + fz))"sin?(e + fx)%("“”"“) Hypergeometric2F1 ("1, 2(m +n + 1), %3, c
bf(n+1)

[In] Int[(b*Cot[e + f*x]) n*(axCscle + f*x]) m,x]

[Out] -(((bxCot[e + f*x])~(1 + n)*(a*Csc[e + f*x]) “m*xHypergeometric2F1[(1 + n)/2,
(1 +m+ n)/2, (3 + n)/2, Cosle + fxx]"2]*(Sin[e + f*x]~2)"((1 + m + n)/2)
)/ (bxf*(1 + n)))

Rule 2697

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)])"(
n_), x_Symbol] :> Simp[(a*Sec[e + f#*x]) m*(b*Tan[e + f*x])~(n + 1)*((Cos[e
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+ £xx]72)"((m + n + 1)/2)/(bxf*x(n + 1)))*Hypergeometric2F1[(n + 1)/2, (m +
n+ 1)/2, (n + 3)/2, Sin[e + f*x]~2], x] /; FreeQ[{a, b, e, f, m, n}, x] &&
IIntegerQ[(n - 1)/2] && !IntegerQ[m/2]

Rubi steps

integral =
(beot(e + fz)) ™ (acsc(e + fz))™ Hypergeometric2F1 (12, 1(1 + m + n), 32, cos®(e + fx)) sin®(e -
bf(1+n)

Mathematica [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 6 vs. order 5 in optimal.

Time = 3.03 (sec) , antiderivative size = 306, normalized size of antiderivative = 3.69

/(bcot(e + fx))"(acsc(e + fzr))™ dx =
f(=1+m+n)((—3+m+n)AppellF1 ((1 —m —n),—n,1 —m, (3 — m — n), tan® ( (e + fz)),

[In] Integrate[(b*Cot[e + f#*x]) n*(a*Cscle + f*x]) m,x]

[Out] -((a*(-3 + m + n)*AppellF1[(1 - m - n)/2, -n, 1 - m, (3 - m - n)/2, Tan[(e
+ f*xx)/2]72, -Tan[(e + f*x)/2]"2]*(b*Cot[e + f*x]) n*(a*Cscl[e + f*x])~ (-1 +
m))/(fx(-1 + m + n)*((-3 + m + n)*AppellF1[(1 - m - n)/2, -n, 1 - m, (3 -

m - n)/2, Tan[(e + f*x)/2]72, -Tan[(e + f*x)/2]1°2] + 2*(n*AppellF1[(3 - m -
n)/2, 1 -n, 1 -m (6-m-n)/2, Tan[(e + £*x)/2]"2, -Tan[(e + f*xx)/2]"2

] - (-1 + m)*AppellF1[(3 - m - n)/2, -n, 2 - m, (6 - m - n)/2, Tan[(e + f*x
)/2]72, -Tan[(e + f*x)/2]72])*Tan[(e + f*x)/2]72)))

Maple [F]
/ (beot (fz +€))" (acsc(fz+e€))" dx

[In] int((b*cot(f*x+e)) n*(axcsc(f*x+e)) m,x)

[Out] int((b*cot(f*x+e)) n*(a*csc(f*x+e)) "m,x)
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Fricas [F]
/(b cot(e + fx))"(acsc(e + fz))™dx = / (beot (fr +€))” (acsc(fzr+e€))™ dz

[In] integrate((bxcot(f*x+e)) n*(axcsc(f*x+e)) m,x, algorithm="fricas")

[Out] integral((b*cot(f*x + e)) nx(axcsc(f*x + e))"m, x)
Sympy [F]
/(bcot(e + fz))"(acsc(e + fx))™ dx = / (acsc(e+ fz))™ (beot (e + fz))" dx

[In] integrate((b*cot(f*x+e))**n*(a*xcsc(f*x+e))**m,x)

[Out] Integral((a*csc(e + f*x))*xm*(b*cot(e + f*x))**n, x)
Maxima [F]
/(b cot(e + fx))"(acsc(e + fz))™dx = / (beot (fz +e€))" (acsc(fr+e))™ dz

[In] integrate((b*cot(f*x+e)) n*(a*csc(f*x+e)) m,x, algorithm="maxima")

[Out] integrate((b*cot(f*x + e)) nx(a*csc(f*x + e))"m, x)

Giac [F]

/(bcot(e + fz))"(acsc(e + fz))"dx = / (beot (fz +e))" (acsc(fzr+ €)™ dzx

[In] integrate((b*cot(f*x+e)) n*(a*csc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((bxcot(f*x + e)) n*(a*csc(f*x + e))"m, x)



Mupad [F(-1)]

Timed out.

/(bcot(e + fz))"(acsc(e + fz))"dx = /(bcot(e + fz))" (W)mdx

[In] int((b*cot(e + f*x)) n*(a/sin(e + f*x))“m,x)

[Out] int((b*cot(e + f*x)) n*(a/sin(e + f*x))"m, x)
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CHAPTER 4

APPENDIX

4.1 Listing of Grading functions . . . . . . . .. ... ... L oL,

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)

(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)

(*
(*

(* ::Subsection:: *)

Small rewrite of logic in main function to make it*)
match Maple's logic. No change in functionality otherwis

(*GradeAntiderivative[result,optimal]*)

(* ::Text:: *)

(*If result and optimal are mathematical expressions, *)
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(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];
expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complez*)
If [1leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}

, (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
» (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (*ELSE*) (*result does mnot contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}
1;
finalresult

(* ::Text:: *)
(*The following summarizes the type number assigned an *)

Result,leafCor

leaf count i

f optimal. $":

al. Order "<>




(*expression based on the functions it involves*)
(*¥1 = rational function*)

(¥2 = algebraic function*)

(*¥3 = elementary function*)

(%4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(*7 = rootsum function*)

(*¥8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType[expn[[1]]],
If [Head[expn[[2]]]===Rational,
If[IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]1],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],71]1,
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
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Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
},func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);




#
#
#
#
#
#
#
#
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#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=", ExpnType
fi;

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

if ExpnType_result<=ExpnType_optimal then

if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non s

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",

rsion issues

. optimal);

af count of




convert (leaf_count_optimal,string)," ) = ",con

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
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print("result do not contain complex, this assumes optimal do

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;

return "B",cat("Leaf count of result is larger than twice the lea
convert(leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver

fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal. Or

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

vert (2*leaf_c

not as well")

f count of op

t (2+leaf_coun

der ",




H OH H H H HHHHHEH
© 00 ~NO O WN =

The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

ExpnType := proc(expn)

if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest(expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
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9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriciF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False
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except AttributeError as error:
return False

def expnType(expn):

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)), maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, 1list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:

,ezpn) ), Expn Ty

x')

ist,expn]],7]],
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

grade_annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth’,'arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question /49179 /what—is—sagemath—equivalent—to—atomic—t;
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1list: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #mazx(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn.
Add) or isinst

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

>sult is larger th

1. "+str(leaf ¢

xpnType_ resul
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